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Abstract—An achievable region for the two-user discrete memo-
ryless multiple-access channel (DMMAC) with noiseless feedback
is proposed. The proposed region includes the Cover-Leung re-
gion, with the inclusion being, for some channels, strict. This inner
bound is demonstrated for the ideal two-user Poisson multiple-ac-
cess channel with noiseless feedback, in which case it is shown to
improve on the Cover-Leung rate-sum.

Index Terms—Feedback capacity, ideal Poisson multiple-access
channel (MAC), optical code-division multiple access (CDMA),
two-user discrete memoryless multiple-access channel (DMMAC)
with noiseless feedback.

I. INTRODUCTION

O single-letter expression for the capacity region of a gen-

eral discrete memoryless (DM) multiple-access channel
(MAC) with feedback is known. The observation that this re-
gion can be strictly larger than the capacity region of the MAC
without feedback is due to Gaarder and Wolf [1]. Cover and
Leung established an inner bound to the capacity region for
the MAC with feedback in [2]. However, as demonstrated by
Ozarow [7], this inner bound is not always tight. Nevertheless,
Willems has shown [4] that the Cover-Leung inner bound is
tight if the channel satisfies the condition that at least one of the
encoders can determine the symbol produced by the other en-
coder based on the channel output and the symbol it produced
itself. Willems’s condition was subsequently somewhat weak-
ened by Hekstra and Willems [5].

Recently, Kramer [8], [9] used the notion of directed infor-
mation to derive an expression for the capacity region of the
MAC with feedback. This expression, however, is an incom-
putable non-single-letter expression.

In this paper, we shall propose a new achievable region with a
single-letter characterization. The proposed region contains the
Cover—Leung region with the inclusion being, for some chan-
nels, strict.

An example of a MAC for which the proposed region is
strictly larger than the Cover—Leung region is the binary MAC
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where the probability of receiving the symbol “1” is propor-
tional to the sum of the channel inputs

p(111,0) =p(1[0,1) = Zp(1]1,1) = g

p(1/0,0) =0 (D

where 0 < ¢ < 1/2. Notice that for this channel Willems’s
condition is not met: no encoder can determine the symbol pro-
duced by the other encoder based on the channel output and
the symbol it produced itself. Indeed, if an encoder transmits
“1” then it cannot—even with the aid of the output—infer what
was transmitted by the other encoder. Thus, the fact that for this
channel the Cover—Leung region is not tight does not contradict
Willems’s result [4]. Observe, however, that Willems’s condi-
tion is “partially fulfilled” in the sense that if the encoder pro-
duces a “0” and if it observes that the channel output is “1,”
it can infer that the other encoder produced a “1.” This ob-
servation makes this channel particularly suitable for demon-
strating that our proposed region may be strictly larger than the
Cover—Leung region.

The rest of this paper is organized as follows. In Section II, we
introduce the two-user channel with feedback and recall some
basic results that will be needed to establish an achievable rate
region. In Section III, we present our main results and in Sec-
tions IV and V we prove the achievability of these results. Fi-
nally, Section VI demonstrates how our code construction can
be applied to the ideal two-user Poisson MAC to improve on the
Cover-Leung inner bound.

II. PRELIMINARIES
A. Notation

Henceforth, we adopt the following notation conventions.
Random variables will be denoted by capital letters, while their
realizations will be denoted by the respective lower case letters.
Whenever the dimension of a random vector is clear from the
context the random vector will be denoted by a bold face letter,
that is, X denotes the random vector (X1, Xo,...,X,), and
x = (x1,22,...,z,) will designate a specific sample value
of X. However, in those cases where we find it important to
emphasize explicitly the dimension of a random vector—X7"
shall denote the random vector (X3 1, X3 9,...,X1,n,). The
alphabet of a scalar random variable X will be designated by a
calligraphic letter X. The n-fold Cartesian power of a generic
alphabet V), that is, the set of all n-vectors over ), will be
denoted V™.
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The transmitters in a two-user MAC will be usually indexed
by 1 € {1,2}. We shall denote by i the element in {1, 2} that
is not equal to p.

B. Achievable Rates

Definition 1: A two-user DMMAC is a quadruple
(X1, X2, Y, p(y|r1,22)) where X; and X, are finite sets
corresponding to the input alphabets, the finite set ) is the
output alphabet, and p(-|z1,z2) is a collection of probability
mass functions on ) indexed by the input symbols z; € &7 and
T2 € Xs. These probability mass functions extend to n-tuples
according to the memoryless law

P(yk|$1’1, . ,x’l’k,le, e 7$2’k7y17 . 7yk.71) =
p(yk|$1,k,$2,k)

where z1 i, T2k, and y, denote the inputs and output of the
channel at time k.

Feedback is  incorporated into the @ DMMAC
(X1, X2, Y, p(y|lz1,22)) via the definition of a code.
An (M7, M3,n) code for the MAC with feedback is defined
as follows.

1) A collection of encoding functions

fur {1, ., My x V71— &,

n=12 k=12,....n
where f, (w,,y*~1) is the symbol transmitted at time
k by Encoder 1 when attempting to convey Message w,,
to the receiver after obtaining the previous £ — 1 output
symbols y*~1 = (y1,...,yx—1). Here M,, denotes the
number of different messages that Encoder x4 can transmit.

2) A decoding function

¢>:y"—>{1,...,M1}><{1,...,M2}.

We shall use the average probability of error criterion as-
suming that the messages (Wy, Ws) are drawn according to a
uniform distribution over {1,..., M3} x {1,..., M>}. Conse-
quently, the error probability for the code is defined as

Pﬁ = Pr{gb(Yl,YQ,. .. ,Yn) 7é (Wl,WQ)}

. PI‘{([S(Y) ;é (wl,w2)|W1 = ’wl,Wz = ’wz}.

A rate pair (Rq, R2) nats per channel use is achievable for
the memoryless MAC with feedback if there exists a sequence
of (M7, M3, n) codes with

1 1
ng—lan, RZS_lan
n n

such that P, — 0 as n — oo. (Throughout, we use natural
logarithms). The feedback capacity region Cy is the closure of
the set of all achievable rates.
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C. Weak Typicality

Let {X;,X5,...,X;} denote a finite collection of
discrete random variables with some joint distribution

Let Z denote an ordered nonempty subset of these random
variables and consider n independent copies of Z. Thus, with
A 2 (Z17Z27"'7Zn)

Pr{Z =2z} = [[ Pr{Z; = z}.
j=1
Furthermore, let

H(Z) 2 —Pr{Z =2z} n(Pr{Z = z}).

Definition 2: The set A, of e-typical n-sequences is defined
by (see [3, Ch. 3])
Ac 2 A(X1, Xo, .., Xy)
= {(xl, Zo,. .., )

VZQ {X17X27"'7Xk}}'

Let A.(Z) be defined similar to A, but now with constraints
corresponding to all nonempty subsets of Z. We recall now three
basic lemmas (for the proofs we refer to [3]).

Lemma 1: For any € > 0 the following statements hold for
every integer n > 1:
1) If z € A(Z), then

exp(—n(H(Z)+¢)) < Pr{Z =z}

<
< exp(=n(H(Z) = ¢)).

2) IfZl7 Z2 - {Xl,Xz, e ,Xk} and (21722) EAE(Z1UZ2),
then

exp(—n(H(Z1|Z2)42¢€)) < Pr{Z1=21|Za =22}
< exp(—n(H(Z1|Z2) — 2¢)) .
Moreover, the following statements hold for every suffi-
ciently large n:

3) Pr{A(Z)} >1—¢
4) (1—€) exp(n(H(Z)—¢)) <|A(Z)| <exp(n(H(Z)+e)).

Lemma 2: Let the discrete random variables X, Y have joint
distribution Px y (z,y). Let X’ and Y’ be independent with the
marginals

PX/(.T) = ZPX,Y(xvy)

Pyi(y) =Y Pxy(z,y).
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Let the pair of n-length random vectors (X ,Y’) be drawn

(X,Y) ~ [ Pxy(wr ur)
k=1
and the pair of n-length vectors (X’,Y”) be drawn

) ~ [T Pxr () Py ()

(XY’

Then

Pr{(X")Y') € A(X,Y)} <exp{-n[I(X;Y) — €]}

Lemma 3: Let the discrete random variables X, Y, Z have
joint distribution Px y, z(z,y,#). Let X’ and Y’ be condition-
ally independent given Z, with the marginals

ZPXYZ z,y,2)/Pz(2)

PX/IZ

P) |Zy| ZP\Y r,Y,z )/PZ()

Let

(X,Y,Z)

I

7(Th, s 21)

and
(XY, Z) ~ H Pxiz(zr|2) Py z (ye|21) Pz (21).
k=1

Then

Pr{(X',Y", Z) € A(X,Y, Z)} < exp{-n[I(X;Y|Z) - {]}.

III. MAIN RESULTS

The achievable region for the MAC with feedback that we
present is based on the analysis of a transmission system that
can be roughly divided into “two-way” phases and “multiple-
access” phases. To simplify the exposition we shall first present
aresult that is related to the two-way phase and only later present
the main result regarding the achievable region.

Consider a MAC (Xy, Xa, Y, (3|1, %2)) and assume that
before the two-way phase begins the n-length sequences
(51,855 ,S7) are generated independently and identically dis-
tributed (i.i. d ) according to some jointlaw Pg, s, s,(s1, S2, Sa)
so that

n

~ H Ps, 5,,5,(51,k: 52,k Sd k) )
k=1

(51,55, 5¢)

where 51 1, (respectively, s» 1, and s4 1) denotes the time-k com-
ponent of the sequence ST (respectively, S5 and S7) and is
assumed to take value in some finite set Sy (respectively, So
and S;). The sequences (S};, Sy) are then made available to
Encoder p, p = 1,2, whereas only the sequence S} is made

available to the decoder. Encoder y then applies componentwise
some deterministic function

w: Sy X Sqg— V,, w=172 3)

(where V,, is some finite set) to produce the sequence

Uy (53753) = (gH(SHJ? Sd,1)7 (SIL 25 S, 2)7
gu( uden))v

ey

uw=1,2.

In the two-way phase, Encoder p, whose side information
consists of (S}, Sy), wishes to provide Encoder /i with the se-
quence v “(SL‘? S7) in order to convey something (possibly ev-
erything) about its private side information S;;. The functions
{v,.} allow for the possibility that the two encoders may wish
to exchange not ST and S5 but some functions thereof.

In the two-way phase, the MAC with feedback is used npw
times in order to exchange the sequence v1(ST,S%) and the
sequence v (S5, S7) between the two encoders. After the ex-
change (which should be error free with high probability) the
decoder forms a list

L1 ={(v1 (57,57) 02 (57, 57))}

of possible sequence pairs, based on its knowledge of the se-
quence S} and upon the outputs that were produced during the
exchange 41, . .., Yn,,, - Notice that this list will typically be of
an exponential size even for a successful exchange of informa-
tion, because compared to the encoders the decoder is hindered:
at the beginning of the two-way phase only the sequence S is
made available to the decoder.

We are interested in the asymptotic ratio of the number
of channel uses nry to n that are needed to guarantee a
reliable exchange of the sequences (vy (ST, S%),v2(S%, ST))
and in the exponential rate of growth Ry of the list size
needed by the decoder to guarantee that the correct pair
(v1(ST, ST),v2(S%,S})) is (with high probability) in the list

[/172.
~Moge R formally, for a MAC with feedback
(A1, X2, 9,5(j|#1,72)) and  sequences  (S,S3,Sy)

generated i.i.d. from the law Ps, s, s,(81, $2,84) we consider
encoding functions

3 . on n Vk—1 v
Juk 18 XSy x Y7 — &y,

p=12 k=1,...,ntw

“)

that given the sequences available to Encoder p before the
two-way phase began and the channel outputs that are available
via the feedback link, produces the next channel input.

We shall say that the pair (7, Rp) is achievable for
the law Ps, s, s, (s1,82,84) and the MAC with feedback
(X1, Xo, Y, p(§|E1, #2) when it is used to convey the sequences
determined by the functions g, go, if for any ¢ > 0 and all
sufficiently large n, there exists some npyw < 7 - n; a pair of
encoders as in (4); a pair of decoders

Gu:SpxSEx YUV S VI p=12 (5
and a list decoder ¢~> ¢ from S8} x :)7"”" to the set of all subsets
of VJ* x Vi of cardinality not exceeding exp(nRy,); such that
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(S, 8%) TWC (5,5%)
Xl XZ
Vy ~— f174~51 p(9]%1, T2) fz,(lgz — 0
Y
(S;I) - ¢~)L

|

L1

Fig. 1. Single-output two-way channel for the exchange of (v (ST, S7),v2 (S7,57)).

the probability that either él produces a sequence other than
(83, 87) or ¢ produces a sequence other than v, (S7, S7)
or qNSL produces a list of pairs Lo that does not contain
(v1(ST, S} ), v2(S%, S%)) is smaller than e. The single-output
two-way channel with the encoding/decoding scheme thus
defined is illustrated in Fig. 1.

We denote the set of achievable (7, Ry,) pairs by

T(Ps,,s,,5,(51.52,54), 91, g2, D(J|T1, T2))-

Having defined the set 7 we now proceed to inner bound it.

Theorem  1: Consider a MAC with feedback
(Xl, X27y,ﬁ(37|5:175:2)) and let (Sl, S, Sd> take value
in the finite set S1 x Sy X Sy according to the given law
Ps, s,.s,. Let the functions gy, g2 (3) also be given, and set
V, = gHN(SHN, Sdz, w=12. ) } }

Let (X1, X5,Y) take value in X} x X5 X ) according to a
jointlaw P ¢ 3 of the form

Pg, %, 7 (@1, 82,7) = Pg, (1) - Px,(%2) - p(§|21,%2) (6)
where Py and Pg, are arbitrary laws on X, and Xy, respec-
tively, and where p(y|:v1, Z9) is the MAC law, i.e., the proba-
bility that the MAC emits the symbol ¢ when its inputs are 21
and x5, respectively.

Let the functions (g1, §2)

Gu: Xy xY =V, p=1,2 (7)
(where ]}u is some arbitrary finite set) be chosen such that with

Vu:gH(XM7Y>7 n = 172 (8)

the following holds:

max 4 AVUXzY) | ©)
ne{1,2} | I(X,; Y| X, Vi)

Define the quantities (*™), w,, and RS-JTW) by

77(TW) £ max —}{(VHJS’Z’S({)
ne{r,2} | I(X,; Y| X5, V)

- |1 — max M
re{l,2} I(X,L,Y|X Vﬂ)

I(X,;Y V2, Va)
I(X,u?Y|VH7Xﬁ)

-1

(1>

Wp

>

ne{1,2}
+ H(Vﬁ|VH, Sq) — wﬁH(Vﬁ|Su, Sa)
£ 0T [H(V V) = w0, H (V| X, V)
+HTIT,.T) - 2y H(T1K T
(10)
RY™) i

R(LTW') 2 lin {H(V,L|5d) — @, H(V,|Su, Sa)

Then any pair (1, Ry) satisfying n > nT"), Ry >
achievable, i.e., it satisfies

(U»RL) € T(P51,52,5d(817 52, 5d)7g17g27ﬁ(g|'%17§72))'
Moreover, the set 7 is convex.

Remark: The preferable mappings g}”(f( H,f/) in (7) are
those for which

I(X,u;lﬂ ﬁvf/,u) > I(X;L§Y|Xﬁ)7 n= 172-

The proof of this theorem appears in Section IV.
We next describe the proposed achievable region for a MAC
with feedback.

Theorem  2: Consider a MAC with feedback
(X1, X2, Y, p(y|z1,22)). Let the auxiliary random vari-
able U take value in some finite set I/ according to some
arbitrary law Ppy. Let the random variables (S, Sa,S4) take
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value in A7 x Xy x )Y and assume that the joint law of
(U, 51,82, S4), which we denote by Py s, s,.s,. is of the form

Py,s,,5,,5,(u; 81, 82, 84)
= PU(“)PS1|U(51|u)P52\U(32|“)p(5d|317 52)

where Ps, 7 and Ps, ;7 are arbitrary conditional laws and where
p(84|$1, $2) is the MAC law, i.e., the probability that the MAC
produces at its output the symbol s; when its inputs are s;
and so, respectively. Denote the joint law of (Si,S3,S4) by
PSl,SQ,Sd so that

Ps, 5,.5,(51,82,84) = »_ Pus, s,.5,(t, 51,52, 54).
ueU

Let the functions (g1, g2) as defined by (3) be arbitrary, and let
Vi = 9u(Syu, Sa), 0 =1,2.
Then, if the pair (1, Ry) satisfies

(777 RL) € T(P5175275d(817 52, 5d)7917927p(y|x17 132))
and if the rates R;, Ro satisfy

Ry <(1+4n)"I(S1; Sa|S2, U, Vi)
Ry < (14 1) 1(Ss; S4]51,U, Va)
Ry + Ry <(1+n) 7' [I(Sy, S2; Sa| V1, V2) — Rp]

then the rate pair (R, Rp) is achievable on the MAC
(X1, Xo, Y, p(ylx1, z2)) with feedback.
Moreover
* Any rate-pair that can be demonstrated to be achievable
using this theorem can also be demonstrated to be achiev-
able using this theorem with the auxiliary random variable
U taking value in a finite set I/ of cardinality

min{|Xy| - |Xa] + 1, V] + 2}.

* The capacity region of the MAC with feedback is topo-
logically closed and is convex.

The proof of this theorem appears in Section V.
Combining this result with the inner bound of Theorem 1 on
T we obtain the following.

Corollary  1: Consider a MAC with feedback
(X1, X, YV, p(y|z1,22)). Let the auxiliary random vari-
able U take value in some finite set I/, according to some
arbitrary law Pp;, where [U| < min{|Xy|-|Xa|+1, |V|+2}. Let
the random variables (X1, X2,Y") take value in X7 x Xy x )
and assume that the joint law of (U, Xy, X5,Y’), which we
denote by Py x, x,,v, is of the form

Py x, x,,v(u, z1,T2,y)

= Py (u)Px, v (z1]|uw) Px, v (@2|w)p(ylz:, z2)  (11)

where Px |y and Py, are arbitrary conditional laws. Let
(X1, X5,Y) take value in X; X Xp x ) according to a joint
law Pfﬁ, fony of the form

Pg, 5, v(@1,22,9) = Px, (1) - Pg, (22) - p(]T1, 22)

where Py and Px are arbitrary laws on X, and X, respec-
tively, and where p(g|%1,&2) is the probability that the MAC
emits the symbol ¢ when its inputs are z; and 5, respectively.

For arbitrary deterministic functions (g1, g2)
Gu Xy XY =V, nw=12

let V, = ¢,(X,,Y), and any deterministic functions (g1, g2),
which are defined as in (7), and satisfy (9) with f/ﬂ as in (8).

Finally, with @, as defined in (10), define the quantities
7TW) and IZ{(LTW) by

max | el XnY)
ne{t2y | [(Xu: Y| Xz, Vy)

- |1 — max M
ne{t.2y ( I(Xu; Y| X5, Vi)

{H<VHIY) @ H(V,|X5Y)

HITW) &

R(LTW) £ min
ne{l,2}
+ H(ValVi, Y) — wpH (V] X0, Y)

+ ﬁ(TW) . [H(VM?) - WHH(VMX/% f/>
+ H(f/ﬂ“?;uf/) - wHH(VH|XH7Y)]}

Then whenever the quadruple (7, Rz, Ry, R2) satisfies

n >
Ry >R
Ry <(1+n) " (X1;Y|Xo,U, Vi)
Ry <(14n)"'I(X2:Y|X1,U, V5)
Ri+ Ry <(1+n) '[I(X1,X2;Y|V1,Va) — Ry]

the rate pair (R1, R») is achievable on the MAC with feedback.
Moreover, the region is topologically closed and convex.

We next demonstrate that the above region always contains
the Cover—Leung region. This can be seen as follows. If g,, and
Ju» o = 1,2 are chosen to take on exactly one value each, then
V, = g.(X,,Y)and V,, = §,(X,,Y) are deterministic. In
this case, ﬁ(TW) = (0 and R(LT = 0 in which case we obtain
(upon setting » = Ry = 0) the achievability of any rate pair
(R1, Ry) satisfying

Ry <I(Y; X1 X2, U)
Ry <I(Y; X3|X1,0)
R+ Ry <I(Y; X1, X>) (12)

which coincides with the Cover—Leung region [2, Theorem 1].

An example with a strict inclusion

To demonstrate a case with a strict inclusion of the
Cover-Leung region we shall exhibit, for the channel (1),
a symmetric rate pair that belongs to the region defined by
Corollary 1 but is outside the region (12). To that end, we let
the mappings (g1, g2) for the channel (1) be defined as follows:

1, 2z, =0andy =1

Iu(Tpu,y) = {67 otherwise (1
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and similarly, the mappings (g1, J2) are defined by

1, Z,=0andy =1

e, otherwise. a4

.(};L(:Euv "7) = {
Here “e” denotes an “erasure” meaning that Encoder p cannot
infer what Encoder j has sent during that particular time.
Next, consider the case where ¢ < 1, and let us look at the
quantity (R1 + R3)/q. Then, the choice i/ = {0,1}; Py(1) =
0.0045

0.731

P, wloal) = { 0731

e, p=12

) = 0.2601; yields a symmetric sum rate
553 + o(1), where the o(1) term tends to

o

and Pg (1) = P, (1
of (Rl + RQ)/(] =0.
zero as ¢ — 0.

On the other hand, the maximal symmetric sum rate in the
Cover-Leung region is (R; + R2)/q = 0.499426 + o(1). This
rate pair is attained with &/ = {0,1,2}; Py(0) = 0.446808,
Py (1) = 0.09, Py(2) = 0.463192, and

Pr[X; = 1|U = 0] = Pr[X; = 1|U = 0] = 0.214
PrXy =1U=1]=Pr[Xo=1IU =1] =1 —,
Pr[X, = 1|U = 2] = Pr[X, = 1|U = 2] = 0.242.

ekl

IV. THE TWO-WAY PHASE: ACHIEVABILITY PROOF OF
THEOREM 1

The two-way phase is composed of L recursive encoding
steps and it is decoded via the backward decoding technique [6],
[12]. When backward decoding is used, the decoder as well as
each of the encoders starts decoding only after all L blocks (cor-
responding to the L encoding steps) have been received. In block
l,l = 2,..., L each encoder transmits the resolution informa-
tion his partner needs in order to decode the previous block. As-
suming the resolution information in block L is sent at a low
enough rate, it is then used to transform the high-rate informa-
tion in block L — 1 into low-rate information. Consequently,
this permits the simultaneous decoding of the aggregate infor-
mation sent in block L — 1. Next, this resolution information
transforms the high-rate information in block L — 2 into decod-
able low-rate information, wherein simultaneous decoding can
be applied again. Continuing this way, each encoder as well as
the the decoder (with the help of the extra resolution information
sent to him by both encoders during the following transmission
phase as described later on) successively decode the information
in all blocks in a block-simultaneous way, with block 1 decoded
last.

Before getting into the details of the two-way phase, we de-
fine explicitly what is our aim during this phase.

Let both encoders and the decoder observe an n-length se-
quence S that is generated i.i.d. according to some joint law
Ps, s,.s,, wherein Encoder p has as well access to the side in-
formation Sy;. As a result, Encoder y forms the corresponding
vector V' = (Vi1, Va2, .-, V) and now both encoders
wish to exchange the pair (V;", V5") between them.
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For Encoder 1o who knows V", the ambiguity regarding V'
is given by the conditional (on its private side information S);
as well as on the public side information S}) entropy

H (VS 84) =nH(ValSyu, Sa),  p=1,2 (15
where (15) follows by the fact that conditional on S} the out-
come (Vy", V3") is a realization of n i.i.d. drawings of a pair of
random variables (V7,V3). At the same time for the decoder,
who is ignorant of (ST, S3), the ambiguity regarding V' is
given by the conditional (just on the public side information S7;)
entropy

H (V|Si) = nH(V,|Sq), w=12. (16)

Thus, the problem of exchanging the correlated pair of
sequences (V]*,V3") between the encoders via the two-way
channel can be envisaged as follows.

Consider a bipartite graph with N2(11) £ exp{nH(V5|Sq)}
right nodes and Nl(ll) £ exp{nH(V1|S4)} left nodes (later on
we set S; = Y). A right node represents an outcome of the
random vector V3*, while a left node represents an outcome of
the random vector V;*. Each left node has

N{Y 2 exp{nH(Va|S1, Sa)}
outgoing edges connected to the corresponding right nodes rep-
resenting the possible outcomes of V3" as viewed by Encoder 1
(who has access to its private side information S1). At the same
time each right node has

NS & exp{nH(V1|S2, Sa)}

outgoing edges connected to the corresponding left nodes rep-
resenting the possible outcomes of V;* as viewed by Encoder 2
(later on we set S, = X,). Encoder 1 who knows the correct
left node seeks to resolve the correct right node, while Encoder
2 who knows the correct right node seeks to determine the cor-
rect left node.

A two-way communication phase consists of a sequence of
L two-way steps, wherein during step [, [ = 1,2,...,L the
encoders use an n;-length two-user code ngv that is generated
according to the joint distribution Py t,(#1,%2) induced by
the law (6) as follows.

* Generate Nl(l% sequences 1 = (Z1,1,%1,2,-.-,%1,n;)s

each with prébability

Pria } = [ Pg, (#14).
k=1

Label them i%(wgl)), wgl) €e{1,2,..., Nfli .
* Generate N2f1 sequences Tz = (T21,%2,2,-.-,%2.n,)s
each with probability

Pr{z,} = H P, (T2,%)-

k=1

Label them 5:2(w§’)), wé” e{1,2,..., Nz(li}
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Consider next the decoding of a typical two-way communi-
cation phase.

During the first step of the two-way phase the encoders send
the blocklength n codeword pair (2, (w§ )) .'172(’(1)51))) and as a
result both encoders and the decoder observe the channel output

yni, Thus, Encoder 4 can generate

V= g (& (wf) 7

and the decoding of this step is accomplished assuming that both
encoders have (somehow) exchanged first the pair (V™ V)
thereby obtaining the rates (X ;Y| Xz, V,.), p = 1,2.

Consequently, to decode two-way step [, | = 1, 2,...,L—-1,
presumably via joint typicality considerations, it is assumed that
both encoders exchange first the pair of vectors (V™ Vy").
Therefore, two-way step 1, which is intended for the ex-
change of (V7", V5") (the information regarding (S7, 5%, S7)),
entails the execution of two-way step 2 during which the
encoders exchange (V" V) (the information regarding
(X', X5, Y™)), and so on. As a result of this recursive
encoding procedure, both encoders end up executing a series
of two-way steps with corresponding codewords’ block lengths
ny > ng > --- > nr_1, where this chain of inequalities is
implied by the technical condition (9) as shown in the sequel.

The encoders decode the information as follows. Suppose
that in two-way step L both encoders use standard multiple-ac-
cess transmission and as a result decode the “resolution infor-
mation” (V"*~*, V;"“~") which is needed to interpret the real-
ization of two-way step L — 1. Based on %, (ng_l)), yni-1,
and V;L’l Encoder 1 decodes wéL_l) taking into account that
fng_l) resides within a block length ny_1 codebook of size
exp{H(Vy"“~2|Y™*~2)}, while actually its ambiguity (for En-
coder 1) is just within a subcode (of this codebook) the size of
which equals

exp{H (Vn' | (wg*z)) ,f/"L*Q)}.

Similarly, based on &»(w$" "), Y"t-1, and V,"*~' En-
coder 2 decodes w§L_1) taking into account that waL_l)
resides within a block length ny_; codebook of size
exp{H(V;""~2|Y™-2)}, while actually its ambiguity (for

Encoder 2) is just within a subcode of size

exp {H (Vln'l’2|.'i:2 (wéLiz)) ,?"L*Q)} .

As aresult, both encoders acquire (V"2 V,"*~2). This in turn
enables the decoding of two-way step L — 2 and so on, until
each encoder recovers (V;", VJ") which concludes the exchange
of the sequences (v1 (ST, S%), v2(S%,S%)).

We can now choose L such that the list sizes corresponding
to two-way step L — 1 are exponentially small when measuring
them in reference to the initial block length 7, yet at the same
time ny_p is sufficiently large. Thus, the information trans-
mitted during two-way step L lies within a set that is sufficiently
small compared to the direct product of the sets corresponding
to two-way steps 1,2,...,L — 1. Consequently, the duration
consumed by two-way step L is negligible.

During two-way step I, | = 1,2,..., L — 1(FSr1coder 1 esti-
1

mates the message of Encoder 2 and declares ws’ = wél) if and
only if there is a unique wgl) such that

(:;:1 (wg”) Es (wg>) ,g“)) € A(X1, X, V).

Using Lemmas 1 and 3, it can be shown that Encoder 1’s de-
cision will be correct with arbitrarily small probability of error
Pe(,?l < €/(8BL) if (here B is some predetermined positive in-
teger)

a7

(V2|Sl Sd) <7’L1[I(X2;Y/|X1,f/2) — 6]

ni— 1H(V2|X17 V) <m[I(Xg; Y| X1, Vo) — o,
1=2,3,....,L—-1 (18)
and n, n; are sufficiently large.
Similarly, Encoder 2 declares w A( ) = w:(l ) if and only if there

is a unique wgl) such that (17) is satlsﬁed. Using Lemmas 1 and

3, it can be shown that Encoder 2’s decision will be correct with
arbitrarily small probability of error r! ?2 < ¢/(8BL) if

H(Vi]Sa, Sd) <y [I(X1;Y|X3, Vi) — €]
ni— 1H(V1|X2 V) <m[I(X1; Y[ X2, V1) — €],
1=23,...,L—-1 (19

and n, n; are sufficiently large.

Thus, the combination of (18), (19) together with the tech-
nical condition (9) ensures that ny > ns > --- > nr_1 is
admissible.

In conclusion—upon the termination of the two-way phase
both encoders know the exact realization of (V;™,Vy"), | =
1,2,...,L —1,as well as (V{", V3").

Turning to the decoder, we recall that the decoder seeks to
determine both sequences v1 (ST, S7) and v2(S%,S7}), based
on its knowledge of the sequence S} and upon the outputs that
were produced during the exchange 91, . .., Un,., - To this end,
we consider two possible decoders for the situation at hand.

Decoder 1—joint decoder.
The decoder decodes first two-way step L which provides
him with (V,"*~", V,"*~"), then it sets | = L — 1.

« Based on Y™-' Decoder 1 forms an a priori list
of possible transmitted block length n; codeword
pairs, {(:i'l(wgl)) Zo(w (l)))} the size of which equals

exp{H (V" " V" [y ),

+ Based on (V}", V,;") and its acquaintance with the se-
quence Y™, Decoder 1 forms the a posteriori list

o= ({5 ) = (o 8)

of all message pairs such that (17) is satisfied.

Using the resolution information, that both encoders
communicate later on, Decoder 1 resolves the correct
message pair (wgl)7 wg )) within the list £ o.

* Having acquired (V;"'~", V,"'~"), Decoder 1 sets | = [—1
and, provided that [ > 2, proceeds backward to decode
two-way step [.



Following the above procedure Decoder 1 obtains

(wgz),wéz)) = (171"1,‘72"1) .

Based on S}, Decoder 1 forms an a priori list of
possible transmitted block length n; codeword pairs,
{(:El(w§ )) mg(wg )))}, the size of which equals
exp{H (Vy" Vo' |§n)}

Based on (V{™,V5") and its acquaintance with the se-
quence Y™, Decoder 1 forms the a posteriori list

La={(v1 (S7,57),02 (83, )b ={ (w”, wi") }

of all message pairs such that

(o (407) 2 (u27) 4

Using the resolution information that both encoders com-
municate later on, Decoder 1 resolves the correct message
pair (Vi*, V") within £ 5.

)eAE(Xl,XZY). (20)

Decoder 2—successive decoder.
The decoder decodes first two-way step L which provides

him with (V"% V,"*~*), then it sets [ = L

- 1.

Based on Y™~ Decoder 2 forms an a priori list of pos-
sible transmitted block length n; codewords, {z; (wgl))},
the size of which equals exp{ H (V] VY )}

Based on (V,", V") and Y™ Decoder 2 forms the a pos-

teriorilist L1 = {wg)} of all messages such that

(551 (w§”) 7g<l>) € A (X1, 7).

Using the resolution information that both encoders com-
municate later on, Decoder 2 resolves the correct message
wl) = V"= within £;.

Based on (Y™-',V;"~') Decoder 2 forms an a
priori list of possible transmitted block length n;
codewords, {ﬁg(wél))}, the size of which equals
exp{H(V;" [V}~ Y1)},

Based on (V"’ V”’ ) and Y™ Decoder 2 forms the pos-
teriori list Lo = {w2 )} of all messages such that (17) is
satisfied. Using the resolution information that both en-
coders communicate later on, Decoder 2 resolves the cor-
rect message wél) within Lo.

Having acquired (V;"'~*, V;"'~*), Decoder 2 sets | = [—1
and, provided that [ > 2, proceeds backward to decode
two-way step [.

2n

Following the above procedure Decoder 2 obtains

(0l w) = (v, 75) .
Based on S’} Decoder 2 forms an a-priori list of possible
transmitted blocklength n; codewords, {5:1 (w%l)) }, the
size of which equals exp {H (V{"|S})}.

Based on (V™ , V") and its acquaintance with the se-
quence Y ™!, Decoder 2 forms the a posteriori list

£1 = {or (57,5} = {wi’}
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of all messages such that

(5;1 (w§1>) ,g“)) € A(X1,Y).

Using the resolution information, that both encoders
communicate later on, Decoder 2 resolves the correct
sequence Vi" within £;.

e Based on (S},V]") Decoder 2 forms an a priori
list of possible transmitted block length n; code-
words, {.’i‘g(wgl))}, the size of which equals
exp{H(VS V", S3)}.

« Based on (V"',V;") and Y™, Decoder 2 forms the a
posteriori list

L2 = {o2 (53, 57)} = {w?}

of all messages such that (20) is satisfied. Using the
resolution information that both encoders communicate
later on, Decoder 2 resolves the correct sequence V'
within L.

In conclusion—following the above procedures either De-
coder 1 or Decoder 2 acquire (wg ), <1)) which determine the
pair (VJ*, VJ*) that corresponds to (ST, S5, S7).

In what follows, we upper-bound the list sizes of £; and L.
Since

(22)

|L12] < [L4] - |L2]

this provides an upper bound Ry, on the exponential growth of
the list size for either decoder type.

Before that, we argue that when analyzing the successive list
decoder performance one may assume that during the list de-
coding of L, (the successive decoder’s second step), the decoder
exhibits the same a priori statistics as during the list decoding of
L. This is true because the first step terminates with the list £,
then Decoder 2 acquires the correct message from somewhere
else via the resolution information sent to him by both encoders
later on. As a result, there is no propagation from the first de-
coding step to the second, as is the case, e.g., with the successive
decoder for the Gaussian MAC [16, Sec. II]. In this sense, the
successive list decoder is a genie-aided decoder which “forgets”
the list £, assuming that nature has provided him with the result
of the first decoding step, and proceeds to the second decoding
step as if it were the first task being executed.

Performance evaluation for the successive decoder.
Consider first the set Tifl) (L1) of codewords which at the end
of two-way step [, | = 1,2,...,L — 1 are jointly typical with

% £ Y™ From Lemma 1, we know that (il(wgl)) .’Ifg(’l[}él)))
will be jointly typical with Q)(l) with high probability, say
PY > 1—¢/(8BL).
Let
BG®) = { Lo (810.57) € AKX Y)
0, otherwise.

Then the cardinality of Tgl) (L1) is the random variable

‘Tgl)(ﬁl)‘ = Z‘lfk@(l))
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and

+ > EvaY)

1
k;éw§ )

E ‘T(l) ’ =B,

where E denotes the expectation operator.
We now bound the random variable |T‘£/l ) (L1)]-

Lemma 4: Define
I(Xy; Y|V, Vs
wlé (~17~|~17~2>. (23)
I(X1;Y V1, Xo)
Then, for any ¢ > 0, there exists an ng such that for n > no
and n; > ng,l = 1,2,...,L — 1 the list sizes {|L )|}
accumulated by the successive list decoder are bounded by
20| < explnlH(VAIY) - @i H(Vi] X2, V) + €]}
= exp{n[H(V1|Sq) — w1 H(V1|S2, S4) + €]}
20| < explm A [HAIY) - @i H(|X, V) + ),
,L—1 (24)
with probability larger than 1 — ¢/(16 BL).

In particular, if @y = 1—i.e., whenever there exists a map-
ping ¢ : Y x Vi x Vo — X such that ¢(y, v1,v2) = x5 for
any pair (z1,22) € X1 x Xy with p(y|z1,22) > 0, then (24)
reduces to

2] < exp{nlI(Vi; Xa[Y) + €]}
= exp{n[I(V1; 52|5q) + €]}
0] < explmoal1(Vas Ka]Y) + o]},
(25)
with probability larger than 1 — ¢/(16BL).

Apart from providing upper bounds on the list sizes, Lemma
4 characterizes a pair of “good” mappings V,, = §,(X,,Y), p=
1, 2 in the sense that the corresponding list sizes are minimized.
Specifically, this happens when the triple (y, v1,v2) uniquely

determines x» and in this case the list sizes are determined by
the corresponding mutual information functionals as per (25).

Proof: Using Lemma 3, it follows that
~ (1) -~~~
EV.(Y") < exp{—m[[(X1; V[V, Va) — €]}, k#w".
Therefore,
E ‘TS) )’ <1+( N® 1) exp{—m[I(Xy; V|V, 2) -]}

Recall that the relevant codebook sizes during the first L — 1
coding steps executed during the two-way phase are determined
as follows:

N = exp{nH(V1|S4)}
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Combining (19), (23), and (26) we get (27) (at the bottom of the
page) for n, n; sufficiently large, and any € > 0.
Using Markov’s inequality, we obtain for any ¢; > 0

Pip(Ly) 2 Pr{]Ty(zl)] > exp{n[H (V1]S4)

— w1 H(V1|S2, S4) + 61]}} <e ™
< ¢/(16 BL) for sufficiently large n
PY) (L) 2 Pr{’TS)(ljl)’ > exp{m_1 [H(V1|Y)

e H( X0 ) + q]}} < e

< ¢/(16 BL) for sufficiently large n;_1,

1=2,....L—1. (28)

This completes the proof of Lemma 4.

Consider next the set Tg(l) (L2) of codewords which at the end
of two-way step [, | = 1,2,...,L — 1 are jointly typical with
(21 (wg ))7 #"). To this end note that, having acquired wgl) , the
decoder’s ambiguity regarding w2l is

H (w0, Y") =nH (oW, 50, 1=1
1 (), 77 ) = H V|V, ),
1=2,3,...,L—1. (29)
Lemma 5: Define
s 1(X2: Y|V, Va) (30)

I(X2;1~/|‘727X1) .
Then, for any ¢ > 0, there exists an ng such that for n > ng
and n; > ng,l = 1,2,...,L — 1 the list sizes {|E§l)|}f:_11
accumulated by the successive list decoder are bounded by
|89 < exp{nlH(ValVa, V) = waH (V2| X1, V) + €]}
= exp{n[H (V2|V1, Sq) — woH (V2|S1, S4) + €]}
]gg”] < exp{ni_i[H(Va|V1, V) — waH(Va| X1, V) + ]},
l=2,...,L—-1 31
with probability larger than 1 — ¢/(16 BL).
In particular, if wy, = 1—i.e., whenever there exists a map-
ping ¥ : Y x Vi x Vo — A} such that ¢(y, v1,v2) = 2 for

any pair (z1,22) € X1 x Xy with p(y|z1,22) > 0, then (31)
reduces to

\cgn\ < exp{n[H(Va|V1,Y) —
= exp{n[H V2|V, S4) —

H(Va|X1,Y) + €]}
H(V3|S1,84) + €]}

N = ep{ma HGY)}, (=23, L1 €] < exp{n 1 [H(ValVa, V) = H(V|X1, V) + ),
Ng(,lf = exp{nH (V2|S4)} 1=2,...,L-1 (32
Nzai = exp{ni_1 H(V2|Y)}, 1=2,3,...,L—1. (26) with probability larger than 1 — ¢/(16BL).
VilS H(V1|S5, Sq) + I=1
[E‘T}E,”(Ll)‘ §1+{6XP{”[ (V1|Sa) — w1 H(V1|S2, Sa) + €}, @7

exp{n 1[H(V1|Y)

wiH(V1|X2,Y) + €}, l=2,...,L—1
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Proof: The proof follows the same lines as the proof of
Lemma 4 taking into account (18), (29), and (30).
Thus, with high probability

Z(Pé% (£1) + P (£2)).

the index required (in a typical two-way phase) in order to
resolve the decoder’s residual uncertainty, about the two-way
phase, takes on no more than

L-1

1 1
[T |”]- |2
=1

= exp{n[H(Vl|Sd) — le(Vl|SQ, Sd)

H(V5|V1, Sa)
I—1

o

TV T) mH(vmm} &

— woH(V2[S1, Sa) + €]

H(V1|Y) — w1 H(V}|X2,Y)

values.
Noting that (18) and (19) imply that

1% ( It1|SlL17Sd)
w0y | 1Ko V1K Vi)

ny=mn 1
X
n; =n;_1 max H “2| )

HZE{L?}{ ( M23Y|X HZ) }7
1=2,3,....[—1

(34)

we can upper-bound the rate R(LTW)—i.e., the exponential
growth of the list size—implied by the right-hand side (RHS)
of (33) as

™ 1 1 1
R 2 Zl_ n(‘ﬁg>‘-lﬁg>‘)<ﬂ(w|sd)

— w1 H(V1|S2, Sa) + H(V2|V1, S4)
- ’CUQH(V2|51. Sd)

+ max ( H1|SH1 Sd)
i €{1,2} I(XHUY|XIL17

-1 = max H( L X
n2€{1,2} (X;u’Y|XI‘2’

([H(W[Y) - le(V1|X27
—wQH(VQ|X1, )]

V17
(35)

Remark: The rate R(LTW) has been obtained assuming the
(1)

decoder performs successive list decoding first on w,’, | =

1,...,L — 1, and then on wg ) given w§ ), during the two-way

phase Obviously, an expression similar to (35) can be obtained

assuming the decoder performs successive list decoding first on
w" and then on w!" gi M and ini

5 1 given w, ', and the minimal rate should
be selected as R(LTW).
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Bounding the probability of error. For the above scheme, we
declare an error in the two-way communication phase if at least
one of the following events happens.

O]

* F;:Encoder 1 estimates ws ’ incorrectly during two-way

stepl,l =1,2,...,L — 1.

e Fs5: Encoder 2 estimates fwgl) incorrectly during two-way
step (.

b E31

1) ¢ A(X,.7)

or
(-’il (wgl)) 7'%2 (wgl)) /g(l)) ¢ AE(XL,XQ?Y)
Il =1,2,...,L — 1. Here w,(f) is the message decoded

first by the hst decoder
* Ejy: Either |T~ (L1)| or |T ( 2)| exceed their typical
size as 1mphed by Lemmas 4 and 5.

Using the union of events bound, we can upper-bound the
probability of error for a typical two-way phase P, ; 7w (aver-
aged over the choice of codebooks and possible input messages)
by

L—1)) Pr{E} < ¢/(2B).

i=1

Peprw < ( (36)

This proves the existence of at least one code with an av-
erage probability of error in a typical two-way phase of less than
€/(2B). The union bound then implies that the average proba-
bility of error while executing a sequence of B two-way phases
is less than €/2.

Finally, we compute the aggregate block length of our code,

namely
L—1 s o -
H(V,|X;,Y
nrw = Z n;<np |l— max M
=1 re{r2y | I(X,

Combining (34) with (37) our construction thus demonstrates
that the ratio nryw /n < 9T, with n™") defined in (10), is
achievable with list decoder’s exponential list size not exceeding
(35).

Moreover, the achievability of (7, R(Ll)) and (72, R(LZ)) im-
plies the achievability of

§?|Xﬁ7 f/u)

(om + (1 = 0y, R + (1- ) B)

for any 0 < « < 1, therefore, the set 7 is convex.
This completes the proof of Theorem 1. O

Remark: Let Rl,Rg) denote the information rate pair
which is attained between both encoders during the two-way

phase. Defining Z 2 (f/l,f/z) it follows from (18) and (19)

that
Ry <I(X1;Y|X2, V1) @ I(X1;Y|X2, V1, Va)
=I1(X1;Y|Xs2, Z)
~ ~ <~ ~ b ~ ~ o~ <~
Ry <I(X2;Y| X1, V2) © I(Xo; Y| X1, V1, Va)
=I1(X5:Y|X1,2). (38)
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Here (a) and (b) follow since the pair (X,,,Y) determine V),
by (7).
Furthermore, by way of our construction

I(Xl; X2|Z) S I(Xl; X2|Y/, Z)
and the rate pair in (38) is obtained for a joint distribution

PZ,Xl,‘irg,i’ (Z7 i‘l‘/ '{i’27 g)

= PZ,jﬁ,Xz (275;17:;72)PY|5(1,)~(2 (g|lf71,lf72).

Comparing this expression with the dependence balance outer
bound for the capacity region of the single-output two-way
channel (TWC) provided by [5, Theorem 1] we may infer
that our two-way scheme is “optimal” in the sense that the
information exchange between the encoders conforms with a
law which characterizes an outer bound for the capacity region.
It is not claimed, however, that the specific choice of Z herein
is the capacity achieving one.

V. ACHIEVABILITY PROOF FOR THE TwO-USER DMMAC
‘WITH FEEDBACK

In this section, we describe a coding scheme for the MAC
with feedback and show that it achieves the rate region defined
in Theorem 2.

Main idea behind our coding strategy.

The key idea in the Cover-Leung coding scheme is the
use of superposition block Markov encoding (SBME). In this
method, transmission occurs in B blocks wherein in block
b, b = 1,2,..., B — 1 both encoders send a certain amount
of “fresh information” reliably to each other at the maximum
possible rate. Since the transmission rate at this stage is too
high for reliable transmission to the receiver, all the receiver
can do is reduce the set of possible transmitted messages to
a considerably smaller set of “typical” messages. Since this
set contains the correct message with probability very close to
one, both encoders can cooperate during the next block to send
the final resolution information to the decoder. Superimposed
on this resolution information, the encoders again send fresh
information at high rate.

In our scheme, we use as a starting point the Cover—Leung
construction; however, before the encoders decode block b they
exchange some extra information (Vi,V5) that each one can
tell about himself to his partner in order to improve the infor-
mation rate his partner can obtain. This exchange of informa-
tion is accomplished via an additional two-way communication
phase which is appended to each “fresh information” block.
Only after both encoders have acquired the extra information
from the two-way phase they decode the “fresh information”
that has been transmitted during the current block. At the same
time, the receiver performs list decoding over the two-way phase
and resolves its remaining ambiguity via the resolution infor-
mation which both encoders send during the next block. Having
acquired the extra information from the two-way phase, the re-
ceiver decodes the “fresh information® as well as the resolution
information contained in the current block, given this extra in-
formation, in the very same way as in the Cover-Leung scheme.

The reason for exchanging the extra information (V3,V2)
between the encoders can be explained as follows. Let
(X1, Xo, YV, p(y|z1,22)) be a DMMAC and suppose that when
given the output y and the input z,, the input xj; is not uniquely
determined—i.e., there does not exist for any . € {1,2} a func-
tion ¢, : Y x X, — A} such that ¢, (y,z,) = z; whenever
there is an =, € X, with p(y|z,,zz) > 0. Instead, consider
any pair of functions V,, = ¢,,(X,,Y), p = 1,2 that map for
each of the encoders an input—output pair to an element in a cor-
responding set V,,. As a result of observing the feedback link,
Encoder p knows V,, yet it needs to acquire V;. Assume further
that somehow Encoder p has acquired Vj; and the decoder has
acquired the pair (V7,V3). Presumably, there exists a function
1/) : y X Vl X Vg — Xl X Xz such thati/}(y./vl,vz) = (."I)l,.Z‘Q)
for a subset of triples (y,z1,22) € Y x X x Xy with
p(y|z1,z2) > 0, and consequently

I(XLY|X2/ U/ Vi) > I(Xl, Y|X2/ U)
Inequality (39) is the key for our motivation to exchange the
pair (V1, V3) between the encoders since having done so they
can cooperate in order to “shift” this information to the decoder
(to use the terminology of [13]) and this offers an improvement
on the Cover-Leung rate-sum.

To be consistent with the notation in Theorem 2, recall that
the random variables (S, S2, Sq) take value in X3 x X2 X Y, so
that without loss of generality (w.l.0.g.), we may interpret X,
as S, and Y as Sy.

Provided that

H(Vyu|Sa) > H(V,|Sp, Sa)

=12, (40)

it is conceivable that it pays to invest the extra time consumed
by the two-way phase, in order to exchange the sequences
(v1(ST, S7),v2(S%,5%)), as its impact on the improved
rate-sum (39) would not be that significant, and the net in-
formation rate to the receiver would still be better than the
Cover—Leung result.

The structure of our coding scheme.

In our coding scheme, transmission consists of a sequence of
B generic transmission phases, wherein a generic transmission
phase consists of a multiple-access phase succeeded by a
two-way phase. During the MAC phase of generic transmission
phase b, b = 1,2,...,B — 1, each encoder transmits a new
information block combined with a resolution information
the decoder needs to decode generic phase b — 1. Following
the MAC phase, both encoders execute a two-way phase in
order to exchange the (V}", V") realization of the MAC phase.
Upon the termination of the two-way phase, having acquired
common knowledge, both encoders can cooperate to send
the resolution information for the decoder. Consequently, the
resolution information for the decoder is sent during the MAC
phase of the next generic transmission phase in the form of a
common time-sharing random variable. During generic phase
B just the resolution information for phase B — 1 is sent. Fig. 2.
shows schematically the structure of the proposed coding
scheme—specifically blocks b and b + 1 are illustrated.
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Fresh Fresh
Information Information

MAC MAC

Xl(b)XZ(b)|U(b_l) Xl(b+1)X§b+l)|U(b)
Two-Way Two-Way
Vl(b) - Vz(b) Vl(h+l) o Vz(hﬂ)
> y®-1 > U® >

Resolution Resolution
Information Information

Block b

Fig. 2. The proposed coding scheme.

The MAC Phase: Achievability proof of Theorem 2

During the multiple-access phase of generic transmission
phase b, b = 1,...,B — 1 the encoders use a two-user
code C®) that is generated according to the joint distribution
Px, x,(z1,22) induced by the law (11) as follows.

e For b = 1 generate a single sequence

u= (ul,u27...7un)

with probability

PI‘{’M} = ﬁ PU(uk).

k=1

Label this sequence ") (1)

+ Forb > 2,let U® be a collection of |A| binary n-length
sequences drawn independently according to the product
distribution of marginal Py (u). Index U ®) by A, thus,
a generic element of /() can be expressed as u(®)()\),
A €A

Using the terminology of Bergmans [10, Sec. III], the se-

quences u(®)()\) are now used as “cloud centers” to generate

Block b+ 1

the actual transmitted codewords. The codebooks are generated
as follows.

1) Based on every u(®)(\) generate M, sequences

(z § %, :vgb% :vgbi) each with probability

(00} [T e (A8).

Label them mgb)(u(b (A ) )
My
b (A

(&) _
1=

§”)(,\7w1) for A € A
and wy € My = {1,. }.
2) Similarly, based on every ul (\) generate M sequences
(b) = (z () .0) (®)

Ty1,T35,---5Ty ), each with probability

Pr{ b)|u(b) } HPYle (w (9)).

Label them 2 (u® (), w2) = z (X, wy) for A € A

and wy € My = {1,...,M2}.
Henceforth, as we refer to any specific codeword
a:l(ib)(u(b)()\%wu), p = 1,2, we refer to u(®()\) as the

cloud center of this codeword.
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During the MAC phase of generic transmission phase b, b =
1,2, ... the message (wgb),wéb)) € My X My is encoded in
the following way.

Let

v v ® 2 (VY v

) P lno V2(,b1)7 VZ(,bQ)v T V2(,er)
denote the realization for the MAC block of generic transmis-
sion phase b. Furthermore, let A(® denote the common random
variable furnished by both encoders upon the termination of
generic transmission phase b.

In generic transmission phase 1, the encoders send during the
MAC phase the codewords

o =) (000

Upon the termination of generic phase b,b=1,...,B — 1
* Encoder 1, who knows (Vl(,bl)v Vl(yl;), ce

Vl(l;)) decodes
WO v V)Y via the two-way phase that fol-
21 V2o s Von y phase that fo

lowed the MAC phase. Knowing (T/'z(f’l)7 V2<f’2)7 N V;}Q),
y® 2 (y™)® and A®=D the cloud center of z”
Encoder 1 can now decode the information wgb). Specif-
ically, Encoder 1 estimates the message of Encoder 2 by
considering the set of codewords {z‘g’) (A=), wéb))}
and declaring @ing) = wgb) if and only if there is a unique
w” such that
2

(mgb) ()\(b—l)7w§b)) 7{3%6) ()\(b—l)7wéb)) 7y(b))

€ A (U, X1, X0,Y). (41)
Using Lemmas 1 and 3, it can be shown that Encoder 1’s
decision will be correct with arbitrarily small probability
of error Pe(f)l < €¢/(10B) if

Ry < I(X9;Y|X1,U, Vo) —€ (42)
and n is sufficiently large.
 Similarly, Encoder 2 who knows (Vz(f’l), V2(,b2): cee VZ(’bn))

decodes (V1(,b1)-, Vl(f;), ce Vl(f;)) via the two-way phase.
Knowing (V1(,b1)7 Vl(,b?)7 e Vl(f;), y® and A=V the
cloud center of xgb), Encoder 2 can now decode the
information w§b). Specifically, Encoder 2 estimates the
message of Encoder 1 by considering the set of code-
words {z{” (A1 ")} and declaring & = w{"
if and only if there is a unique wy’) such that (41) is
satisfied. Using Lemmas 1 and 3, it can be shown that
Encoder 2’s decision will be correct with arbitrarily small
probability of error Pp(f ?2 < ¢/(10B) if
Ry < I(X1;Y| X, U, V1) —€ (43)

and n is sufficiently large.
* Both encoders emulate the decoding procedure performed
by the decoder during the two-way phase and obtain the
final set of lists (Tg(l) ..... TgLil)) that the decoder is left

with when trying to decode (V;*, V4*)(®). This forms the
first part of the resolution information that will be sent by
both encoders via the random variable A(*) € A which
serves as the cloud center of the multiple-access block
during the next generic transmission phase. The second
part of the resolution information A(*) will be defined sub-
sequently.

In generic transmission phase b, b = 2.3,..., B — 1, the

encoders transmit during the MAC phase the codewords

o =20 (420, 0f0)

b b , b
mg) :mé) (u(b)()\(b 1)),wg )) .

We see that w:(lb) and wéb) contain new information, while the
rest consists of resolution information.

In generic phase B, the encoders do not send new information
and just cooperate to inform the decoder on A(B—1).

The decoder uses backward decoding to find the transmitted
information. First it decodes generic phase B thereby acquiring
MB=1)_Subsequently, it sets b = B — 1 and performs the fol-
lowing procedure.

Decoding Procedure of \*~") and (wgb) ) wgb))

The decoder uses A(?) to obtain the complete resolution in-
formation needed in order to decode generic phase b.

First, the decoder decodes the two-way phase of generic
transmission phase b using the first part of the resolution infor-
mation. This provides the decoder with (V;*, V3")(®). Turning
to the MAC block of generic transmission phase b the decoder
declares A(=1) = X\(*=1) if and only if there is a unique A~
such that

(@w® AV M) e A (U,Y). (44)

Using Lemmas 1 and 3, it can be shown that the decoder’s de-
cision will be correct with arbitrarily small probability of error
P < ¢/(10B) if

|A] < exp{n[I(U;Y|V1,V2) — 2]} (45)
and n is sufficiently large.

Having determined A®=1) the decoder forms a list L2 =
{(wgb), wéb))} of all message pairs such that (41) is satisfied.
Using the second part of the resolution information that both
encoders send via A() the decoder resolves the correct pair
within [:1,2.

We consider now the set T;b)(ﬁl,g) of codewords which
are jointly typical with y(®). Following the same procedure as
Cover—Leung did in [2] one concludes that, provided that (42)
and (43) are satisfied

E ‘Téb)(ﬁl,g)‘ < exp {n [R(LMAC) - e}}

R%MAC) :Rl +R2 — I(X17X2,Y|U/‘/1,Vv2) (46)

for n sufficiently large and R(LMAC) > e
By Markov’s inequality, it follows that with high probability
1- PE(I;)) > 1—¢/(10B), the index required in order to resolve
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the decoder’s residual uncertainty about MAC block b takes no
more than exp{n(RéMAC) + €1)}, 1 > 0 values. This index
forms the second part of the resolution information that is sent
by both encoders via the random variable A(*) € A which serves
as the cloud center of the multiple-access block during generic
transmission phase b + 1.

End Decoding Procedure—Output A1) ( (b))

Next, the decoder sets b = b — 1 and performs the decoding
procedure again.

We see that the decoder starts decoding only after all B
blocks have been received. Assuming that the resolution in-
formation in block B is sent at low enough rate, it is then
used to resolve the decoder’s ambiguity while decoding block
B — 1. Continuing this way, the decoder successively decodes
all blocks, with block 1 decoded last. This is in sharp contrast
to the Cover—Leung scheme wherein the decoder is capable of
decoding block b once it has decoded the cloud center U (b"'l),
and this can be accomplished upon the termination of block
b + 1. Thus, the decoding delay of the scheme proposed herein
is strictly larger than that of the Cover-Leung scheme.

Let us now take stock at where we are. The aggregate reso-
lution information should satisfy (45), while on the other hand,
we know that it consists of two components; the first having
list-size exponent not larger than R(TW) as per (35) and the
second having list-size exponent not larger than R(MAC) as per
(46). Thus, we need

R(LTW) +R%MAC) te

= Ri+ Ry + R — I(X1, X0 Y|U, Vi, Va) + 1
(45)
< I(U; Y[V, V2) — €2 47)
or equivalently
Ry + Ry + RS™™)
< I(X17X2;Y|U7 V17V2) =+ I(U;Y|V17V2) — (61 + 62)
=I(U, X1, Xo; Y |V1, V) — (e1 + €2)
= I(X1, X2;Y|V1,Va) — (€1 + €2) (48)

where the last step follows since U o (X1, X2) ¢ Y is a Markov
chain.

Bounding the probability of error. For the above scheme, we
declare an error in block b if at least one of the following events

happens.
e Fi:Encoder 1 estimates w( )

phase.

* FE,:Encoder 2 estimates wib)
phase.

*  FE3: The decoder estimates the cloud center u(® (A(*—1)
incorrectly during the MAC phase.

b E4Z

(ng) ()\(b—l),wgb)> ,mg”) ()\(b—l).,wg')) 7y(b))

¢ AE(U7 X17X27Y)-

incorrectly during the MAC

incorrectly during the MAC
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b E5Z

‘Téb) (Ll,z)’ > exp {n (RéMAC) e> 0.

+e)}7

e Fg: An error has occurred during the two-way phase.

Using the union of events bound, we can upper-bound the
probability of error P, j (averaged over the choice of codebooks
and possible input messages) in generic block b by

5

Pep < ZPT{Ei} + Peprw < €¢/B.

i=1

(49)

This proves the existence of at least one code with an average
probability of error in generic transmission phase b of less than
€/ B. The union bound then implies that the average probability
of error in B blocks is less than e.

Finally, we compute the aggregate block length of our code,
namely

nrw

L—-1
ntén+an:n(l+
=1
Siy,Sa)
=n{1l4+ max ( | e d
p1€{1,2} I<X;t17Y|XlL17

H (V| X >)} }

max =

n2€{1,2} { I(X,,; Y|X

Our construction thus demonstrates that the rate pair
(75 R1, 7= Ro) is achievable.

Since this part of the coding scheme is similar to the
Cover—Leung scheme, then using the same arguments re-
garding cardinality bounds as in [4] (that further refers to [14],
[15]), it follows that for the auxiliary random variable U it
suffices to take |U/| < min{|Xy| - |Xs| + 1,]Y| + 2} without
affecting the region in Theorem 2.

This completes the proof of Theorem 2. ]

)<n(1+77

1-—

This construction demonstrates the following.

e The capacity region for the MAC with feedback is very
sensitive to the joint probability structure of the compo-
nent channels.

e Two-way channels which provide equal outputs on both
terminals exhibit an improved capacity region. Moreover,
the solution to this problem is closely related to the solu-
tion of the feedback problem for the MAC. This observa-
tion has been made previously by Dueck in [11].

We demonstrate the results of this section by considering next

the continuous-time ideal two-user Poisson MAC with noiseless
feedback.

VI. THE IDEAL TWO-USER POISSON MAC

The model for the two-user continuous-time Poisson MAC
studied here is described as follows. Two independent users gen-
erate inputs z,,(t), p = 1,2, 0 < t < oo, that determine the
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rates of two corresponding doubly stochastic Poisson processes
{D,(t)}. The observation is

2

v(t) = > Du(t)+ D(t)

p=1

(50)

which is also a Poisson process with instantaneous rate Ay +
Zi:l z,(t). The dark current represented by D(t) is a homo-
geneous Poisson process of rate Ag. It is further assumed that a
causal feedback link informs both encoders at every time ¢ of
the channel output () at all times prior to ¢. Our main focus
here will be the case where Ay = 0 which henceforth will be
referred as the ideal Poisson MAC.

An (M;, M3, T) code for the continuous-time Poisson MAC
with feedback is defined as follows.

1) A collection of encoding functions

Tyt = Tyt (wu7l/37), n=12 0<t<T
where z,, 4 (w nZe ) is the waveform transmitted at time
t by Encoder 4+ when attempting to convey Message w,,
to the receiver after observing the channel output v/(s),
0 < s < t. Here M, denotes the number of different
messages that Encoder p can transmit.

2) A decoding function

(Z):l/gw—>{17....,M1}X{l....7M2}.

’

We shall use the average probability of error criterion as-
suming that the messages (W71, W3) are drawn according to a
uniform distribution over {1,...,M;} x {1,..., Ms}. Conse-
quently, the error probability for the code is defined as

P.(My, My, T)
= Pr{(W1,W2) # ¢ (v3 )}

M, M,

- M11M2 DY

wy=1ws=1

X PI‘{()ZS (l/g) ;é (w17IU2)|W1 = IU17W2 = IUQ} .

A rate pair (Ry,Rp) nats per second is achievable for
the MAC (50) with feedback if there exists a sequence of
(]\4-17 M27 T) codes with Rl S (hl Ml)/T, R2 S (ln MQ)/T
such that P.(M;, M5, T) — 0as T — oo. The feedback
capacity region is the closure of the set of all achievable rates.

The information capacity of the one-way Poisson MAC was
determined by Lapidoth and Shamai in [20], while the relia-
bility function (i.e., the exponential behavior of the probability
of error for the best code, as the coding delay increases while
the transmission rate is held fixed) of the one-way Poisson MAC
was computed in [21]. To the best of our knowledge, no result re-
garding the feedback capacity of this channel has been reported.
This is in contrast to the single-user Poisson channel for which
the effect of feedback on the capacity has been studied in de-
tail by Frey [18] who showed that as long as the dark current
is deterministic, capacity is not increased by feedback, whereas
feedback may improve the capacity in the case of a random dark
current. Additionally, the impact that feedback has on the reli-
ability of the single-user Poisson channel has been determined
by Lapidoth in [19].

Our interest here is in fixed-transmission-time coding
schemes (as opposed to sequential coding schemes which
adhere to a random transmission time) which meet the peak
and average-power constraints

< oA,

-T
z,(t) <A, E [%/0 x,(t)dt

p=1,2 0<t<T (51)

where [0, T is the transmission interval and the expectation is
with respect to (w.r.t.) the codebook message distribution. Ex-
cept for these input constraints, it is assumed throughout that the
channel is unlimited in bandwidth.

The main contribution of this section is the introduction of
a feedback code and explicit decoding rules that combine the
ingredients of SBME together with backward decoding to im-
prove on the Cover—Leung result. As a consequence, the Poisson
MAC with noiseless feedback forms a nontrivial example for a
MAC for which SBME per se is suboptimal.

A. The Cover—Leung Inner Bound on the Capacity With
Noiseless Feedback

We begin by recalling some known results which will be
useful later on. Following Wyner [17], the assumption that the
channel is unlimited in bandwidth is made explicit by the fol-
lowing.

a) We fix a small A > 0, partition the time interval [0, T]
into equal segments of length A/A, and consider input
waveforms that take just the extreme values on each of
those segments. Specifically, the channel input waveforms
x,(t), p = 1,2, are constant for (k — 1)A/A < t <
kAJA k =1,...,n = AT/A, and z,,(t) take only the
values 0 or A. As a result, the receiver may collect the
sufficient statistics n-vector 4, formed by the increments
gk = v(EAJA) —v((k — 1)A/A).

b) The receiver interprets ¢y > 2 as being the same as
yr = 0. Thus, it bases its decision on the n-vector y,

where
-y L,
yk - 07

In the limit as A — 0 these assumptions do not imply any
loss in generality as shown in [17].

g =1
otherwise.

Subject to the assumptions a), b), the channel reduces to a
two-user binary-input binary-output (input alphabet A7 X A&,
output alphabet )) DMMAC with transition probability
p(y|z1,22) given by (Ao = sA)

p(1]0,0) = sAexp 2 = sA + O(A?)
p(1]4,0) =p(1]0,1) = (1 + 5)Aexp™1F9)2
=(1+5)A+0(A?),
(1A, A) = (24 s)Aexp™@+9)A
=(

2+ 5)A +0(A?). (52)

Thus, in the absence of dark current, the continuous-time band-
width-unlimited Poisson MAC can be modeled as a DMMAC
which falls within the category of MACs described by (1).
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TABLE 1
ATTAINABLE SYMMETRIC RATES VIA THE COVER-LEUNG CONSTRUCTION AS A FUNCTION OF |{/|
[U] | p(0) p(1) p(2) p(3) | 9o o | e q3 Ri =Ry | UB/2
2 0.099 0.901 0.0 0.0 0.9 0.2 0.0 0.0 0.246 0.247203
3 0.446808 | 0.09 0.463192 | 0.0 0214 | 1.0 0.242 | 0.0 0.249713 0.249728
4 0.811 0.0901 | 0.0889 0.01 | 0.22 027 | 1.0 0.276 | 0.249592 0.249840

1) One-Way Capacity Region: When )y = 0 one may verify
that

I(Y; X1,X5)

I(Y: Xa|X1) = A [—qln(q(l +4)) = ¢’In (1 + é)

=A [—Zq In(2q) + 2¢*1In 2]

+2¢%1In 2]

)

implying that a one-way rate-sum capacity of CS; o=
0.4338A (nats per second) is attainable with ¢ = 0.2659.

2) The Cover—Leung Inner Bound on the Feedback Capacity
Region: Having obtained a discrete-time decomposition for our
continuous-time model, we compute now an inner bound for the
feedback capacity region based on (12).

For general Py, x,y, we define g1, = Pr(X; = 1|U = u)
and g2, = Pr(X2 = 1|U = u), then straightforward computa-
tion yields

I(Y; X Xs)
1 2 Zp { qlu + qQU)]

-In [Z p(u)(qru + q2u)

+ 2qluq2u In 2}

(53)
Y; X5|X1U)
# Zp |: 1 - qlu)qZu In q2u

- qlu(l + q2u) 111(1 + q2u) + 2q1uq2u 1112

Y Xq|X
% Zp |: 1 - un)qlulnqlu

- q2u(1 + qlu) ln(l + qlu) + quuq2u In2|.

(54)

We seek to maximize (53) subject to the average-power con-
straint ) p(u)[q1u + g2u] < 20. Fixing for any U = wu the
sum qi,, + qo, it follows immediately that

I(Y; X1 X, U =u)/A

= _(qlu + q2u) ln(qlu + q2u) + 2f11uQ2u In2

is maximized by letting q1, = g2u = ¢ Turning to (54), fixing
for any U = w the sum qi,, + ¢2, the function

[I(Y; X2|X17 U

_(1 - qlu)qZ'u In q2u —

- (1 - q2u)q1u In qlu —
+ 4qluq2u In2

=u)+ I(V; X1|X2,U = u)]/A
QIu(l + q2u) ln(l + q2u)
QZu(l + qlu) 11’1(1 + q1u>

is maximized by letting q1, = g2 = Gu- It follows that

—23 p(u) {—qu In [2 > plu)g

I(Y; Xo| X1 U) /A = I(Y; X1 | XoU) /A
= Zp { (1 = qu)quIn gy

— qu(1+ qu) In(1 + qu) + 24, In 2} - (56)

+q ln2} (55)

Table I summarizes the attainable symmetric rates Ry = R»
via (56), and the upper bound on the rate-sum as given by (55),
for |U| = 2,3,4. These results have been obtained by numer-
ical search over general p(u), ¢,,. The search does not give any
improvement in R; for the case |/| = 4; in fact, when forcing
all four mass points to have strictly positive probability (as we
do) the rate slightly decreases.

B. A Coding Scheme

Transmission consists of a sequence of B generic transmis-
sion phases, each of which is executed during a length 7' in-
terval. Furthermore, each generic transmission phase is split into
the following three parts.

* A multiple-access phase the duration of which is bounded
by (1 — 31 — B2)T. This interval is further partitioned into
equi-length arbitrarily small subintervals labeled as I,
9 =1,2,..., Ky, by taking K to be arbitrarily large.

* A two-way phase the duration of which is bounded
by (1T. This interval is further partitioned into
equi-length arbitrarily small subintervals labeled as
Iy, ¥ = 1,2,..., Ky, by taking K; to be arbitrarily
large.

e A total-cooperation phase the duration of which is
bounded by 2T This interval is further partitioned into
equi-length arbitrarily small subintervals labeled as Iy,
¥9=1,2,..., Ko, by taking K to be arbitrarily large.

In fact, the total cooperation phase does not conform with the
coding scheme presented in Section V. However, for the sake of
brevity we allow both encoders to split the resolution informa-
tion they wish to send to the decoder into two parts; the first part
is conveyed via the random variable (r.v.) U during the MAC
phase while the rest is conveyed during the total cooperation
phase. Thus, in the forthcoming analysis we shall take into ac-
count the impact of the total cooperation phase with the aim of
showing that the optimal solution renders this phase superfluous
and the resolution information is communicated just via U.

A binary n-length codeword %,,, 1 = 1, 2 is mapped (by En-
coder p) for transmission during the MAC phase as follows. An
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interval Iy y is partitioned into n equi-length half-open closed
on the right subintervals Iy, { = 1,2,... n, such that I, 2
(%(ﬂ -1, Ig}—“ﬁ] and the waveform z,(t), t € I y is defined
as

A (tel)n(zue=1)
out) = {07 otherwise

where x,, ; denotes the /th component of ,. Thus, for example,
the aggregate block length of the MAC phase is nKj. Similar
mappings, of binary n-length codewords into waveforms over
the subintervals I; y and I5 y, are used during the two-way and
total-cooperation phases, respectively.

During each of the aforementioned phases both encoders
execute sequences of coding steps. A coding step consists of
the generation of a pair (21, 22) of binary n-length codewords
(as explained in the sequel) and a repeated transmission of
the corresponding waveforms (z1(t),z2(t)) by sequentially
consuming [; y, 7 = 0, 1,2 subintervals until the first arrival is
registered at the receiver.

The Multiple-Access Phase

During the MAC phase of generic transmission phase b, b =
1,...,B — 1, the encoders execute x coding steps while using
codebooks generated via the joint distribution (11) as follows.

e For b = 1, generate a single sequence

u= (u17u27"'7un)

with probability

PI‘{’U,} = f[ PU(uk)

k=1

Label this sequence u(") (1).

» Forb > 2, let U® be a collection of |A| binary n-length
sequences drawn independently according to the product
distribution of marginal Py (u). Index 4(®) by A, thus,
a generic element of /(*) can be expressed as u(®)()\),
A €A

Now perform the following.

1) Based on every u(b)(/\) generate per each coding step /,

{=1,...,k, My sequences
L)

bl bl
2" = (2,

each with probability

Pr {a{" (1)} = I Pro (a1

k=1

(6,0)
Tiy, .

Label them
ng,@) (u(b)()\)7w1> = z(bve)(/\7w1)

for A € A and w; € M;.
2) Similarly, based on every u(b)()\), generate per each
coding step £, £ = 1,...,k, M5 sequences

200 = (00,580, o20)

2,2 1>

each with probability

Pr {2 Ou® (1)} = f[ Prypo (283010
k=1

Label them
xgb,z) (u(b)()\)7w2) _ mgb,z)()\7w2)

for A € A and wy € M.

With a slight abuse of notation we shall henceforth refer just
to :z',(f) (u(b)()\)7 w,), p = 1,2, while keeping in mind that per
each arrival the relevant codebook is considered.

We next define the deterministic mappings (g1, g2) for the
channel (52) (with s = 0) by (13).

This choice and the fact that the event {Y; = 0} does not
convey any information for the MAC (52), imply a “thinning”
on the time-discrete process {Y}, } leaving just those coordinates
in which y;, = 1 relevant. As a result, the effective block length
of the MAC phase, for the purpose of computing the expres-
sions in (10), reduces to £ = nKq Pr[Y; = 1], i.e., the number
of coding steps. Consequently, the case at hand—for which we
shall analyze the region defined by Corollary 1—corresponds to
the MAC (1) where ¢ = A < 1; the MAC phase block length
isnKo = (1— 1 — [2)TA/A; the effective MAC phase block
length is Kk = 2(1 — 1 — (B2)TAE(X,,) (as shown later on).
Thus, while the ratio x/(nKy) = 2E(X,,)A is permitted to be
arbitrarily small, the product gn K| is held fixed.

With a slight abuse of notation, we shall henceforth denote
the restriction of Y X0 to these x coordinates by Y'*.

Consider the k arrivals registered during a MAC phase with
the encoders signaling at the same information rate and same
average power.

Let Ap1 C {1,...,x} be the set of photons that arrived
while Encoder 1 was off and Encoder 2 was on. Similarly, let
Ao C {1,...,k} be the set of photons that arrived while En-
coder 2 was off and Encoder 1 was on. Let {; = Pr{(1,0)} =
Pr{(0, 1)} be the probability that just one encoder was on when
an arrival was registered, and let A5 be the set of all subsets of
{1,..., K} of cardinality x({; & ). We note that for sufficiently
large « with high probability Ay; and A;o will fall within Ag
(which is the set of typical sequences of Ag; and Ajg). If Agy
or Ajg does not belong to A4 an error is declared by the corre-
sponding encoder.

It follows that

H (Ag”l>|w) —H (A§’3>|Y”)

=|As| = (,{(Clﬂi 5)) ~ exp{rh(¢1)}
p=172 (57)

where the superscript (1) indicates that N I(Llf (which is the rele-
vant size of As during the MAC phase) is the message set size
for the information exchange during two-way step 1, and h(-) is
the binary entropy function.

Next, we claim that given Ay, the set Ay is actually located
within a strictly smaller subset: D1(Ap1) of As. To see this,
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note that since Encoder 1 already knows Ag;, and since Ag; N
Aqg = 0, A1 should be somewhere within

Dio(Aor) 2 {{1,..., 5} \ Ao }.

It follows that given Ap1, any typical member of A;y can be
described as a x((; & 6) subset within a set of size (1 —(; +9).
That is,

b b K b b K
H (A§0)|AE)1)7Y ) = (A((]1)|A§0)7Y )
= |D10(Ao1)| = [DPo1(A10)|

_ <m(1—§1:i:6)>

£(C1 £ 0)

exp {m(l —(1)h <1 ElCI

N, ou=12

X

)}

(58)

1>

as similarly, given Ajq any typical member of Ag; is located
within

Doi(A10) 2 {{1,...,

Upon the termination of the MAC block of generic transmis-
sion phase b, the decoder performs joint decoding as follows. It
generates an (M M», |A|) matrix Cy the columns of which cor-
respond to the |A| possible cloud centers A(*~1) while the rows
of which correspond to the M7 M possible pairs (wp7 wé )).
Initially, all entries in C; are “active”—i.e., they are set to “1.”

The decoder considers first all arrivals £ which support just
mg”ﬁ) (it knows these arrivals from Agbl)). For each such arrival
the decoder looks at any active entry (4, j) in Cy and considers
the codeword pair

(o8 (w00 070) 28 (80,0 9)) - 59

where (wg )( ), (b)( 1)) denotes the fact that (w (b), (b)) is de-
termined by the row index <. If the pair (59) supports the arrival
just with o, entry (¢, j) remains active, otherwise, it is “deacti-
vated”—i.e., it is set to “0.” Having considered the A01 arrivals
the decoder turns to the Ago) arrivals that support just .'1:1 ) For
each such arrival £ and an active entry (i, j), the decoder con-
siders the pair (59) and if it supports the arrival just with 1,
entry (i, j) remains active, otherwise, it is deactivated. Turning
to those arrivals supporting both ng’e) N xéb’e), for each such
arrival £ and a remaining active entry (4, j), the decoder con-
siders the pair (59) and if both £; and x, support the arrival,
entry (4, j) remains active, otherwise it is deactivated.

Upon the termination of this procedure, the decoder should
find but a single surviving active column j* in Cj that defines
(with high probability) the correct cloud center A(®=1) (if more
than one column survives an error is declared). The decoder sets
A=1) = j* and forms a list £; 5 = {(wgb)(i),wéb)(i))} of
the remaining active entries in the surviving column j5* of Cj.
This forms the second part of the resolution information that the
decoder needs and which is sent via A(*).

K} \ A1o} and [Dor(A1o)] = N'L.

7,2

The Two-Way Phase

The communication instance faced by both encoders upon the
termination of the multiaccess phase can be stated as follows.
Consider a bipartite graph with V. 2( 1) right nodes and V. 1( 1) left
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nodes. A right node represents an outcome of the random vari-
able A, while a left node represents an outcome of the r.v. Ag;.
Each left node has N. 1(12) outgoing edges connected to the corre-

sponding | D1o(Ao1 )| right nodes, and each right node has NQ(I)
outgoing edges connected to the corresponding |Dy1(A1)| left
nodes. Encoder 1 who knows the correct left node seeks to re-
solve the correct right node, while Encoder 2 who knows the cor-
rect right node seeks to determine the correct left node. More-

over, the r.v. pair (A(()l:’l)7 Ag%)) satisfies

pron% AL1AD yx
i on (G
(A10|Y H(A 1A% Y)

1 (X557l AR) =1 (X714, x5)

Xf)
( (b)|X1 Yn)
(Ag”l)|X§.Y’“). (60)
(

Consequently, the mappings (13) which generate Agl) A(b))
satisfy (40) and furthermore this is a pair of “good” mappings
in the sense that (25) of Lemma 4 holds. Furthermore, as a con-
sequence of the equalities in (60), the list size Lo < exp{ne}
since having acquired Agbl) the decoder is in the same position
as Encoder 1 was before the execution of the two-way phase, a
fact which renders the second stage of the successive decoding
unnecessary.

For the two-way phase we let ¥, = §,(Z,,7) be defined as
in (14).

A two-way phase consists of a sequence of L two-way steps,
wherein during step [, { = 1,2, ..., L, the encoders execute x;
coding steps (and decode them) as explained subsequently.

Consider the first step of the two-way phase of generic trans-
mission phase b. Let both encoders use an (Nl( 1), q, N. (1) q)
two-user code which is expressed via the joint dlstrlbutlon (6)
with

K b b K K I)
I(X2aY Agn)aAm) (X2§Y |A§0),

)>
) >
') =
) -
H (A5 v*) =
il (Agg 1A% v~ ) -

Py (2=1)=Pg (T=1)=¢

(not to be confused with ¢ in (1) which in the model analyzed
here is replaced by A), and is generated independently  times
(i.e., once per each coding step) as follows.

1
* Generate N 1(1) sequences

fil (5[711 .11712....7,%1”)

each with probability

Pr{:frl} = H PXl (jl,k)-

Label them 21 (w1 ), w1 € {1,2,...,N1(11)}.
3 :
*  Generate N, ; sequences
Ty = (T2,1,%2,2,.--,%2.n)

each with probability
Pr{g,} = [] P, (F2.)-

k=1

Label them Zo(w2), wo € {1,2,... »N2(11)}
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Consider (for example) the decoding of W as performed by
Encoder 2 based on knowing the realization of the x; arrivals.
Suppose now that arrival 4, £ € {1,2,...,k,} falls where the
transmitted message is on. Let S(~1) be the survivors set before
arrival £ has been considered and let s(“~1) denote the survivors
set size. Let Q¢ be the random variable that equals the number
of messages within S~ which have “1” on the instant of
arrival /. Given that arrival ¢, ¢ € {1,2,...,x1} falls where
the transmitted message is on we have

Qe ~ B[s" ™) —1,q]+1

where B[m, p] is a binomial random variable with parameters
m and p.
It follows that
1 1 —q
S(—1) E[Qd] = S(—1)

and provided that s(“~1) is sufficiently large the reduction factor
of S~V is ¢. Similarly, given that arrival ¢ falls where the
transmitted message is off we have

Q¢ ~ B[s“V —1,4]

and the reduction factor of S¢—1) is
1 q
1-—- —8“_1) E[Ql] =1 =+ —S(z_l).

Let {1,2,...,k1} = Go U Gy, where Gy is the subset of ar-
rivals which fall where the transmitted message is off and Gy is
the subset of arrivals which fall where the transmitted message
is on. Furthermore, let g, and 1 — g, be the reduction factors
when £ € G, or £ € Gy, respectively, then correct decoding of a
codebook with size M), is assured provided that

PrlMHHqZ H(l—qg)>1

LeGr  LeGo

(61)

By Markov’s inequality and the fact that given s(‘~1) the
random variable gy is independent of g, k < /¢

M, J[aJ[-a)>1

Legy  LegGo
<E [M,‘ IT a H(l—qz)]
LeGr  LeGo
= M H Elqc] H E[1 — g
LEGy (A

Hence, if we take

[TallO-0<mteme

teGr  LeGo

inequality (61) is satisfied for x; sufficiently large and €; > O.

Upon the termination of the two-way phase, both encoders
know the exact realization of (A(()li),A%)) during the MAC
phase (via backward decoding two-way step L, then two-way
step L — 1 up to two-way step 1). Had the decoder been aware
of the sequence, say

MAC

two-way
A

®) 41 42 (L—1)
AOl 7A01 7A AOl

0L s>

this would put him precisely in the same position as Encoder 1
was, and consequently, he could as well decode the two-way
phase in the same way as Encoder 1 does. To this end, it is
assumed that knowing the realization of (Agll) ; Aglg ),l=1L,L—
1,...,2(i.e., the realization of the x, arrivals during step / of the
two-way phase), the decoder performs list decoding on A((]ll_1
as explained in the sequel. Thus, it remains for both encoders to
provide the decoder with the exact index of Agll_l) within the
decoder’s final list.

Suppose that a genie informs the decoder on (Agll), Aglg), that
is, which k(1 + ¢)/2 arrivals support Encoder 1’s message and
which (1 + ¢)/2 support Encoder 2’s message during step [
of the two-way phase. The decoder performs a similar decoding
procedure as Encoder 2 does starting with H (A, (l 2 [Yri-1) =
N. 1“% possible messages and reducing the surviving messages set
size by a factor of ¢ whenever the corresponding arrival supports
the transmitted waveform, and by a factor of 1 — ¢ whenever
the arrival does not support the transmitted waveform. Taking
into account all k; arrivals this provides a reduction by factor
of 1/N. 2(1% Thus, eventually the list decoder ends with a list of
possible messages that could have been sent by Encoder 1 the
size of which is Nl(q /NZ(Z;

Combining (57) and 5 8) it follows that the list size exponent,
corresponding to step 1 of the two-way phase equals

m| _
ln‘ﬁ ‘ In (1>

m{h(@)—(l—mh( “)]2n @

-G

while the list size exponent, corresponding to step I,

l=2,...,L —1, of the two-way phase equals
(1
In |} >|_1 5%
(1—(1) (1+q)h< 2q ﬂ
2 1+4¢
2. (63)

Performance evaluation

For the MAC phase consider a joint distribution Py x, x,
where all random variables are binary. Let U be distributed ac-
cording to the law Pr{U = 1} = ¢ and let (X, X5) be a pair
of binary random variables that are conditionally independent
given U and satisfy

1—7‘0

1—, 64

Px,ju(zulu) = {(0|0)7 w=1,2.

For this code one obtains

E(X,) =Pr{X,=1}=(1—t)ro+tr =4

where ¢ denotes the average power transmitted by each encoder.
Any transmitted two-user waveform on Iy y induces three in-

dependent Poisson processes with corresponding rates

A1 = A2 = PI‘[XlXZ = 01](1 - [31 - [32)AT/K0



830

and
AQ = 2PI‘[X1X2 = 11](1 - ,[31 - [32)AT/K0

(the joint statistics Px, x, is given in (74)). Furthermore, our
coding scheme satisfies for any positive 9

/ z, (A, my)dt
Ioy

Given that a count was registered, let Z,,, u = 1, 2, be the bi-
nary random variable indicating whether the arrival falls within
the support of Encoder p’s message. The joint distribution of
(Zy,Z3) equals

E =qA(l =P — B2)I'/Ko, p=12.

Pr[X; Xo=
(0,1), % 2
PZ122(217Z2) = (17())., <1
(1,1),  1-2G2¢.

Suppose now that x arrivals have been registered during the
MAC phase of generic transmission phase b, then (57) and (58)
hold with (; as defined above.

These ~ arrivals are used by the encoders to decode
(wi" w$) and it is shown in Appendix I that

M, = [775 01775_11775 10} )

where 7 01, 1,10, and 7,11 are defined by (75), (76), and (77),
respectively. Assuming that this amount is communicated per
an interval of duration 7', the information rate-sum equals

nw=172

R = R1 + R
= T[ 2C2 Inne,11 — 21 (In7Ne,10 + 0 7¢ 01)]
£ Zf. (65)
Define the random variable TZ(KO) {=1,2,...,k as the du-

ration time for the completion of coding step £ of a MAC phase.
The distribution of T;KO) converges weakly (via similar argu-
ments as in [19]), as K goes to infinity, to the exponential dis-
tribution with parameter 2¢A. Since E(7, ( 0)) = 1/(2¢A), the
probability that this phase of our coding scheme fails on an in-
terval of length (1 — /31 — 32)T will be exponentially small once

(Z (K0)> =57 < (1 =01 —=B)T

In fact, the last inequality expresses the effective block length
k = nKoPr[Y; = 1] in terms of the MAC phase duration
(1 — /81 — ﬂg)T and |E(XH)

So far, the RHS of (65) provides us with an expression for

Rl + R2 = I(X17Y|X2, U‘/l) + I(X2aY|X1 U7 VZ)

(66)

in terms of the parameters of our coding scheme, while the max-
imization of this quantity is to be carried out under the constraint
(66).

Recall that for the two-way phase we choose a joint distribu-
tion

Py, %,(@1,%2) = Pg(21)Px (22)

where P (7 = 1) = q.
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Consider next the sequences of coding steps ki, ko, ...,
k1,1 executed during steps 1,2, ..., L — 1 of a two-way phase.

In this case, any transmitted two-user waveform on [; y in-
duces three independent Poisson processes with corresponding
rates A1 = Ay = q(]. — q)ﬂlAT/Kl and Ay = 2q2,81AT/K1.
Furthermore, our coding scheme satisfies for any positive ¢

E [/ i“(wu)dt] =qb/T/K, pw=12.
Iy

Given that a count was registered let Z,,, 1 = 1,2 be the bi-
nary random variable indicating whether the arrival falls within
the support of sender p’s message. The joint distribution of
(Z1, Z3) equals

0. i
PZ1Z2(217Z2) = (1/0)/ 1_;‘1
(17 1)7 q.
Consequently, (61) implies that
1 ata) +‘1) —a) .,
Ny =q 7 M (1—q)7 2 p=1,2

which combined together with (58) yields

4
1—1C1 ) K

2(1 = C1)h(
9(q)
g(@) E-{(1+¢)Ing+ (1 - q)In(l — q)}.

K1 =
(67)

As a result of the first step of the two-way phase, both en-
coders need to exchange the new correlated information that is
contained in {1, ..., k1 }. This time, the relevant sets sizes are

|As| =

[P0 (457)

[l
/N
N
=
—~
=
|
=}
+ H W
R oy

%

]

"

<
—N

=

S
—_

where it is implicitly assumed (with a slight abuse of notation)
that As refers now to the set of all typical subsets of {1, ..., 1}
of cardinality 1 (5% = §) and the notation Dm(A(()ll)) is inter-
preted similarly.

Again, let both encoders use during step 2 of the two-way
phase an (V. 1( 1)7 q, N2(i)7 q) two-user code and feedback decode
it this time based on ko photon arrivals. This implies that

1+ 1—
_ 2<1) 2(1 — ( 2q)

N(Q)

'u72:q N27 /1':172

which yields
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Continuing this way with steps 3,4, ..., L — 1 of the two-way
phase, the number of required coding steps is upper-bounded by

rrw < f:’{[
=1
2(1—Cl)h(151 (1+Q)h(1+qq)

9(q) 9(q)

o) L

= K = K1

9a) = (1 + )b (%)

Furthermore, recalling (62) and (63), the list-size exponent
imposed by the two-way phase can be upper-bounded as
T R(TW)

e fro-o-an (15
N [h<1gq) B (1;q)h<12fq)} .i,{z

=K

{1_|_...

(68)

S ’W’(Clv q)

Thus, the RHS of (68) provides us with an asymptotic upper
bound on the ratio of the number of coding steps—# -y —that
have been executed during the two-way phase to—x—the
number of coding steps executed during the MAC phase. Com-
bined with (69) this yields an attainable pair (k7w /~, TR<LTW))
for our scheme.

Define the random variable féKl) { = 1,2,...,Fy as the
duration time for the completion of coding step £ of the two-way
phase. The probability that this phase of our coding scheme fails
on an interval of length 5,7 will be exponentially small once

()

‘We consider next the rate-sum obtained by our decoder during
the MAC phase. Recall from (47) and (48) that if the random
variable U provides an amount of resolution information the ex-
ponential size of which is upper-bounded by AMAC) - A(TW)
whereas

< BiT.

2q A - (69)

AMAC) _ T[R1 + Ry — I(XI,XQ;Y|U, V17V2)]

then

ATW) < TII(Xy, Xo; YV |V1,Va) — (Ry + Ry)].  (70)

Consequently, we turn our attention to the evaluation of the RHS
of (70) for our coding scheme. Insofar as we assume that part
of the resolution information R(LTW) (for the two-way phase) is

communicated during the total cooperation phase it follows that
this quantity is given by

ATO) = TRI™) _ TI(Xy, Xo;Y|V2, V2) — (Ry + Ry)).

(71)
In order to evaluate the RHS of (70), we consider the reduc-
tion factor that the joint decoder exhibits, while considering the
(JA] — 1)| M ;]| M2]| entries of the matrix Cy which correspond
to all noncorrect cloud centers, as a result of the « arrivals reg-
istered during a MAC phase. This reflects

I(U, X1, X2; Y|V1, V) = I(X1, X2; Y[VA, V2).

Equation (65) implies that the encoders’ incremental rate in
response to a pair of arrivals, the first supporting just ; and the
second supporting just s, is

-I—M ln[rl(l — 7“1)] 2 6R6701
Po,

while as shown in Appendix I, the decoder’s incremental rate in
response to this Falr of arrivals, while performing joint decoding
of the triple (w; ), wzb) U®) is

-2 [(1 - t) ln[To(l - 7”0)] + tln[rl(l - 7”1)]] é 6Rd701.
Similarly, the encoders’ incremental rate per an arrival which
supports both message waveforms is

(1—t)rd tr? N
—2|———1n —1 = 6R.
[ P 0+ Py nry 11

while that of the decoder is
—2[(1 — t) IDTQ + tln 7’1] é 5Rd711.

Define the indicator functions
1, 0R401 — 0Reo1 >0
Xo01 = 0

otherwise
— 17
X11 = 0,

It is obvious that we shall be interested in those cases where
Xo1 = land x11 = 1.

We can now express the aggregate rate communicated to the
decoder per the duration 7" interval as a function of the informa-
tion rate-sum exchanged between both encoders

Rq=I(U, X1, X2, Y|V1,V3)
’i rs —
= f[f(t,r) + G(6R411 — 6Re 11)X11
+ C1(6R 4,01 — 6Re 01)X01]-

It follows that the decoder’s list-size exponent per a generic
transmission phase, upon subtraction of the rate it obtains via
UG+ | equals

InL, =T {R<LTW> CI(X1, Xo: Y |VA, Vo) — (Ry + R2)1}+
=rmax{0,%(C1,q) = (2(6Ra 11 — 6 Re11)x11
—(1(6Ra,01 — 6Re,01)x01}
2 k(t, 7, q)

where {z}+ = max{0, z}.

5Rd,11 — (SRE,H >0
otherwise.

(72)
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The quantity in (72) is the remaining ambiguity to be resolved
via the total cooperation phase of generic transmission phase
b—i.e., it is the expression for ATC) a5 defined in (71) via the
parameters of our coding scheme.

The total cooperation is performed via the single-user feed-
back decoding scheme of [19]. To this end, assume that during
this phase the average power of each encoder is y and <2 coding
steps are executed. Thus, we have Ly = ~~®2_ implying that
ko = I/J(t7 F‘, q)"i/(_ In ’Y)

Define the random variable 5&) ¢ = 1,2,...,Rko as the
duration time for the completion of coding step ¢ of the total
cooperation phase. Then the probability that this phase fails on
an interval of length (357" will be exponentially small once

(5)-

Combining (65)—(73), the following set of inequalities must be
satisfied:

< BsT.

2y A - (73)

K R
2GAT 24/ (t, jA Si=h—F
(1=c)h () R

2qAT f(t,7)q [g(Q) —(1+q)h (%)} 4

Setting all inequalities to hold with equality and taking v = e~ !,

we conclude that the attainable rate-sum for this scheme is

(sum)_ , 2(1 = 1)h(75)
O™ = a2t 4){ f0(@) — (1 h(20)]

1—
)h
+ed(t, 7, q)} A

It can be verified numerically that for ¢ = 0.0045,
ro = 0.269, 1 = 10732 = ¢ « 1, and ¢ = 0.2601 one
obtains C'y (sum) _ = 0.5530094, thus demonstrating an improve-

ment on the Cover—Leung rate-sum. This rate-sum is attained
with 0 R4 01 — 0R. 01 = 0.6485, 0R4 11 — 0 Re 11 = 0.651327,
and (; = 0.3655, (» = 0.269 in which case ¥ (t,7,q) = 0.
Thus, cooperation between the encoders is maintained just via
the random variable U(®) that furnishes the cloud center during
the MAC phase. As a result, 3, = 0 while 5; = 0.45521—i.e.,
the two-way interaction between both encoders in order to
exchange (Ag1, A1) consumes 45.5% of the communication
time. Furthermore, each encoder transmits with average power
oA =[(1-p1)§+ Prq]A = 0.2643A. It is thus demonstrated
that it suffices for the encoders to build correlation just via the
random variable U as in Theorem 2.

Remark: Tt is not claimed that our particular choice of
Pyx, x, (e, JU| = 2) is optimal. This choice just serves as an
example to show the performance of this scheme as compared
to the Cover—Leung inner bound.
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APPENDIX 1

Consider a joint distribution Py x, x, where all random
variables are binary. Let U be distributed according to the law
Pr{U = 1} = ¢ and let (X1, X5) be a pair of binary random
variables that are conditionally independent given U and satisfy

0]0),
Proeutu) = {EOIlg:
The joint statistics of (X, X32) for this code is
PI‘[Xl =0,Xs = 1] = (1 — t)’l“()(l — 7“0) + t?"l(l — 7"1)
2P
= Po1
=(1—t)rd + tr?

1—7”0

1—ry, p=1,2.

Pr[X; =1,X, =1] 2 P. (74

To analyze the reduction factor when Encoder 1 decodes wéb)
consider first the (1 arrivals that fall where (1 = 0,22 = 1).

This group is split into two subsets
PI‘[U = 0|X1 = 0,X2 = 1]C1!'€

arrivals which fall where U = 0, in which case the reduction
factor for Encoder 1 equals 7, while the rest

PI‘[U = 1|X1 = O,XQ = 1]C1K

arrivals fall where U = 1, in which case the reduction factor for
Encoder 1 equals ;. In summary

Cik Gk
[H q[] _ [ Pr[U=0|X;=0,X2=1] Pr[U—l|A1 0,Xo= 1]} L

A Gk
= Te,01
1-—t 1 -
P = 0[X; = 0, X, = 1] = L= Dro(l=70)
Py,
tri(1 —
Pl = 1]X; = 0, X, = 1] = 1L =m). (75)
Py
Consider next the (;x arrivals for which (z; = 1,22 = 0).

By similar arguments it follows that the reduction factor for En-
coder 1 is

[fl+]-

[(1 _ TO)Pr[U:0|X1:1,X2:O]

_ _ Gk o
(11— Tl)Pr[U_1|X1_1,X2_0]} N 5110
Pr[lU =0|X; = 1,X, = 0] = Pr[U = 0|X; = 0, X5 = 1].
(76)

Finally, on the the (o« arrivals for which (21 = 1,22 = 1), the
reduction factor for both encoders is

e Ca2k
E [H QZ] = |f’§ﬂU=0L\1=1,X2=1]Tfr[U=1|X1:17);2:1]‘|
=1

= 77?1%1
1 —t)r2
Pr[l = 0| X1 = 1, X, = 1] = L=D"0
Pll
tr%
PrU=1|X; =1,X, = 1] = —L. (77)
Py

To analyze the decoder’s performance while decoding the
triple (A1) (w%b), wgb))) note that any random variable U’ that
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is generated independently of U under the same marginal Py

satisfies

PI‘[U’ 0|X1:0X2:1]:(1—t)

PI‘[U’ = 1|X1 = O,Xz = ].] =t

Pr[X] =0,X,=1|U" = 0] =ro(1 — o)
Pr[X;=0,X,=1U" =1] =r1(1 — ).

Consequently, fixing a pair of messages (wgb), wgb)) as the de-

coder considers the possible codeword pairs in (59) for say nq

arrivals that satisfy (£; = 0,22 = 1) one obtains

E In:]:QZ = {[7”0(1 — 7o) (1 - Tl)]t}

and the same reduction is obtained for any 71 arrivals that satisfy
(1 = 1,25 = 0). On the other hand, if the decoder decodes
the cloud center based on say ny arrivals that satisfy (z; = 1,
x, = 1) one obtains

no na
E qu - [Tg(l—t),r%t] ‘
=1

In summary, suppose the decoder combines n; arrivals for
which (7 = 0,2, = 1) with another n; arrivals for which
(z1 = 1,22 =0) plus additional ny arrivals for which (z; =1,
x5 = 1) and performs joint decoding, his reduction factor due
to these 2nq + no arrivals equals

2n1+ns

E| TT a|={lro(@ —ro) =l (=m] )™ [rtet]™
=1

ni

A

= Qa(n1,m2).
At the same time, the aggregate reduction factor obtained by
both encoders on the same 2n; + no arrivals equals

2ny+n2
E H Qe
=1
2n1
(1—t)rg(1—rg) trq(1—71)
:{MO—mW—%TLmu—nl%”}
(1—t)r2 2 22
o = Tlpu £ Qc(n1,ns).

In particular, we shall be interested in those cases (¢, ¥) where
Qa(n1,n2) < Qe(n1,n2).
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