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Abstract

The large-inputs asymptotic capacity of a peak and average power limited
discrete-time Poisson channel is derived using a new firm (non-asymptotic) lower
bound and an asymptotic upper bound. The upper bound is based on the dual
expression for channel capacity and the recently introduced notion of capacity-
achieving input distributions that escape to infinity. The lower bound is based on
a lemma that lower bounds the entropy of a conditionally Poisson random variable
in terms of the differential entropy of the conditional mean.

1 Introduction

We consider a memoryless discrete-time channel whose output Y takes value in the set of
non-negative integers ZJ and whose input takes value in the set of non-negative reals Ry .
Conditional on the input x > 0, the output has a Poisson distribution of mean x + Ag,
where )\ is some non-negative constant. Thus

—(z+Xo) (1’ + )‘O)y

PrlY =y|X =x]=e :
y!

yE€Zi,x>0. (1)
This channel is often used to model pulse-amplitude modulated optical communication
with a direct-detection receiver [1]. Here the input x is proportional to the product of
the transmitted light intensity by the pulse duration; Ay similarly models the time-by-
intensity product of the background radiation (“dark current”); and the output Y models
the number of photons arriving at the receiver during the pulse duration. An average
power constraint on the transmitter is accounted for by the average input constraint

E[X] <P (2)

and a peak power constraint by

0<X<A. (3)

We use 0 < a <1 to denote the average-to-peak ratio

a="P/A. (4)
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The case a = 1 corresponds to the absence of an average power constraint, whereas
a < 1 corresponds to a very weak peak power constraint.

No analytic expression for the capacity of the Poisson channel is known. In [1] Shamai
showed that capacity-achieving input distributions are discrete with a finite number of
mass points that increases to infinity as the constraints are relaxed.

In [2] Brady & Verdd considered the case of the channel with an average power
constraint only The following bounds were derived: Let P, A\q T oo proportionally such

that SNR 2 L2 is constant. Given € > 0 there exists an P, such that for all P > P, the
capacity is bounded by
1 P 1 1
> - I I R
c(P) > 5 log 5~ 5 log (1 + SNR) € (5)
CP) < Llog 2 log (VENR (14 1) 4 ) 4141085 + (6)
5 og o og D, SN og 5 €.

Note that the difference between the upper and lower bound is unbounded if the dark
current is held constant while P tends to infinity.

Here we present results for the more general case of both peak and average power
constraints. We improve the lower bound to channel capacity and introduce an asymp-
totic — peak and average powers tending to infinity with their ratio and the dark current
held fixed — upper bound. The upper and lower bounds asymptotically coincide, thus
yielding the asymptotic expansion for channel capacity.

2 Results

We begin with the case where only the average power constraint E[X] < P is imposed.

Theorem 2.1. The channel capacity C(P) of a Poisson channel with dark current Ao
under an average power constraint E[X]| < P is bounded as follows:

C(P) > %logP— %vL(P—Fl)log (1+%>—1; (1)
C(P) < %logp +o(1). (8)

Here, the error term o(1) tends to zero as P 1 co. Hence, the asymptotic expansion for
the channel capacity is

Ploo

1
lim {C’(P) —3 logP} =0, 9)
wrrespective of \g, which is held fized.

In Figure 1 these bounds are plotted together with the lower and upper bound (5)
and (6) from Brady & Verdu [2].

Next consider the case where both average and peak power constraints are imposed.
Holding the average-to-peak ratio « fixed, we distinguish between two cases: a > %
(including the peak power constraint only case @ = 1) and 0 < o < % We begin with
the former:



Theorem 2.2. The channel capacity C(A,P) of a Poisson channel with dark current Ao
under a peak power constraint 0 < z < A and an average power constraint E[X]| < P,
where the ratio o = % lies in [%, 1} , 18 bounded as follows:

1 1, me A 3
C(A.P) = ElogA— 510g7+ (§+1> log <1+K) —1
1 Mo+ 15 Ao+ 75 A\
-3 log (1 + A ) + A arctan WL % : (10)
C(A.P) < Llog A~ 110 ™ 1 o(1). 1)

Here, the error term o(1) tends to zero as the average and peak powers tend to infinity
with their ratio held fized at o, % < a < 1. Hence, the asymptotic expansion for the
channel capacity is

1 1 1
}}Tr(r)lo {C’(A, aA) — §logA} = —Elog %67 gsas 1. (12)
In the second case 0 < o < % we have:

Theorem 2.3. The channel capacity C(A,P) of a Poisson channel with dark current Ao
under a peak power constraint 0 < z < A and an average power constraint E[X] < P,
where the ratio o = % lies in (O, %), 1s bounded as follows:

1 1 1
C(A,P) > ElogA— §log27re + (= 1)u — log <§ — au)

1 Mo+ 55 Ao+ 15 A
N N 1 1 12 —9 12 t s
e (2 au) og ( + A ) A arctan o+ %

1
+ (aA +1)log (1 + J\) -1 (13)
C(A,P) < %logAqL au — u — log (% - au) - %log 2me + o(1). (14)

Here, u € (O, i) s the mon-zero solution to

Jrert (Vi) (% - ozu) Vit =0, (15)

and the error function erf (-) is defined as

3
exf (€) = % /0 e dt. (16)

The error term o(1) tends to zero as the average and peak powers tend to infinity with
their ratio held fized at o, 0 < a0 < % Hence, the asymptotic expansion for the channel
capacity is

1 1 1 1
lim {C(A, aA) — ElogA} =3 log 2me+(a—1)u—log (5 — au) , O<a< 3 (17)

Aloo
where u is defined as above to be the non-zero solution to (15).

See Figure 2 for plots of these bounds for different values of «.
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Figure 1: Firm lower and asymptotic upper bound on the capacity for a Poisson channel
with average power constraint E[X] < P. Additionally the lower and upper bound (5)
and (6) by Brady & Verdu [2] are plotted. Apart from the asymptotic upper bound
which does not depend on the dark current all bounds assume a dark current Ay = 3. In
(5) and (6) P, has been set to infinity and € to 0.
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Figure 2: Firm lower and asymptotic upper bounds on the capacity for a Poisson channel
under peak and average power constraint. The parameter o denotes the ratio of average
to peak power constraint % For o« > % (including the peak power constraint only case
a = 1) the bounds do not depend on « anymore.

3 Derivation

3.1 Lower Bounds

The lower bounds are based on two lemmas yielding a lower bound to H(Y) and an
upper bound to H(Y|X) in terms of the input X. The latter is well known and is based



on the variance of Y given X = z:

Lemma 3.1. The entropy H(Y|X = x) is upper bounded by
1 1

HY|X =2) < 5 log 2me (m + Mo+ ﬁ) . (18)

Proof. See [3, Theorem 16.3.3]. O

As to the former we have the following

Lemma 3.2. Let Y be the output of a Poisson channel with input X and dark current
Xo. Assume that X has a finite positive expectation E[X] = P. Then

H(Y)Zh(X)vL(l—f-P)log(l—F%)—1 (19)
> h(X). (20)
Proof. See Appendix A. O

The lower bound (13) can now be derived using these lemmas in the following way:

I(X;Y)=H(Y)—-H(Y|X) (21)
1 1
> h(X 1)1 1+ — ] —-1—=log2
> h( )—l—(aA—l—)og(—iraA) 5 l0g 2me
1E 1 X+ X+ L (22)
- |8 0T
~B(X) 4 (@A +1)log (14— ) =1 — Llog2
= o og A ) og 2me
1 1 o+ =
— ZEflog X] — =E|1 14+ ——12)]. 2
yEllos X] - 5 [tog (14 2022 (23)
We choose now an input distribution of the form
1 «
Qx) = e s, 0<z<A, (24)

W-erf( %)

where > 0 is a parameter chosen such that E[X] = oA, i.e.,

N
=
>
('b‘

- = dA. (25)
V/merf <\/%>
For this distribution:

h(X) zélogﬁ—klog (ﬁerf <\/§)> +%\+%E[logX]; (26)

1

E[log<1+%)} §/0A10g<1+%)-\/ﬁ_ 75) dx (27)

mx - erf
_ 2mya+t 2v/Alog (1 + %) — 4y/aarctan (\/%)

vt ()




We substitute § with %, where u € (0, i) is defined by (25) as non-zero solution of

Verf (Vu) = }/ﬁe_“. (29)

i—O{U

Using (26), (28), and (29) in (23) we get

aA

7n/>\0+$+\//_\10g<1+$> 2\//\0+—arctan(‘//\o;:1lz> .
- VP ol (V) (30)

1 1 1
— 5log/\—kom—u—log (§—au> + (aA+1)log <1+J) -1

1 1 Ao + Ao+ 35
—§log27re—(§—au>e“ ] = 12+10g(1+ . 12)

L
24 / 12 arctan (31)
1

1
= —logA——log27re+ozu—u—log (——au

2
1 )xo
— |\g—ou e’ |log |1+ 12 aretan

-+mA+¢n%<1+:%)—1, (32)

1 1 1
I(X;Y) > §logﬁ+logﬁerf(\/ﬂ) +au+ (@A +1)log (1+—) —1—§1og27re

where we have used |
arctan (g) = g — arctan &, ¢ eR. (33)

This concludes our proof.
The derivations of (10) and (7) are very similar and therefore omitted. Note that
(10) corresponds to (13) with « | 0.

3.2 Asymptotic Upper Bounds

For the derivation of the asymptotic upper bounds we will assume that the dark current
is zero, i.e., \g = 0. This is no real restriction because firstly any upper bound to the
capacity of a Poisson channel without dark current is also an upper bound to the case
with non-zero dark current. And secondly we will show that asymptotically the dark
current has no impact on the capacity at all. The derivation of the upper bounds relies
on the following:

e In order to avoid the problems arising from the fact that the output of a Poisson
channel is discrete, we introduce a new channel defined as Y = Y + U, where
U is uniformly distributed between 0 and 1. Then Y > 0 is continuous with a
distribution

el

151@Lf)==6‘x[§Ip

y=0,22>0, (34)



where | -] denotes the operation that truncates any real-number to the next smaller
(or equal) integer. Note that I(X;Y) =1(X;Y) and h(Y|X =2) = HY|X = z).
Further, note that

lim {E [log VX = :c] ~log :c} - (35)
. ~ 1 _ 1 1
hTm {h(Y|X =) — Elog x} = hTm {H(Y|X =z)— 3 logx} > 3 log 2me. (36)

e The upper bounds are based on the following inequality [4]:
C < Eq- [ D(W(1X)|[R()] (37)

~ o[- [T 0108 R a7 - 071X~ )] (39)

where (Q* denotes the capacity-achieving input distribution to the Poisson channel
fulfilling all input constraints, and where R(-) denotes any distribution over Ry
that can be chosen freely.

e In [4, Definition 4.11, p. 8] the notion of capacity achieving input distributions that
escape to infinity is defined. Using [4, Theorem 4.13, p. 9] one can show that the
capacity of a Poisson channel can be achieved by such distributions, ¢.e., for any
Py there exists input distributions {Q}}p>o satisfying the peak and average power
constraints such that

lim {C(P/a, P) = I(Qp; W)} = 0 (39)
and
I1)1Tm Qp(X < Py) =0. (40)
The derivation of (14) is based on (38) with the choice
~ gh—1le—19/B ~
R(j) = PRa(§) =P grGATm ‘v’OgygA(l—ké)’ (41)
(1 =p)Ro(y) = (1 = p) - e T AU g > Al +56)
where u, 3,0 > 0,
p:Pr[Y/SA(leé)‘X:A], (42)
and where (-, -) denotes the incomplete gamma function
3
Y1, &) = / e'ttdt p>0. (43)
0
Plugging R(y) into the first term of (38) yields
- [ Wiala)log R(3)
0
R A(1+6)
— —logp- Pr[Y SA(l—l—é)‘X:x] —/ W (j|z) log Ru(§) 47
L Jo
I I
— log(1 —p)- Pr [Y/ > A1+ 5)‘X = x] +/ W (gl2) (5 — AL +6)) dg . (44)
A(145)

~~
Ie Y




We will now look at each term individually:

5 1 1
I, = Pr[Y SA(1+5)‘X = :c] log — < log —; (45)
P P

AG+d) By (. 202)
Iy, :/O W (g|z) log G T iB dy (46)

A(1+9)

B
A(1+6) A(1+6)
+u—mA wam%mm+gl G (§l2) d (47)
A(l+9)
B

—i—(l—p){E[logf/‘ X:x] -

- {ulogﬁﬂogv (u, )} Pr[V < A(L+6)|X = 1]

)} Pr[V SA(1+6)‘X = 1]

/m t%@mmgg@}

A(1+6)

(.

= {/Mogﬂ + logy (u,

P
>0 for A>1

< {ulogﬁ+log7 (u, 4)} Pr[f/ §A(1+5)‘X - x}

+(1—u)E[log}~/‘X:x]+%(x+%), (49)

where for the inequality we assumed that g < 1 and A > 1. Further,

I. < Pr[?>A(1+5)‘X=A} log - :

= (1=p)log 7 (50)

where we have used the monotonicity of the Poisson distribution and the fact that X < A.
Finally,

I < Z ye’“i':cy —A(1+49)Pr [}N/ > A1+ 6)‘X = :c] (51)
=Ar ~ -
> 1
<z Z e’ xv! (52)
tansy) WL

=z Z e_xixy (53)
y=A(+6) |1

—o [ Wl 5
[A(1+6)]-1

—aPr[V > LA(1+5)—1J‘X:4 (55)

< APtV > LA(1+§)—1J‘X::U} (56)

< APr[}Nf > A1+ d,)

X = :c} (57)



gAPr[Y/>A(1+52)‘X=A} (58)
< AereA(e’“flfrfmsg)’ (59)

where in (57) we assume that A > 1 and we have chosen 0 < §, < §. The second
last inequality follows from the monotonicity of the Poisson distribution. And for the
last inequality we used Chernoff’s bound Pr[W > w] < e"’“’E[eTW] with the choice
r = log(1 + d3). Note that (1 + d2) log(1 + d2) — d2 > 0 for J, > 0.

Combining all these results together with (35), (36), and

BA) = EQ*[Pr[f/SA(l—i—é)‘X:xH 1 asAloo (60)
yields
C < p(A)plog B+ p(A) logy <u, w> + (% - M) Eq-[log X
+ % <aA+ %) — %log(27re) +o(1), (61)

where o(1) tends to zero as A 1 co. To further simplify we choose p = 1/2 and substitute
B with A(1+6)/u, u > 0:

C< ﬁ(A)%logA(l + ) _15<A)%108§U+]5(A) log <%,u>

U 1 1
+ ATTS) <aA+ 5) —3 log(2me) + o(1) (62)
- %ﬁ(A) log A — %ﬁ(A) logu + p(A) log v/merf (v/u)
+ 12— “log(2me) + 57(A) log(1 + ) +o(1) (63)
= p(A) (%logA—i- %log(l +9) —u—log (% — au))
- %log 2me + % + o(1). (64)

The first equality follows from the identity 7 (3, u) = y/merf (v/u) where (-, -) is defined
in (43) and erf(-) in (16). In the second equality we have chosen u € (0, 1/2a] to be the
non-zero solution to (29). Note that such a non-zero solution always exists as long as
I<a< % This concludes our proof.

The derivations of (11) and (8) are very similar and therefore omitted.

A Proof of Lemma 3.2

Proof. Given X = z, Y can be written as Y = Y] + Y5, where Y] ~ Po(z) and Y5 ~
7)0()\0), YIJ.L }/2 But

H(Y)=HY1+Y;) > HY1+ Ya|Yy) = HY1|Y;) = H(Y), (65)

and we can restrict ourselves to the case where \y = 0.
The proof of this case is based on the data processing inequality for relative entropy
[5, Chapter 1, Lemma 3.11(ii)]. Let Px(-) denote the distribution of X and let Pg()



denote the mean-P exponential distribution on R. Let Py (-) be the distribution of ¥
when Y is conditionally Poisson given X, for X ~ Py, and let Pg(-) be the distribution
of Y when Y is conditionally Poisson given X and X ~ Pg. It can be shown that Pg(-)
is a mean-P geometric distribution on Zg:

Po(y)=(1—p)-p¥, yelj (66)
where P
P o7

By the data processing theorem we obtain:
D(Px(")||P&(-)) = D(Py ()| Pe(-) (68)

where D(+||-) denotes relative entropy [3, Chapter 2]. The first inequality in the lemma’s
statement now follows by evaluating the left hand side of (68)

D(Px()||Ps(-)) = /Ooo Px(z)log %&%dx = —h(X) +1logP +1, (69)

evaluating the right hand side of (68)

1
D(Py ‘PG ZPY ;y))py :—H(Y)—Plogp—i-logl_

(70)
and using (67).

The second inequality follows by noting that (1+P) log(1+ P_l) — 1 is monotonically
decreasing in P and approaches zero, as P — oo. O

References

[1] S. Shamai(Shitz), “On the capacity of a pulse amplitude modulated direct detection
photon channel,” in Proc. IFE, vol. 137, pt. I, Dec. 1990, pp. 424-430.

[2] D. Brady and S. Verdd, “The asymptotic capacity of the direct detection photon
channel with a bandwidth constraint,” in Proc. 28th Allerton Conf. Comm., Contr.
and Comp., Oct. 3-5, 1990, pp. 691-700.

[3] T. M. Cover and J. A. Thomas, Elements of Information Theory. John Wiley &
Sons, 1991.

[4] A. Lapidoth and S. M. Moser, “Capacity bounds via duality with applications to
multi-antenna systems on flat fading channels,” 2003, to app. in IEEE Trans. Inform.
Theory, av. at <http://www.isi.ee.ethz.ch/~moser>.

[5] 1. Csiszar and J. Korner, Information Theory: Coding Theorems for Discrete Memo-
ryless Systems. Academic Press, 1981.



