CORRESPONDENCE

and deg (e,(x)) = myg. If f < myg, then xle;(x) # e,(x) mod
g1(x%)g,(x). Therefore the shortened cyclic code generated by
9(x) = g,(xP)g,(x) is capable of correcting all single-burst errors
of length min {m,bt } or less.

Earlier we presented a class of shortened cyclic codes for a
compound channel [4]. A code in this class was generated by the
polynomial g(x) = (x? + 1)g’(x) where g'(x) generates a z-error-
correcting cyclic code of length N. A comparison shows that for
the same number of check digits, the shortened cyclic codes pre-
sented here have a better rate of transmission, but the earlier
shortened cyclic codes have a better guaranteed burst-error cor-
rection capability.

ACKNOWLEDGMENT

The author is very grateful to Prof. J. L. Massey for helping
with the preparation of this correspondence.

REFERENCES

[1] J.J. Stone, *“Multiple-burst error correction with the Chinese remainder
theorem,” J. Soc. Ind. Appl. Math., vol. 11, pp. 74-81, Mar. 1963.

[2] D. Mandelbaum, “A method of coding for multiple errors,” IEEE
Trans. Inform. Theory (Corresp.), vol. IT-14, pp. 518-521, May 1968.

{3] H. T. Hsu, T. Kasami, and R. T. Chien, “Error-correcting codes for
a compound channel,” IEEE Trans. Inform. Theory, vol. 1T-14, pp.
135-139, Jan. 1968.

[4] H. T. Hsu, “A class of binary shortened cyclic codes for a compound
channel,” Inform. Conir., vol. 18, pp. 126-139, Mar. 1971.

[5] W. W. Peterson and E. J. Weldon, Jr., Error Correcting Codes, 2nd ed.
Cambridge, Mass.: M.I.T. Press, 1970.

[6] T. Kasami, “Optimum shortened cyclic codes for burst-error correc-
tion,” IEEE Trans. Inform. Theory, vol. IT-9, pp. 105-109, Apr. 1963.

On the Fractional Weight of Distinct Binary n-Tuples
JAMES L. MASSEY

Abstract—1It is shown that the fraction p of ones in the Mn positions
of M distinct binary n-tuples satisfies the inequality

h(p) = (1/n) log, M

where #(p) = —plog, p — (1 — p)logs (1 — p) is the binary entropy
function. This inequality, which simplifies the derivation of the distance
property of the Justesen codes, is proved using an elegant information-
theoretic argument due to Kriz.

Let p be the fraction of the Mn positions in M distinct binary
n-tuples which contain ones, and let p; be the fraction of these
n-tuples whose ith component is a one; then

p=P1 + P2+ Dy
n

We now derive an inequality relating p and » using an
information-theoretic argument employed by Kriz [1] for a
closely related problem.

Let [x{,x5," - -,%,] be a random »n-tuple, which takes on each
of the M given distinct n-tuple values with probability 1/M.
Then the uncertainty of this random #-tuple is

H(Xle‘ . ‘Xn) = 10g2 M.
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As always the joint uncertainty of » letters is overbounded by
the sum of their individual uncertainties, i.e.,

H(Xle"'X") S H(Xl) + H(Xz) + e + H(Xn)
and because of our probabilistic assignment
HX)=hp), 1=<i=<n

where h(p) = —plog, p — (1 — p)log, (1 — p). Combining
these expressions, we have

h(py) + h(p2) + -+ + h(py) = log, M

and also

h(py) + -+ + h(py)

" [1 H(p) + - + 1h(pn)]
n n

+ p") = nh(p)

where we have exploited the convexity of 2. We have thus proved
the following theorem.

IA

nh(m + Pt
n

Theorem: The fraction p of ones in the Mn positions of M
distinct binary n-tuples satisfies

1
h(p) = -log, M.
n

It is interesting to note that the bound of this theorem is tight
for a) M = 1, since h(p) = 0 implies 0 < p < 1 and the values
p =0 and p = 1 are achievable, and for b) M = 2", since
h(p) = 1 implies the unique solution p = 1. Moreover, the
bound is surprisingly tight in general. For instance, with n = 20
and M = 21° = 1024, the bound gives A(p) = 3, which implies
0.110 < p < 0.890. The actual minimum and maximum
achievable values of p for this case are 0.139 and 0.861, respec-
tively.

The reader will recognize the theorem as a strengthening and
simplification of the lemma of Justesen [2], which was the key
inequality used in the derivation of the asymptotic distance
bound for the Justesen codes.
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On Binary Majority-Logic Decodable Codes
S. G. S. SHIVA anp S. E. TAVARES

Abstract—Yet V' be a binary (n,k) majority-logic decodable code
with g’(X) as its generator polynomial and odd minimum distance d. Let
V be the (n, kK — 1) subset code generated by g’'(X)(1 4+ X). This
correspondence shows that V' is majority-logic decodable with d + 1
orthogonal estimates. This fact is useful in the simultaneous correction
of random errors and erasures.
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