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The Multiple-Access Channel With Causal Side
Information: Double State

Amos Lapidoth, Fellow, IEEE, and Yossef Steinberg, Fellow, IEEE

Abstract—We consider a memoryless multiple-access channel
(MAC) that is governed by two independent memoryless state
sequences, each of which is revealed to a different encoder in a
strictly causal or causal way. The special case where one of the
state sequences is deterministic (null) corresponds to an MAC
governed by a single state that is revealed to only one of the
encoders. We show that, even in the strictly causal case, the state
information at the encoders can increase the capacity region.
It cannot, however, increase the sum-rate capacity. We provide
general inner and outer bounds on the capacity region, and we
also study a Gaussian example where they coincide. We show that
in the causal case, naive Shannon strategies may be suboptimal.

Index Terms—Causal state information, feedback, multiple-ac-
cess channel (MAC), Shannon strategies, side information (SI),
state, strictly causal state information.

I. INTRODUCTION

E study the capacity region of a memoryless mul-

tiple-access channel (MAC) that is governed by two
independent memoryless state sequences, each of which is
revealed—depending on the scenario—strictly causally or
causally to a different encoder. The special asymmetric case
where one of the state sequences is deterministic (null) corre-
sponds to an MAC governed by a single state sequence, which
is revealed to only one of the encoders. Our present work com-
plements [6], which deals with an MAC governed by a single
state sequence that is revealed to both encoders. We shall see
that, even in the present case, strictly causal side information
(SI) can increase the capacity region. Thus, the gains afforded
by SI in [6] and [7] cannot be attributed exclusively to the
encoders’ ability to cooperate in transmitting a compressed
version of the common state: some gains are to be had also
when the encoders obtain independent state information and
cannot, therefore, cooperate in sending it.

However, when it comes to the sum-rate capacity, the picture
changes. Strictly causal SI is beneficial in the common-state sce-
nario [6], [7], but it is useless in the present setting. The increase
in the sum-rate capacity when the state is common can thus be
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attributed to the ability of the encoders to jointly describe the
common state and cooperate in sending the description over the
MAC.

Why can strictly causal state information be useful on the
MAC with independent states? To gain some insight, consider
the case where Transmitter 1 is altruistic: although it can send
data to the receiver without interfering with Transmitter 2, it is
willing to give up all this rate in order to help Transmitter 2. In
the absence of SI, the most helpful it can be is by sending a con-
stant symbol (the symbol that interferes least with Transmitter
1). But in the presence of SI, it can do better: it can describe the
state sequence it observes to the receiver and in this way help
the receiver to decode the message sent by Transmitter 2. The
benefits of SI in this scenario are not in allowing the users to co-
operate in sending the state but rather in allowing them to trade
the rate of one user against the other.

The literature on single-user channels and multiterminal net-
works that are governed by state sequences is vast. For a recent
survey, see [5]. The literature on the causal and strictly causal
case is more limited. For single-user memoryless channels, the
former was solved by Shannon [9] using “Shannon strategies,”
and the latter does not increase capacity. The degraded broad-
cast channel is addressed in [10]. For follow-up work on our
problem, see [8] and Theorem 2 ahead.

The rest of this paper is organized as follows. The definitions
and main results pertaining to the first scenario, in which the
encoders learn the state sequence strictly causally, can be found
in Section II. Those pertaining to the second scenario, where the
encoders learn the state sequence causally, are in Section III.
These sections also contain the key examples. The proofs are in
Appendixes A—G and H-I, respectively.

II. STRICTLY CAUSAL SIDE INFORMATION

A. Basic Definitions

We are given a discrete memoryless state-dependent MAC
Py 5, s,,x,,x, With state alphabets §1 and Sz, state probability
mass functions (PMFs) Ps, and Ps,, input alphabets X7 and
A5, and output alphabet V. All the alphabets are finite. We use
boldface symbols to denote n-sequences from these alphabets,
e.g., y for an n-sequence over YV and s; for an n-sequence over
S7. The laws governing n-sequences of state and output letters
are

P)ﬂ"\sl,s%xl,x2 (Y|517523X1;X2) =

n
H Py s, s0.x0.x0 (Wi
i—1

Pg s,(s1.82) = [ [ Ps,(51.) Ps, (52.0).

=1

§1,i, 82,5, T1,0, £2,3)
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For notational convenience, we henceforth omit the superscript
n, and we denote the channel by P. Let
Pr: X — [0,00), k=12

be single-letter cost functions. The cost associated with trans-
mitting the sequence x;, by encoder % is

Xi) = % Z Sr(xhs).
izl

B. Coding

Given positive integers 1y, 2, let M; denote the set
{1,2,...,11}, and let M> denote the set {1,2,...,15}.

Definition 1 (A Code With Strictly Causal SI): An
(n,11,v9,1'1,T2,€) code with strictly causal SI at the en-
coders is a pair of sequences of encoder mappings

foirSi i x My = X, k=1,2,i=1,....,n ()
and a decoding mapping
g Y" — Mi x My
such that the average input costs are bounded by T'y
1 &
— Z Z Ps, (si) ¢n(fu(se,mp))<Uy, k=1,2

my=1sy ES;,L

and the average probability of error P, is bounded by ¢. Here
f kn ( Tnk))

£ (s, mu )= (fr.1 (ma), 2 (sk1.me),- .

where 5271 denotes (sg 1, .-, Sk n—1), and

- — P ) P
D IPIPIABIACS
mi=1my=1s51,82
- P ((] 1(77’),1, 777,2)|S1, 89, fl(Sl, 777,1), fg(Sg7 Tng))
where g 1(my,ma) C Y™ is the decoding set of the pair of
messages (m1, ms).
The rate pair of the code is defined as

P. =

1 1
(— log 11, — log 1/2).
) 0

A rate-cost quadruple (R, R2,T'1,T'2) is said to be achievable
if for every ¢ > 0 and sufficiently large n, there exists an
(n,11,v9,T'1, T2, €) code with strictly causal SI for the channel
Py|s7X1 X5 with

1
lim —logwvs = Rs.
n—oo N,

:Rh

lim 1 log 11

n—oo N
The capacity-cost region C"d of the channel with strictly
causal SI is the closure of the set of all achievable quadruples
(Ry, R3,T1,T5). The superscript “ind” indicates that the two
states are independent, to distinguish the current model from
the one treated in [6]. For a given pair (I'y,'2) of input costs,
Cind(T'y,T'y) stands for the section of C"d at (I';,I's). Our
interest is in characterizing C2d(T'y, T'5).
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By the asymmetric case, we shall refer to the case where S
is deterministic, in which case the state consists of only one
component S, which is available to User 1.

C. Quter Bounds

Denote by Cs: the sum-rate capacity of the MAC without state

information
Cy = max (X1, X9 Y 2
T PoPxy10Px, 0 (X1, X2, Y[Q) 2

where the maximum on the right-hand side (RHS) is over all
joint PMFs of the form

Py x: x..y = Py Px 10 Pxs10 Prix,,x. (3a)
satisfying the constraints

As the next proposition shows, strictly causal SI does not in-
crease the sum-rate capacity. This is in contrast to the case where
the channel is governed by a common state, which is revealed
strictly causally to both encoders [6].

Proposition 1 (The Sum-Rate Capacity): Strictly causal SI
does not increase the sum-rate capacity:

8 Ry + Rs) = Cx. 4
(ersz)glC?’?;(Fhrz)( 1t 2) = @
Proof: See Appendix A |

The following proposition deals with the asymmetric case. It
shows that in this case, strictly causal SI can only increase the
maximal rate at which the user without the SI can communicate:
If User 2 is not provided any SI, then providing User 1 with
strictly causal SI cannot increase its rate; it can only increase
the rate of User 2. In this sense, the channel from User 1 to
the output can be viewed as a single-user channel where strictly
causal SI does not increase capacity.

Proposition 2 (Asymmetric Case): If Sy is deterministic, then
strictly causal SI to User 1 does not increase its maximal rate:

max { R1: (Rq,0)eCl%! C1,Ib) b=max I(X1; Y| X5, Q) (5)

where the maximum on the RHS is over joint distributions sat-
isfying (3).
Proof: See Appendix B. |

We next present an outer bound on the capacity region. De-
note by O, the set of all tuples (R1, R, T'1, ;) satisfying

R <I(X1:Y(X3, 52, Q) (6a)
Ry <I(X2;Y|Xy,51,Q) (6b)
Ry +R <I(X;, Xo;Y|Q) (6¢)
Te >Eld(X0], ke {l,2)  (6d)

for some joint distribution of the form

Py.x1.X.51.8..y=P Ps, Ps, Px, 10 Px,1q Py|s,,5,,5x,,Xs
(6¢)
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where () is a time-sharing random variable taking values in an
alphabet @ whose size can be bounded by four.

Proposition 3 (Outer Bound):
il c oy )
Proof: See Appendix C. |

Note that, because () is a time-sharing random variable, it fol-
lows from (6¢) that strictly causal SI does not increase the sum-
rate capacity. Consequently, Proposition 1 can be viewed as a
corollary of Proposition 3. In fact, Proposition 2 on the asym-
metric setting (where S5 is deterministic) can also be viewed as
a corollary by considering (6a).

As the following example shows, the outer bound of Propo-
sition 3 need not be tight.

Remark 1: For some channels the inclusion in (7) is strict.

Example 1: Consider the asymmetric case in which
Transmitter 1’s input X; is binary; Transmitter 2’s input
Xy = (Xéa),Xéb)) is a binary tuple; and the channel
output ¥ = (V7,Y3) is such that Y; is binary, whereas
Vs = (V4. V") is a binary tuple. The channel law is

Y1=Xy (8a)
Vo=X288, 07 (8b)
where 51 = (S%a),Sib)) is a random binary tuple whose

components are independent and identically distributed (IID)
Bernoulli(1/2),and Z = (Z® Z(®)} is a random binary tuple
whose components are [ID Bernoulli(p), where p & 0.11 is the
unique constant in the interval (0, 1/2) whose binary entropy
function is 1/2:

1
Hy(p) = By bit, 0<p<0.5. (8¢)

The state tuple S and the noise tuple Z are independent, and
the mod-2 addition & in (8b) is componentwise:

YQ(a) — Xéa) oy SEa) o Z(a)
W =x" e s e 20
For this channel, the rate pair (0. 1) is in O, but not in .
Proof: See Appendix D. |

D. Achievable Region

Let P24 be the collection of all PMFs Py, V5,51.52,X1.X2.Y
of the form

Py, vy 81,80 %0 X0y =
Py,|s, Pvy1s, Ps, Ps, Px, Px, Py|s, s,.x,.x,- (9)

Note that (9) implies the Markov relations

Vi—o-S1——(V3,Y, S)
Vo—o—85——(V1,Y, 51)
(Vi, Va)—o—(S1, S2)—o—(X1, X5, Y)

(10a)
(10b)
(10c)
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and that X;, X5 are independent of each other and of the
quadruple (V1, Va2, S, S2). Let RI%¢ be the convex hull of the
collection of all tuples (R;, Ro,T'1,T'2) satisfying

0 S R1 SI(Xl;YlXQ,Vl,VQ) — ](V1;51|Y, VQ) (lla)
0 < Ry <I(X9:Y|X, V1, Va) — I(Va; 8:]Y, V1) (11b)

Ry + Ry <I(Xy, Xo;Y|Vi, Vo) — I(V1, Va3 51, Se|Y)
(11c)

(11d)

Tp >E[6(X3)], k=12

for some P""lszvsl,SzyXl,Xz,Y in ,Palflcd
Our main achievability result for the strictly causal case is the
following.

Theorem I: The region Ri" is achievable:

Rt Ccind, (12)

Proof: The proof is in Appendix E. It is based on dis-
tributed Wyner—Ziv source coding [4] and on block-Markov
channel coding to transmit the Wyner—Ziv codewords and the
messages (data). The channel output serves as SI for the recon-
structor in the distributed Wyner—Ziv code. Since the two com-
ponents of the source are independent, there is no direct coop-
eration between the encoders via a common message as in [6].
Instead, each user spends part of its private rate on the transmis-
sion of its Wyner—Ziv codeword. |

In some cases, the region R*¢ coincides with C!*¢. The
next example is such a case. It is also an example where the
outer bound of Proposition 3 is tight.! Although Theorem 1 is
proved for the discrete memoryless case, we apply it here for
the Gaussian model. Extension to continuous alphabets can be

done as in [11].

Example 2: Consider the asymmetric Gaussian MAC with
input power constraints ¢ () = ¢o(x) = 22, where the state
S is the channel noise:

Y=X1+Xo+ 5, Si~N(0,0%). (13)
The capacity region of this channel when S; is revealed strictly
causally to Transmitter 1 comprises all the rate-pairs (R1, Rs)
satisfying

1 r
Ri<-log(1+ -1 (14a)
2 a2,
1 Iy +T
R1+R2§§log<l+ L 2). (14b)
51

Proof: That all achievable rate pairs must satisfy (14a)
follows from Proposition 2, and that they must also all satisfy
(14b) follows from Proposition 1. The achievability is proved
in Appendix F. ]

The capacity region in the above example can be strictly
larger than the capacity region in the absence of state informa-
tion [1, Sec. 15.1]. Indeed, in the presence of strictly causal

IIn fact, in this example, Propositions 1 and 2 already specify the region.
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SI to User 1, the network can support positive rates by User 2
even if its allowed average power I'y approaches zero. We thus
conclude the following.

Remark 2: Strictly causal state information on the MAC can
increase capacity.

In the scheme achieving R"¢, each transmitter sends in
Block b + 1 a compressed version of the SI information it ob-
served in Block b. But, more generally, it can send a compressed
version of the pair of sequences comprising the state sequence
that it observed in Block b and, additionally, the sequence
comprising its own inputs at Block &. This improvement was
proposed by Li et al. [8] who obtained the following region.

Theorem 2 [8]: If (Ry, R2) satisfy

Ry <I(X1, Vi3 Y[X2, Vo) = (V1 S1|Xy)  (15)

Ry <I(Xo, Vo; Y[ X1, V1) — I(Va; 55| X5)  (16)
Ry + Ry <I(Xy, X, V1, Va3V

= I(Vi; 511Xy) = I(Va; S2| X)) (17)

for some joint PMF

Py vasi.8:, X1, %0,y =
Py s, x, Pvsss, xo Psy Ps, Px, Px, Py (s, s,.x,.x, (18)

then (R, R2) is achievable.
Li et al. showed that their achievable region contains the one
of Theorem 1, and they conjectured that for some channels, the

inclusion is strict. We next demonstrate that this is indeed the
case by providing such a channel.

Example 3: Suppose that the state .57 is null (deterministic),
and the state S5 is the pair (Wy, W1 ), where Wy, and W, are IID
binary random variables each of entropy 1/2

Sy =0 Sy = (Wo, W)
H(Wy) = H(Wy) =

(19a)
1

~ bits, (19b)
2

The MAC has binary inputs &; = X> = {0, 1} and an output
Y = (V1,Ys) € {0,1} x {0,1} with

Yy = X1 @ Wy,
Ys = X.

(20a)
(20b)

Thus, if X5 is equal to zero, then Y) is the mod-2 sum of X;
and W), and otherwise, it is the mod-2 sum of X; and W7;.

The rate pair (R, R2) = (1, 1/2) is in the inner bound of Li
et al. but not in the inner bound of Theorem 1. In fact, if (1, R3)
is in Ri® then R, must be zero.

s-C 2

Proof: See Appendix G. |
III. CAUSAL SIDE INFORMATION

A. Basic Definitions and Coding

The definition of codes and achievable rates remain as in
Section II-B, with the only difference being in the definition of

encoding mappings: in the causal case, (1) is replaced by
fri:Sp X My, — &y,

ST

2n
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The capacity region and its section at (I';, I'y) are denoted C:24
and Ci‘;ﬂ(rl, FQ)

In general, causal SI can be more beneficial than strictly
causal. Indeed, in the single-user channel, the former can
increase capacity [9] and the latter cannot. Since the single-user
channel can be viewed as a degenerate MAC, we have the

following.

Remark 3: The capacity region of an MAC with causal
state information can be larger than with strictly causal state
information.

Of course, in some cases, causal SI is no better than strictly
causal SI, e.g., when the states are irrelevant, i.e., when
W (y|z1, 22, 51, $2) does not depend on (51, $2).

B. Achievable Region
Let Pind be the set of all PMFs Py, v ,0,,U2,81,82, %1, X2,y of

the form
Py ve01.05.51,8:. %10 %0, = Ps, Ps, Pyyjs, Prys,
Py, Pu, Pxy 1,81 Pxa 0.8 Pyis,5:,x1, %2 (22)
Observe that (22) implies the Markov relations
‘/1+Sl+(%v 527 le X27 U17 []2‘/ Y)
VZ_O_SQ_O_(‘/&'/ Sla le XQa U17 DYQ'/ Y)

(‘/1,‘/2)407(51752)407()(1,)(27(]17U2,Y). (23)

Let Ri2d be the convex hull of the collection of all tuples
(Ry, Ry, T'1,T9) satisfying
0 < Ry <I(U; YUz, Vi, Va) = I(Vi; 51|, V2) - (242)
()SRQ SI(Uz.Y|L71,V1,V2)—I(V}.SQD/.Vl) (24b)

Ry + Ry <I(Uy, Uy Y |Vi, Vo) — I(Vi, Va; 81, S2|Y)
(24¢)

Fk Z E[(/)k.(Xk)] s k= 17 2 (24d)

. M d
for some PVhV'_);Ul,Uz,Sl;Sz,Xl:Xz:Y in P

can’®

Theorem 3: In the presence of causal SI, Ri%4 is achievable:

caun

Rl € €t

Proof: The proof proceeds along the lines of the proof of
Theorem 1, except that the input X, is allowed to depend on the
state 53 and that additional external random variables U; and
U, that do not depend on S7, So are introduced. This resembles
the situation in coding for the single-user channel with causal
SI, where a random Shannon strategy can be represented by an
external random variable that is independent of the state. W

The scheme that Shannon proposed to achieve the capacity of
the single-user channel with causal SI does not involve block-
Markov coding [9]. In fact, Shannon’s scheme ignores the past
states, and in his scheme, the present input .X; is a function only
of the message and the present state ;. This allowed Shannon
to reduce the channel to one where the inputs are mappings
(“strategies”) from the state alphabet to the input alphabet and to
then reduce the problem to that of coding for a channel without
states. This “naive approach” can also be applied to the MAC.
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It leads to the region Ri24  comprising all rate-pairs (R1, R2)
satisfying
R, <I(1T1;Y[13,Q) (25a)
Ry <I(Ty; YTy, Q) (25b)
Rl +R2 S[(Tl.Tz,Y|Q) (250)
for some PMF of the form
Pommy = Po Pryq Pryjq Pyim m, (25d)

where T}, for k € {1,2} are random Shannon strategies [9]
whose realizations are mappings ty: Sy — A ; the random vari-
able () is for time sharing

Z Z Ps, (s1) Ps,(s2)

51E€81 52€83
Py s, 55,51, %, (.7/|31, s2,t1(s1), t2(32))? (25¢)

Py i1y, 1, (ylt1, to)

and

Elow(Tu(Sk))] <Tw., k=1,2.

(25%)
By choosing V1, V5 in (24) to be deterministic, we obtain the
following.

Remark 4: Every rate pair that is achievable with naive
Shannon strategies must also be in R2¢

cau

Rmd Rmd

naive — cau*

(26)

The next example demonstrates that the reverse is not true.
Consequently, the naive approach—while optimal for the
single-user channel-—need not be optimal on the MAC.

Remark 5: For some channels, there are rate pairs in Ri¢
that are not achievable using naive Shannon strategies.

Example 4: Consider the asymmetric state-dependent MAC
consisting of two independent single-user channels, where the
state of Channel 2 is available causally at the input of Channel
1. Specifically, let the input and output alphabets be

X1 ={0.1}, A =1{0,123}, Y=l x),

where
¥ =10,1}, Y»=1{0,1,2,3}.

The channel is defined as

=X
YQ :XQ —|—S1 mod 4

1383

where S takes value in the set &1 = {0, 1, 2, 3} according the
probability vector

(1—p, p/3, p/3, /3)
and p is small enough so

H(S)) < 1 27)

For this channel, the rate pair (0,2) is in RZ%, but it cannot be
achieved using naive Shannon strategies

Proof: That the rate pair (0,2) is in Ri24 is not surprising
because H(S1) is smaller than 1, so in the block-Markov
scheme Encoder 1 can losslessly compress the state sequence
pertaining to the previous block and transmit it over the channel
from X; to Y; whose capacity is one. The receiver, upon
obtaining this state sequence, can subtract it (mod-4) from the
Y, sequence of the previous block and in this way obtain a
clean channel from X5 to Y5 of capacity 2. The choice of the
auxiliary random variables and the PMF that correspond to this
scheme can be found in Appendix A, which also contains a

proof that this pair is not achievable with the naive approach. B

APPENDIX

A. Proof of Proposition 1

The RHS of (2) is the sum-rate capacity of the same MAC
without SI. Consequently, it is also achievable in the presence
of (strictly causal) SI, because the SI can always be ignored. It
remains to show that the RHS is also an upper bound. Let M,
and M> be the random messages of Users 1 and 2. Starting with
Fano’s inequality

n(Ry + Ro) — ne, <I(My, Mo; Y™

=Y I(My, My Y[V )
1=1
<Y I(My, My, YY)

i=1
n

< I(My, My X1 4, X2, Y TRY)

i=1

= ZI(Xl,i:XQ.ﬁYi) (28)
i=1

where the last equality holds because in the strictly causal case
(M1, M2, Y Vo (X1, Xo,)—0-Yi.
Since (M1, Si') and (Mo, S5~ ') are independent, so are X ;

and X» ;. The claim now follows by the standard time sharing
argument. |



1384

B. Proof of Proposition 2

Since the SI can always be ignored, we only need to prove
a converse. Denote by M, the random message of User 1, and
note that M, and XJ are independent. By Fano’s inequality and
this independence

nRy —ne, <I(My;Y™)
SI(My;Y™X5)
=3 I(My Y|yt Xy

i=1

:Z(H(myf-a XP)-H(Y, |Yi-1,X;,M1))

Si (H(szi)—H(YHYFl’XS’Mﬁ)

i=1

<3 (HOGX - HYAY X7, My, X))
i=1

=Y I(My, X1, Y UL XS XYY X))

=1

= Z I(X1,: Y| X5)

=1

where the last equality follows from the Markov relation

(M, YL X XY ) (X, Xo.)—0- Y,

Since (M, Sf‘l) and M are independent, so are X;; and

Xs2,;. The claim now follows by the standard time sharing ar-
guments. |

C. Proof of Proposition 3

Following the proof of Proposition 1

n(R1+ Ry) = nby <Y I(X1, X555 Y3)

=1

(29)

where X ; and X, ; are independent. For the individual rates

nRi — né, <I(My;Y", S5 |M>)

= T(M; Yy So| My, Y7, 5571
=1
=) T(My; a4l Mp, Y1, 8571

i=1

+ 3 (M Yi My, Y, S5)
=1
ST I(My: Vi My, Y, S)
i=1

2 D My Y| Ma, X3, Y71, S5)
=1
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< I(My, X145V Ma, Xo0, Y7, S5)

=1

DS (X1 Vil Mo, Xo 0, Y, S)

i=1
(d) 1 1
< ZI X4, My, Y71 8571 Vi X4, Sa.0)
i=1
© ZI(XL;,;YHXQJ, Sa.i) (30)
i=1
where (a) holds due to the Markov relation
Su—o—(MQ.,Yi—lﬂ%zfl)—o—Ml; 3D

(b) holds since X}, ; is a deterministic function of (Mj,, S,i*l);
(c) holds due to the Markov chain
Yi—o—(My, Y1 S X ;) —o-M;; (32)

(d) holds since conditioning reduces entropy; and (e) holds due
to the Markov chain

Yi—o—(X14, X2, Sa.5)—o—(Mo, Y71, 8571, (33)
In a similar manner, we obtain for I
nlly — no, < ZI(Xz,z‘.; Yi|X1,i.S1.4)- (34)

=1

The proposition now follows by applying the standard time
sharing argument on (30), (34), and (29). |

D. Analysis of Example 1

To see that the rate pair (0,1) is in O}, we can consider
the distribution on X3, X» according to which they are inde-
pendent; X is Bernoulli(1/2); and the components of X5 are
IID Bernoulli(1/2). With this distribution, the sum-rate con-
straint is 1 bit and the constraint on 2 is also 1 bit. It remains
to show that the rate pair (0, 1) is not achievable, i.e., that it is
not in Cnd.

The key to that is to note that because User 1’s input alphabet
is binary, and because the entropy of S is 2 bits, Transmitter
1 cannot describe S; perfectly. More specifically, consider an
n-sequence X; produced by Transmitter 1 and an n-tuple of
states Sy :

H(S1]X1) = H(S1) — 1(X1;81)
> H(S1) - H(Xy)
> H(S1) — log |A4["
=2n—mn
= n bits. (35)



LAPIDOTH AND STEINBERG: MULTIPLE-ACCESS CHANNEL WITH CAUSAL SIDE INFORMATION: DOUBLE STATE

As we next show, this inequality yields an upper bound on Rs.
Indeed, starting with Fano’s inequality

nily
<I(M2Y1,Y2)
= I(M2;X1,Y?2)
< I(Xy;Y3|X4)
=I(X3Xs 4 S; ¢ Z|Xy)
— H(X2® S, @ Z|X1) - H(X2 ® 81 ® Z|X1, Xo)
= H(X; &8 & Z|Xy) — H(S1  Z|Xy,X>)
= H(X,® 81 @ Z[X4) - H(S: © Z|X4)
<2n— H(S1 ¢ Z|X;).

— ney

(36)

To lower-bound the entropy term on the RHS of (36) we next
use (35) and Mrs. Gerber’s Lemma [3, Sec. 2.1]:

1
ZH(S, @ Z|X,) > H, (H;l <ﬁH(Sl\X1)) *p)

1
2 (8 (5) o)
=Hy(p+p) (37
where the second inequality follows from (35); the mono-
tonicity of H 1(.); the monotonicity of €& — ¢ * p; and the
monotonicity of Hy,(+) on the interval [0,1/2].

Using (37), we now obtain from (36) upon dividing by n and
taking the limit as n tends to infinity

Ry <2 —2H,(px*p) (38)
which is strictly smaller than 1.

In fact, it is not difficult to see that the RHS of (38) is achiev-
able: Transmitter 1 uses #/2 bits to describe the first component
of the n-length state sequence S; using a classical rate-distor-
tion codebook, and uses 7 /2 bits to describe the second com-
ponent. This leads to two parallel binary symmetric channels,
each of crossover probability p * p.

E. Proof of Theorem 1

Lemma 1: If for some PMF of form (9), the rates R;
and R satisfy inequalities (11), then R1 + R2 cannot exceed
I(X1,X5;Y). Consequently, if the latter is zero, then both Rq
and E> must be zero.

Proof: From the sum-rate inequality (11c¢)

Ry + Ry <I(X1, Xo; Y|Vi, Vo) — I(V1, Va: 81, S5 |Y)
=I(X1, X0 Y, V1, Vo) — I(V}, V; Sy, S2|Y)
—I(X1 X0y Y) 4+ I(X1. Xo; V1, V2]Y)
— I(V1, Va; 81, 52]Y)

=1(X1, X9 Y) — H(V1, VoY, Xy, Xo)
+ H(Vlv‘/ﬂy’: 81752)
=1(X1, X9 Y) — H(V1, VoY, Xy, Xo)

+ H(Vh‘/ﬂY;Xl,X?aSl:SQ)

<I(X1, X9:Y) (39)
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where the second line holds because (X1, X») and (V, V2) are
independent; the third by the chain rule; the fourth by expressing
mutual information in terms of conditional entropies; the fifth by
the Markov relation (10c); and the sixth because conditioning
cannot increase entropy. |

Lemma 2: If for some PMF of form (9), the rates R; and
R satisfy inequalities (11) and 7(X5;Y, S1|X7) is zero, then
R5 must be zero and R; cannot exceed 7{X7;Y). In this case,
(Ry1, R») is achievable by using the MAC as a single-user
channel from X; to Y and by ignoring the state information.

Proof: Fix some PMFs of form (9) and rates R; and R-
satisfying inequalities (11). Assume that

I(XQ;Y, 51|X1) =0. (40)

Starting with (11b)

Ry SI(X9; Y| X1, Vi, Vo) = I(Va; S2|Y, V1) (41)

<1
SI(Xo; Y, 81| X0, Vi, Vo) — I(Va; S2|Y, S1, V1) (42)

I(XQ;Y7 Sl|X1.,V2) —I(VQ;S2|Y, Sl) (43)
with the following justifications.
We first justify (42), where we replaced ¥ with (Y, S1). The

first term on the RHS of (41) is clearly no larger than the first
term on the RHS of (42). And as to the second term

[(Vz. Sz‘yv, Vl)

H(WV|Y, V1) —
(W)Y, V1) — H(V;
(ValY, S1,V1) —
(WLlY, 81, V1) —
1(Vy; So|Y, 51, V1)

H(V5|82,Y, V)
2]52)

H(V|S2)
H(V3|S,,

v

H(V;
H
H

Y, 1)

where the second line follows from (10b); the third because con-
ditioning cannot increase entropy; and the fourth because (9)
implies

Vo—o—Ss——(Y, S1).

Having justified (42), we next justify (43), where we have
dropped V. Starting with the first term

I(X2:Y, 811X, V1. Va)

= H(X2|X17V13 ‘/2) - H(X2|Y7 Sl7X17 V17 VQ)

= H(X2| Xy, V2) — H(X2|Y, Sy, X1, V1, V)
= H(X3| X, Va) — H(Xs|Y, 51, X1, V2)
= 1(X5Y, 51| X1, Va)

where the second line follows because, under all joint PMFs of
form (9), X» and (X, Vy, V5) are independent; and the third
line because under such PMFs

XQ—O—(Y, Sl,Xl, Vg)—O—Vi
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To conclude the justification of (43), it remains to consider the
second term of (42) and to show that we can drop V; from it too:

I(‘/Q., SQ‘Y, Sl, Vl) = H(V2

Y, 81, Vi) — H(Va|Ss, Y, S1. Vi)
=H(W|Y, 51, V1) — H(V5|S,)
=H(V2|Y, 51) — H(V2|S2)

=1(V3; 5|Y, 51)

where the second equality follows from (10b), and the third
equality because for PMFs of form (9)

Vo—o—(Y, §1)—-V1. (44)

Having justified (43), we now use it to conclude that Rs must
be zero. Starting from (43)

Ry <I(X3;Y,51|X1, Vo) — I(Va; Sa|Y, S1)
=I1{X5;Y, 51, Vo|X1) — 1(Va; oY, S1)
—I(X2; Y, S1| X1 I (Xo: Va| X1, Y. S1)—I(Va; S5V, 5
— (X2 Va|X1,Y, 1) — I(Va; Sa|Y, 1)
= H(Vo|X1.Y, 81) — H(Va|X1, X2, Y, 51)
+ H(V2[51,5:,Y) — H(V2[5,Y)
< H(Va|S1, 85, Y) — H(Va| X1, X2. Y, 51)
— H(Va|Sy) — H(Va|X1, X5, Y, S1)
<0

where the second line follows from the independence of X and
(X1, V); the third by the chain rule; the fourth by (40); the sixth
line because conditioning cannot increase entropy; the seventh
because for PMFs of form (9), the Markov relation
Vo—o—8—0—(51,Y), Py vi.5,,8,%,, 5.,y € P

holds [e.g., by (10b)]; and the final line because conditioning
cannot increase entropy. This establishes that the lemma’s hy-
potheses imply that R» must be zero.

To conclude the proof, it remains to establish that /2y cannot
exceed 1(X71;Y). Since Rs is zero, it follows from (39) that

Ry =R+ Ry
<I(X1. X2:Y)
=I(X;;Y)+ I(Xo; Y Xy)
SI(X;Y) + I(Xo; Y, 81| Xy)
— [(X;Y)

where the last equality follows from the assumption (40). W

Proof of Theorem 1: Fix some joint distribution
Pp'l7yf2’sl752’X17X27y in 'P:id, and let RB; and R» satisfy
inequalities (11). We need to show that ( Ry, R2) is achievable.
If I(X;, Xo;Y) is zero, then Lemma 1 implies that both R;
and Ry must be zero and hence achievable. It thus remains to
prove achievability when

I(X1,X0:Y) >0 (45)

as we henceforth assume.
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As we next argue, (45) implies that I(X;;Y|X2) and
I(X9;Y|X1) cannot be both zero. Indeed, the independence
of X; and X, implies that I{X;;Y) < I(X;;Y|X,) and
I(X2;Y) < I(X;Y|X1), so if both I(X1;Y|X3) and
I(X9;Y|X,) are zero, then so are both 7(X1;Y ) and I{X»;Y)
and hence so is T(X1;Y) + I(X5; Y| X1), which contradicts
(45). In the rest of the proof, we shall treat the case where

I(X1;Y[X3) > 05 (46)
the case where this is violated but J(X5;Y|X1) is positive is
symmetric.

The significance of (46) is that it guarantees that—by having
Encoder 2 transmit a deterministic sequence—Encoder 1 can
ignore the state information and still communicate at a positive
rate to the uninformed decoder. As we shall see, this will be
critical in the termination of the block-Markov scheme. Also
critical to the termination of the block-Markov scheme is the
assumption

I(X2;Y,5]|X1) >0 47)

which we can make because if this is violated, then achiev-
ability is guaranteed by Lemma 2. The significance of (47) is
that it guarantees that—by having Encoder 1 transmit a deter-
ministic sequence—Encoder 2 can ignore its state information
and communicate at a positive rate to the decoder, provided that
the decoder is made cognizant (at some later phase of the coding
scheme) of the prevailing S;-sequence.

Using the Fourier—Motzkin elimination, it can be shown that
the fact that the rates R;, F» satisfy inequalities (11) is equiva-
lent to the existence of rates R(()l), R((]Z) 2> 0 such that

0< Ry + R{Y
0< Ry + R
Ry + Ro + RSV + R

S I(XlaY‘XQa V17 VQ)
S I(XQaY‘Xla V17 VQ)
S I(Xl,)(f_);y’“/l, Vg)

(48a)
(48b)
(48¢)

and
RV
Ry
R + REY

> I(Vi; S1]Va) — 1(Vi; Y |Va)
> I(Va; So|V1) — I(Va; Y| Vi)
> I(V1, Vo; 81, 82) — I(V1, Va3 V).

(49a)
(49b)
(49¢)

Indeed, form (9) of the joint PMF implies that the sum of (48a)
and (49a) yields (11a). Similarly, (48b) and (49b) yield (11b).
The sum-rate bound (11c¢) is obtained by summing (48c) with
(49¢). Next, observe that

I(V1, V5581, S2[Y)
= I(Vi; S1|Y) + I(V1; S2Y, S1)
+ I(Vy; So|Y, V) + T(Va; 51]Y, V1, S2)
= I(V1;91|Y) + I(Va; So|Y, Vi)

2 I(Vi; 51|, V) + I(Va; So|Y, V1) (50)

where the second equality and the inequality in (50) hold due to
the Markov relations (10a), (10b). By (50), the sum-rate bound
(11c) obtained by summing (48c) with (49¢) dominates the sum
of (48¢), (49a), and (49b). Similarly, it can be shown that (11c)
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dominates all other sum-rate bounds that can be obtained from
(48) and (49).

Having established that the condition that the rates Ry, Ro
satisfy inequalities (11) implies (and is, in fact, equivalent to)
the existence of rates R((]l) ; R[()Q) > 0 satisfying (48) and (49),
we next interpret the two sets of inequalities.

Inequalities (48) have a channel-coding flavor. They guar-
antee that the rates

(Fa + B o+ B

be achievable on the MAC when the decoder, in addition to the
channel output, is also cognizant of V1 and V5. Inequalities (49)
have a distributed source-coding flavor. They guarantee that in
the distributed Wyner—Ziv network [4] where one describing
terminal observes Si, the second observes Ss, and the recon-
structor observes Y, the description rates Rgl), R((]Z) allow the
reconstructor to reconstruct S; as Vj and reconstruct Ss as V5.

These interpretations motivate the following block-Markov
scheme. The scheme consists of I3 length-n blocks followed by
three terminating blocks of lengths nq, 72, and n3 (to be spec-
ified shortly). In Block 1, Encoder 1 transmits fresh informa-
tion at rate R, and Encoder 2 transmits fresh information at
rate Fo. In Blocks 2 through I3, Encoder 1 transmits nR; fresh
bits and nRél) bits that describe the length-r state sequence it
observed in the previous block. Likewise Encoder 2. The de-
scription of the state sequences from the previous block that
Encoders 1 and 2 use is based on a binning scheme that was
proposed in [4] for the Wyner—Ziv distributed source-coding
problem where Encoder 1 describes the state sequence it ob-
served in the previous block, Encoder 2 describes the state se-
quence it observed in the previous block, and the reconstructor
has the n-length channel outputs from the previous block as SI.
Constraints (49) guarantee that if the decoder succeeds in de-
coding the bits sent in the block, it will be able to produce a
reconstruction sequence of joint type Py, s with the state se-
quence observed by Encoder 1 in the previous block, and it will
also be able to produce a reconstruction sequence of joint type
Py, s with the state sequence observed by Encoder 2 in the pre-
vious block. Constraints (48) guarantee that if (using backward
decoding) the decoder is given the description of the states per-
taining to the given block, it will be able to decode the bits sent
by the two encoders in the block—i.e., both those comprising
fresh information and those describing the states pertaining to
the previous block. If the decoder were given the description of
the states pertaining to Block B, it could then decode all the data
using backward decoding: Using the description of the states
pertaining to Block B, it would decode the fresh information
of Block B as well as the description of the states pertaining to
Block (B — 1). Using the latter, it would then be able to decode
the fresh bits sent in Block (B — 1) as well as the description of
the states pertaining to Block (B — 2), etc.

The purpose of the three terminating block is to provide
this information to the receiver, i.e., to convey to the receiver
the description of the states pertaining to block 5. This is
done as follows. In Block (B + 1), which is roughly of length
nR("Y /I(X1;Y|X,) [and which is finite by (46)], Encoder
2 sends no data (i.e., sends a deterministic sequence of type

1387

Px,) and Encoder 1 sends the (lossy) description of the state
sequence it observed in Block B. After decoding Block B + 1,
the receiver can obtain a description of the state sequence that
was observed by Encoder 1 in Block B. The remaining two
blocks are used to convey the lossy description of the state
sequence that was observed by Encoder 2 in Block B. In Block
(B + 2), which is roughly of length nR? /I(X,:Y, $1|X1)
(and which is finite by (47)), Encoder 1 sends no data (i.e.,
sends a deterministic sequence of type Px,) and Encoder 2
sends the lossy description of the state sequence it observed
in Block B. The decoder, however, cannot yet decode this
description because the rate 7{ X5;Y, S1|X1) is not achievable
unless the decoder is informed of S;. This is done in Block
(B + 3), which is roughly of length nH (S1)/I(X1;Y|X2),
where Encoder 2 sends no data and Encoder 1 sends a lossless
description of the state sequence it observed in Block (I3 + 2).

Decoding is thus performed as follows: The receiver first de-
codes Block ( B+3) and thus losslessly learns the state sequence
that was observed by Encoder 1 in Block (I3 + 2). Using this
state sequence, it then decodes Block (3 + 2) and thus learns
the lossy description of the state that was observed by Encoder
2 in Block B. By Decoding Block (I3 + 1), it also learns the de-
scription of the state sequence that was observed by Encoder 1
in Block 3. Armed with the lossy descriptions of the two state
sequences pertaining to Block I3, it can now decode Block I3
and use backward decoding to decode all the remaining blocks
(B — 1) through 1.

The rates supported by our scheme approach (R, R) as B
tends to infinity. Indeed, Encoder 1 sends a total of B3nR; data
bits, and the total number of channel uses is roughly

nRém
I(XQ, Y, S1|X1)

nRél)

nH(Sl)

Bn+

so the ratio tends to 1?1 as B tends to infinity. Similarly, the rate
of Encoder 2 approaches I2,.

We now give a more detailed proof. Recall that since
(R, Ry) satisfy inequalities (11), there exist Rf, R, > 0 such
that both (48) and (49) holds. Fix such R, I?,. By (46) and
(47), there exist 11, 42 > 0 such that

I(X1:Y|X2) > g >0 (51a)

and

I(X5:Y,581|X1) > pa > 0. (51b)

As explained earlier, the proof is based on a block-Markov
coding scheme with backward decoding. The total transmission
time is divided into B+ 3 blocks. Each of the first I3 blocks is of
length n. Block B+1 is of length 71, Block B+2 is of length 15,
and Block B+3 is of length n3. In terms of 121, R}, p1, and pa,
we can now specify the lengths of the terminating blocks as

D!
ny = M4 (52a)
H1
’
1y = 22 (52b)
H2
no(H(S1)+68) nRL(H(S1)+6
ny = UGN +8) B (HE)+0) o)

M1 Hipi2
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where 6 > 0 is some arbitrary fixed constant. Our scheme is
thus of rates
nl3
(R1, Ro) - =
nB +ny 4+ ne + n3

(R1.R) B _
BAR [ pn ARy o (H(S1)+0) Ry /(11 p22)

(53)

which approaches (1, I22) for large B.

The blocks are indexed by b, where b € {1,2,..., B + 3}.
Denote by s, the state sequence observed by User ¢ during
Block b, i.e.,

Sq¢bp = (Sq.(bfl)n+l7 ey Sq,bn)n g€ {1 2}7 be [1 : B]

S¢.B+1 = (Sq,Bn-l-lv R Sq,B71.+'r11)7 q € {1v 2}
Sq,B+2 = (Sq,Bn+n1+1~, LR Sq,Bn+n1+ng)7 q€ {1 2}
Sq,B+3:(qq,B'n+'n1+‘nz+la ey Sq,Bn+n1-|-ng+‘n,;)>7 q 6{1« 2}

In the rest of the proof, we use the definitions of typical se-
quences and typical sets as in [2]. Thus, n(a|u) is the number
of occurrences of the letter ¢ in the n-vector u = ™. And, for
a given PMF Py over the finite alphabet I/, the 0-typical set is

T8 = {u eU”| |7fln((1,|u) - PU(a,)| <d Vael,
n{aju) = 0 when Py(a) = 0}.

For a joint PMF Py and a given n-vector v, the conditional
d-typical set is
T (v) =
{ueu™: |n""n(a,blu,v) — n "n(b|v) Py (alb)| < &
V(a,b) €U xV, n(a,blu,v) =0 for Pys(alb) =0} .

Typical sets will be used with 6 depending on 7, such that

by — 0, Vn-8, > oc as n— oo.
We further adopt the Delta-Convention of [2, Convention 2.11]
(see also lemmas 2.12 and 2.13 there). Thus, throughout the
proof, the sequences §,, are fixed, and the dependence of the
typical sets on them is omitted.

We proceed now to a more detailed description of the code-
books and coding scheme.

Codebook Generation. Pick real numbers R,,, R;, satis-

fying

Ry <R, Ry<R., (54)
in a fashion that will be specified later. For each block b €
[1 : B], the codebook is constructed in four steps, as described
below.
1) Generate 2"+ vectors vi(j1), j1 = 1,2,..., 2nfs1 1ID
according to Py, (-). Randomly partition the indices {7 :
1 < j; < 2B} into 2"F1 bins. Denote by k1 (j;) the
index of the bin to which j; belongs, and by « (k1) bin
number k1.
2) Generate 2" (F1+80) vectors xy (I, k1), 1 = 1,2...,2"81
kBi=1,2,..., 2nR1 D, according to Px, ().
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3) Similarly, generate 2" vectors va(j2), Jo =
1,2,...2"E TID according to Py, (-). Randomly parti-
tion the indices {jo : 1 < jo < 272} into 2”2 bins.
Denote by k2(j2) the index of the bin to which js belongs,
and by az(k2) bin number k3.

4) Generate on(Ra+Ry) vectors xo(m, k2),
m = 1,2...,27F L, = 1,2.... 2"R: 1D, ac-
cording to Px, ().

The codebook generation and partition as described above are
repeated independently B times, with the same distribution and
rates. The last three blocks are devoted to the transmission of
the description of the state sequences of block B. They carry no
fresh information. The construction of codebooks for the last
three blocks is described next.

Block B + 1.

1) Generate one length-n; codeword x3 g1 IID Px,.

2) Generate onlt independent length-n; codewords x1 (k1)
for k1 € [1 : 2'””/1] each IID Px,.

Block B + 2

1) Generate one length-n, codeword x; g2 IID Px, .

2) Generate onRy length-no codewords x3(k2) for ko € [1 :
2772] each IID Py, .

Block B + 3. )

1) Generate 272(H (Sl)+‘5_) length-n3 codewords x;(k3) for
fey € [1:2m2(HSO+9] each IID Py, .

2) Generate one length-n3 codeword x3 g3 IID Px,.

For notational convenience, we omit the dependence of the
codebooks and codewords lengths on the block number b. It
will be clear from the context whether the codewords are of
length n, 11, no, or ng.

Reveal the codebooks to the encoders and decoder.

Encoding. Let [, € {1,...,2""} andmy, € {1,..., 2"F2}
be the message indices of the users in Block b. The operation of
the two encoders depend on the block number, as follows.

Block 1. The users send x1(/1, 1) and x2(mq, 1).

Blockb,b € [1 : B]. User g is cognizant of s, ,_1 and inspects
the v, sequences that were generated in Block b — 1 to find the
first index j, € {1,...,2"%} such that

(Va(ia):8q5-1) € T, 5, (55)
Denote this index by j, 1. If a vector v,(j,) satisfying (55)
does not exist, the user picks a default index, say j,,-1 = 1.
Denote by k, 5 the bin number to which the index j, 1 be-
longs. The inputs to the channel are

User 1:
User 2:

x1{ly, k1)

Xo(m, kap ). (56)

Block B+1. In this block, only User 1 transmits the codeword
of the compressed state sequence s1, 3. Being cognizant of s g,
User 1 inspects the v; sequences that were generated in Block
B and selects the first index j; € {1,..., 27F<1 1 such that

s s

(vi(j1),s1,8) € Ty, s, (57)

Denote this index by j1 . Ifa vector vy (j; ) satisfying (57) does
not exist, the user picks a default index, say 71, 5 = 1. Denote
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by k1,841 the bin number to which the index j; 5 belongs. The
inputs to the channel are

User 1:
User 2:

X1 (k71,B+1)
X2 B+1- (58)
That is, no user messages are sent in the last block.

Block B + 2. In this block, User 2 transmits the codeword of
the compressed state sequence s . Being cognizant of s» 3,
User 2 inspects the vo sequences that were generated in Block
D and selects the first index j» € {1,...,2"#=2} such that

(vo(j2).s2.) € Ty s, (59
Denote this index by j2 5. Ifa vector va(j2) satisfying (59) does
not exist, the user picks a default index, say j» g = 1. Denote
by k2, B+1 the bin number to which the index j2 g belongs. The
inputs to the channel are

User 1:
User 2:

X1,B+2
Xz(k2,3+1)~ (60)

Block B + 3. In this block, User 1 transmits an almost-loss-
less description of s1, 312 using, for example, the scheme in [1,
Sec. 7.13] for transmitting a source over a noisy channel. Thus,
if k1 g3 is the index of s; g2 in the set of all §-typical se-
quences, (with k1, g3 being set to one if s1 4o is not typical),
it transmits X1 (k1 p43):

User 1:
User 2:

x1(k1,B+3)

X2,B+3-

(61)

Decoding. Let y;, be the channel output at Block . Decoding
begins at Block B + 3 and proceeds backwards.

Block B + 3. In this block, the decoder recovers (with high
probability) s2 g42. It looks for an index I:JL B+s such that

(x1(k1,B+3), X243, YB+3) € Tx, X2,v - (62)

If an index /;1 B+3 satisfying (62) does not exist, or is not
unique, an error is declared. Otherwise, it sets §; g2 to be
the sequence whose index is /::17 B+s in the set of 5-typical
sequences.

Block B + 2. The decoder has the output y 542, and it also
has the estimate 81 g2 obtained in the previous decoding step.
It looks for an index /;‘27 B+2 such that

(X1,B+2=X2(7%2,B+2)=§1,B+2;)’B+2) € Tx, x,,5,y- (063)

If an index /;‘2, B42 satisfying (63) does not exist, or is not
unique, an error is declared.

Block B + 1. Here, the decoder decodes the compressed state
sequence of User 1 in block B. The decoding proceeds as in
Block B + 3: The decoder looks for an index &1 p41 such that

(Xl(’Afl,B+1)ﬂX2,B+17YB+1) € Tx, x,v- (64)
If an index /;1 B41 satisfying (64) does not exist, or is not
unique, an error is declared.
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ABlock Ab, 2
(k16415 k2 541
vi(jie) € e

< b < B. The decoder has at hand the pair
2, and the channel output ys. It looks for
k1 s41) and va(jop) € aal(ka pt1), such that
(vi(J1p), va(i2p), ¥s) € Ty v v (65)
If such a pair does not exist, or is not unique, an error is declared.

If decoded correctly, the pair (v1(j1,5), V2(j2,5)) consists of
the compressed state sequences in Block b. This information on
the states facilitates the decoding of the messages (15, m;) and
the indices k1 5, k25, which are the bin numbers of the states
in Block b — 1. Specifically, the decoder looks for the indices
(lb, my, ]ﬂLb, kQ:b) such that

(x1(ls k1p), X2 (1, ko p), vi(jie), va(dan ) ¥u) €
Tx\ Xz V1, V2.Y (66)
If there is no quadruple (l},, My, 12:1,1), élb) satisfying (66), or
there is more than one such quadruple, an error is declared.

Block 1. Since it is the first block, there is no need to de-
code the bin indices (k1, k2). The decoder operates exactly as
inBlocks b € {2,..., B}, except that 12:1,1 and 12:271 are setto 1.

The decoder output is the sequence of pairs (fb,v?tb), b =
1,..., B.

Probability of error analysis. Standard techniques related
to single-user channels show that (51) and (52) guarantee
that (k1 g1, k2 B41) are decoded with small probability of
error. We thus focus on the decoding of the first B blocks and
specifically on the decoding of (I, ms), b € [1 : B] assuming
that the tuple (k1 B+1, k2, 5+1) was decoded correctly. Without
loss of generality, we assume that a specific sequence of pairs
(k732 k3’3?) is chosen, and that (I, ms) = (1,1) Vb.

Fix state sequences sf = (84.1,---,8¢.8), ¢ = 1,2, and
define the events

A1 p(s1,8:825) = {(Vy(Jy):8q0) € Ty, 5,
for some j, € {1,..., 9B
A2,1(51,1~,52,1) =
{(x2(1,1),x2(1,1),81,1,82.1) € Tx, . x,.5,,5: |
~A3,b(51,b752,b) =
{(x1(1, k16):%x2(1, kap),816.828) € Tx,.x5.91.9,
Bay(j1sd2) = {(vi(j1), v2(j2), ¥2) € Tviva.v }
Bsy(l. k1, m, ko, j1,42) =
{(x1(l, k1), x2(m; k2), vi(h1), v2(i2), ¥o) € Ty xo v Ve v |

g=1,2}

B B+1
A=As1(s1,1,82.1) ﬂ A1 b(s1.6,82.4) ﬂ Az p(s1.0,82,)
b=1 b=2
By = B3 (J1,6:J2,) U Bop (i1, J2) (67)
Ji1€ar (ki py1)
Jo€az (ke py1)
(J1,92)#(F1,6592,8)
Vo = Bg,b(la kl,b: 17 k?,b;jl,baj?,b)
U Bsy(1, k1, m, ko, d1b, 72.8)- (68)

(1 k1 ,m ko )#
(Lk1,5,1,k2s)
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It is enough to show that

lim P(&sP,s8) =0

n—0oC

V(s?,s5) €IS s,  (69)

where & = UB_ {(ly,7i,) # (Ip, 1)} is the error event, and
TSB s, 1s the B product of 75, 5, . The probability of error con-
ditioned on the pair (sZ,s%) can be bounded as
P(E|sT,s7) < P(Ar|51 s )+
[ IBB|51 ,52 ’ )
+ P(’)’B|S1 52 )

+Z

+ P(%|S1 S2Bw4ﬂzf+1vﬁlf)]
—P(-AL|S1 » 89 )
+ P(B5lsy 752 5, A)
+ P(ypls? s, A, B5)
+(B=D[P(BolsT 55, A1)
+P(wlst 83 Avig1s 5]
for some fixed b. We turn now to bound each of the terms in
the RHS of (70). For notational convenience, we drop the con-

ditioning on the state sequences. By classical results on source
coding

A, B5)]

/3I»|SBJrl SHLA, Yog1)

(70)

lim P(A%) = (71)
whenever
Ry, > 1(VysSq) a=1,2. (72)

Conditioned on A, the state sequences and the channel input
vectors are all typical. Recall that we assume that the decoder
has at hand the correct bin indices (k1. g+1. k2 5+1). Moreover,
conditioned on 7y, ; , the decoder has at hand the correct bin in-
dices of the last block, i.e., (P‘l b1, ]i,g b+l) (kl b41s ko b+1)
forb € [1 : B — 1]. Hence, 3, b € [1 : B], is the decoding
error event in distributed Wyner—Ziv coding. We next evaluate
the probability of the union in the RHS of (67):

P( U Ba 5(j1. j2,8+1) | A)
J1€an (k1 B11)
J1#T1. B+1
< Qn(Rsl7R/1)2771[I(V1;Vz,Y)7é} (73)
for some & > 0, lim,, o, 6 = 0. Similarly
P( U By g(j1.B41:J2) | A)
ja€aa(ka Bi1)
J2#iz, 841
< gnlfts —Ry)o—nlI(V2;iV1,Y)—8] (74)
P( U Ba,p(j1,42) [ A)
ji€oi{ks py1)
je€oalka py1)
J1FEde d2Fde
< o (Bay +Hyy — R —Ry) o—nlI(V1,V2;Y)—6] (75)
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Therefore, we conclude that

lim P(BglA) =0

if
Ry, — R, <I(Vi:Y|Va)
R, — Ry < I(Va; YY)
R81 + Rsz - R?L - RIQ < I(Vl-, V2§Y) (76)

where we used the independence of ¥} and V5.

We proceed to bound the probability of ~vp conditioned
on (A, 5%). Observe that conditioned on 3%, the decoder
has at hand the compressed version of the state at Block B,
(vi(j1.B), v2(j2.B)), and this pair is independent of the inputs
in Block B. Decompose the union in (68) as

U

(1 kr,m k2 )#
(Lk1,6.1.k26)

-

(LkO)#(L k1)

U

(m, k2 )# (1,52 5)

U

(k1) #(Lk15)
(m,k2)#(1k2,)

Ba (I k1.m, k2, j1p, Jo.b)

Bsp(l, k1.1, kan, di6,920)
B3y (1, k1p,m, k2, j16, 52.)

Bs (1, k1, m, ko, g1, ob)- (77)

Therefore, we have

lim P(yg|A, 8p) =

nN—00

provided

Ry + R/l < I(X;l; }7|X2, Vi, Vg)
Ro + RIQ < I(X27 Y|X1, Vl, Vz)
R1+R2+R/1+R/2 <I(X1,X2,Y|V1,V2) (78)
The terms P3| A, v, 1) and P(vs|.A, v, 0 ) are treated ex-
actly as P(fip|A) and P(vp|A. §%): the extra conditioning on
741 only means that the decoder has at hand the bin indices
(K1,b41., k2.41) as we assumed for the last block b = 3. Hence,
they yield the same rate constraints, i.e., (76) and (78). The rate
constraints (72) and (76) are equivalent to

RY > 1(Vy; 51|Va)
Ry > I(Va; S31V1)
R& + RIZ >I(‘/1./V2;S1]_75'2) —

= I(V1;Y[Va)
— I(Vg. Y|T/1)

I(V1, V1Y) (79

where we used the independence of Vi, V5, Sy, Sa. The rate
constraints (78) and (79) are equivalent to (48)—(49). Moreover,
(71) guarantees that the input constraints are satisfied. This con-
cludes the proof of Theorem 1. |

F. Analysis of Example 2

By ignoring the state, we can achieve the region cor-
responding to (14) but with the additional constraint
R, < %log(l + ;22 ). Since the convex combination of
this region with the ra‘Eé-point

1
R; =0, R2:21 (1—|—

T+ Fz) (80)

q1
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yields the rate region (14) (without the additional constraint), a
time-sharing argument shows that to prove that the rate region
(14) is achievable, it suffices to prove that the rate-pair (80) is
achievable, which is what we proceed to do.

To this end, set #; = 0 and make the following substitutions
in the definition of the set R1"d. Set V5 = 0; V; zero mean and
jointly Gaussian with S1; and X1 ~ N(0,T1), Xo ~ N(0,T3)
independent of each other and of (V7, S1). Then, (11a)—(11c)
reduce to

1 Ii+o02 W1+ Ts+02
og—log( 1 ¥ 20,0 > ) (81)

2 o} (Ti+Tatol )
1 T

Ry <-log |1+ 22 (82)
2 031\1;1
1 T, +T

Ry < tlog (141122 (83)
2 o2

where ‘731 - is the variance of \S; conditioned on V7. For any

positive o o1 satisfying
FQ 0'21 . FQ 0’2
s, < 2 ’ $1 84
F1+F2 I_Ubl\ul = 1—\1_,’_1—\2 ( )

the bound (83) dominates (82) and the RHS of (81) is positive.
We thus conclude that (80) is achievable. By the time-sharing
argument, this also proves the achievability of the region (14).

We next have to show that no rate-pair outside the region (14)
is achievable. This can be shown by recalling the capacity region
of the Gaussian MAC without state information and by recalling
Propositions 1 and 2.

G. Analysis of Example 3

The rate pair (121, R2) = (1,1/2) is in the inner bound of Li
et al.. To see this, we set V1 = 0 and V5 = Wi, with X, Xy
IID random bits. However, as we next prove, the pair (1,1/2)
is not in Rind,

We prove this by showing that if (1, 12;) is in R"d, then
Ry must be zero. Suppose then that (1,25) € R4 Since
S is null, it follows from the structure (9) of the joint distri-
bution that V; must be independent of all the other random
variables. Consequently, we can strike it out from (11a)—(11c).
Since 17y = 1, it follows from (11a) that X; must be
Bernoulli(1/2) and that H{X1]| X5, V2,Y") must be zero. This
implies that 7/ (Wx,|X2,V2,Y) must also be zero (because
X1 = Y1 & Wx,). Consequently, H(Wx,| X2, V5, Y1) must
also be zero (because Yo = X5). This implies that

H(W,| X2, V2) = 0 (85a)
because X7 is Bernoulli(1/2) and independent of (X3, Va, W),
so Y7, which is equal to X7 & Wx,, must also be independent
of (XQ, VQ, VV)

We now distinguish between two cases depending on whether
X5 is deterministic or not. If it is deterministic, then the rate R»
must be zero by (11b). Consider now the case when it is not. In
this case, Pr[Xy = n] is positive for all # € {0,1}. Since V>
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is independent of X» [by (9)], and since without changing the
inner bound we can assume that Pr[V2 = w9] is positive for all
v9 € Vs, it follows that in this case

Pr[Xo =1n, Va = v2] > 0,

n€{0,1}, va € Va. (85b)

This combines with (85a) to imply that

H(W,| Xy =n,Va=w3)=0, ne{0,1}, va € Va. (85¢c)
This implies that

H(W,[Vs = 5) =0,

e {0, 1}, ve € Vo (85d)

because, by (9), X» is independent of (V3,Ss) and hence a
Sortiori of (Vo, W,,). Thus, H(W,|V2) = 0, and since S =
(W, W),

H(S;|Va) = 0. (85¢)
Consequently
I(V2; 82) = H(S2) = 1. (859)
This implies that also
I(Va: S1]Y) = 1 (85g)

because Y is independent of (V5, S2). It now follows from
(85g), the fact that V; is deterministic, and from (11b) that R,
must be zero.

H. Sketch of the Proof of Theorem 3
Proof of Theorem 3: The region (24) can be written as

0< Ry <I(U; YUz, Vi, Va) — Iy (86)
0 < Ry <I(U;Y|U1, V1, Va) — Ry (87)
Ry 4+ Ry <I(Uy, U YIVi, Vo) — Ry — IR (88)
Ry > 1(Vi;81[Va) — I(Vi; Y [Va) (89)

Rl > I(Va: 8o Vi) — I(Va: Y |V2) (90)
Ry + Ry > I(V1,V3: 81, 5:) — I(V1, Va1 ) 1)
Iy 2 E[pn(Xp)], k=12 92)

with joint distribution

Py vo v 05,81,.8:,%,. %,y = Ps, Ps, Pyy)s, Py,s,

Po, Pu, Px\ vy, Px (0282 Py s, s x0 x (93)

The proof proceeds as the proof of Theorem 1, except that
additional external random variables U; and U, are intro-
duced. The codewords x; (I, k1) and x2(m, ko) are replaced
by codewords wi(/, k1) and ua(m, k), independent of the
states. The inputs to the channel are allowed now to depend
on the states, according to the laws Px i, s, and Px, v, .5, -
The proof proceeds exactly along the lines of the proof of
Theorem 1, with (U3, Us,ui(l, k1), ua(m, k2)) replacing
(X1, X0.x1(1, k1), x2(m. ko)) there. The details are omitted.
|
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1. Analysis of Example 4

We first show that (0,2) is in R%4 This can be shown by
a proper choice of the random variables in (24a)—(24c). Since
S5 is deterministic, we set V5 to be deterministic too, and we
set /s = X5. For the external random variables of User 1, note
that the entropy of 57 is lower than the capacity of the channel
of User 1. Therefore, set V; = Si, U7 = Xy, and let X7 be
independent of \S;. With these substitutions and with the choice

Ry, = 0, (242)—(24c) reduce to

0SI(Xl;Y17YQ|X2./Sl)—H(Sl‘YhYQ) (948.)
R2 SI(XQ;Y’17Y2|X1./51) (94b)
Ry <I1(X1, X2;Y1,Y5|81) — H(S1]Y1,Y2)  (94c)
with the joint distribution
Ps, x, x,v = Ps, Px, Px, Py;|x, Py,|s:,x.- 95)

With the joint distribution (95), we can simplify (94a) to

0 < H(Y1,Ys| X, S1) — H(Y1,Ys|X1, X, S1) — H(S1|Ya)
=H(Y1|Ys, X5, 51) + H(Y2| X5, 51)
~ H(Y1|X1, 81, Xa,Ya) — H(Ys| X1, Xa, 51)
— H(51|Y2)

=H(Y1) - H(51]Y2). (962)
Similarly, (94b) and (94c) simplify to
RQ SH(Yl,Y2|X1,Sl) - H(Y17Y2|X1:X27S1)
:H(Y1|X17517Y2) +H(YY2|X1~SI)
— H(Y1|X1, X5, 51.Y2) — H(Y2| X, X2, 51)
— H(Y2|X1,5))
=H(X>) (96b)

Ry < H(Y1,Y3|S1) — H(Y1,Y2| X1, X5, S1) — H(S1|Y1, Y2)
= H(Y1[Ys, S1) + H(Ya|S1) — H(Y1|X1, X2, S1, Ya)
— H(Y3|X1, X2, 81) — H(S1|Y1,Y3)
= H(X1) + H(X,) — H(51|Y2).

(96¢)

Let X3 be Bernoulli(1/2), and let X be uniformly distributed
over its alphabet {0, 1,2, 3}. The bound (27) on the entropy of
51 implies that (96a) is satisfied and that (96b) is more stringent
than (96¢). Since H(X>) = 2 bits, we conclude that the tuple
(0,2) is in Rind

We next show that if (g, I22) is achievable using naive
Shannon strategies, then 2> must be strictly smaller than 2 bits.
Since So is null, we substitute X5 for 75 in (25¢). Based on
properties of the capacity region of the classical MAC without
SI, the maximal rate R9® _ at which User 2 can communicate

2,max
utilizing the naive approach is

nai
2,max

max I(XQ;Y:[,Y2|T1 = tl)

t1,Px,

7
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We claim that B2

2 max 18 strictly less than 2 bits. To see this, let
us write

I(Xo: Y1, Ya|Ty = ty)
= HY1, Ya|Ty = t1) — H(Y1, Ya|T) = 1, X)
—HW|Ty =)+ HY2 Y1, Ty = 1)
—HW|T) = t1, Xy) — HYa|Y1, Ty = t1, X)
= [(Xo: Yo V1, Ty = 1) (98)
= H(X,) — H(X,y|V1.Ys, Ty = 1) (99)

where (98) holds because X5 is independent of (Y71,71) so
H(Y1|Ty =t1) = HY1|Th = t1, X32), and (99) holds because
X5 is independent of (X, 71).

Since X5 takes value in a set with four elements, it follows
from (97) and (99) that R cannot be 2 if X5 is not uniform.
It thus remains to show that 23 cannot be 2 even if X is uni-
form. By (99), this is equivalent to showing that when X, is uni-
form, the conditional entropy H(X2|Y1, Y2, Ty = #1) is strictly
positive for all functions ;. This can be shown by noting that
t1(S1) can take on at most two different values and, therefore,
cannot determine S7.
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