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Abstract—We study the power-versus-distortion tradeoff for
the distributed transmission of a memoryless bivariate Gaussian
source over a two-to-one average-power limited Gaussian mul-
tiple-access channel. In this problem, each of two separate
transmitters observes a different component of a memoryless bi-
variate Gaussian source. The two transmitters then describe their
source component to a common receiver via an average-power
constrained Gaussian multiple-access channel. From the output
of the multiple-access channel, the receiver wishes to recon-
struct each source component with the least possible expected
squared-error distortion. Our interest is in characterizing the
distortion pairs that are simultaneously achievable on the two
source components. We focus on the “equal bandwidth” case,
where the source rate in source-symbols per second is equal to
the channel rate in channel-uses per second. We present sufficient
conditions and necessary conditions for the achievability of a
distortion pair. These conditions are expressed as a function of the
channel signal-to-noise ratio (SNR) and of the source correlation.
In several cases, the necessary conditions and sufficient conditions
are shown to agree. In particular, we show that if the channel
SNR is below a certain threshold, then an uncoded transmission
scheme is optimal. Moreover, we introduce a ‘source-channel
vector-quantizer” scheme which is asymptotically optimal as the
SNR tends to infinity.

Index Terms—Achievable distortion, combined source-channel
coding, correlated sources, Gaussian multiple-access channel,
Gaussian source, mean squared-error distortion, multiple-access
channel, uncoded transmission.

1. INTRODUCTION

E study the power-versus-distortion tradeoff for the

distributed transmission of a memoryless bivariate
Gaussian source over a two-to-one average-power limited
Gaussian multiple-access channel. In this problem, each of
two separate transmitters observes a different component of a
memoryless bivariate Gaussian source. The two transmitters
then separately describe their source component to a common
receiver via an average-power constrained Gaussian mul-
tiple-access channel. From the output of the multiple-access
channel, the receiver wishes to reconstruct each source compo-
nent with the least possible expected squared-error distortion.
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Our interest is in characterizing the distortion pairs that are
simultaneously achievable on the two source components. The
focus is on the “equal bandwidth” case where the source rate
in source-symbols per second is equal to the channel rate in
channel-uses per second.

We present sufficient conditions and necessary conditions for
the achievability of a distortion pair. These conditions are ex-
pressed as a function of the channel signal-to-noise ratio (SNR)
and of the source correlation. In several cases the necessary
conditions and sufficient conditions are shown to agree, thus
yielding a full characterization of the achievable distortions. In
particular, we show that if the channel SNR is below a cer-
tain threshold (that we compute), then an uncoded transmission
scheme is optimal. This uncoded result is reminiscent of Gob-
lick’s result [1] that for the transmission of a Gaussian source
over an AWGN channel the minimal squared-error distortion
is achieved by uncoded transmission, but in our setting, un-
coded transmission is only optimal for some SNRs. For com-
munication at higher SNRs, we introduce a “source-channel
vector-quantizer” scheme, which we show is asymptotically op-
timal as the SNR tends to infinity.

Our problem can be viewed as a lossy Gaussian version of
the problem addressed by Cover, El Gamal, and Salehi [2]
(see also [3], [4]) in which a bivariate finite-alphabet source
is to be transmitted losslessly over a two-to-one multiple-ac-
cess channel. Our problem is also related to the quadratic
Gaussian two-terminal source-coding problem [5], [6] and to
the quadratic Gaussian CEO problem [7], [8]. In both of these
problems, correlated Gaussians are described distributedly to
a central receiver. However, in the quadratic Gaussian CEO
problem the interest is in reconstructing a single Gaussian
random variable that underlies the observations of the different
transmitters, rather than reconstructing each transmitter’s ob-
servation itself, but, more importantly, the above two problems
are source-coding problems whereas ours is one of combined
source-channel coding. We emphasize that, as our results show,
source-channel separation is suboptimal for our setting.

The problem of transmitting correlated sources over mul-
tiple-access channels has so far only been studied sparsely. One
of the first results is due to Cover, El Gamal, and Salehi [2] who
presented sufficient conditions for the lossless transmission
of a finite-alphabet bivariate source over a multiple-access
channel. Later, several variations of this problem were consid-
ered. Salehi [9] studied a lossy version of the problem with
a finite-alphabet source and arbitrary distortion measures on
each source component. For this problem he derived sufficient
conditions for the achievability of a distortion pair. More re-
cently, another variation where the two source components are
binary with Hamming distortion and where the multiple-access
channel is Gaussian was considered by Murugan, Gopala,
and El Gamal [10] who derived sufficient conditions for the
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Fig. 1. Bivariate Gaussian source with one-to-two Gaussian multiple-access
channel.

achievability of a distortion pair. In [11], Giindiiz et al. studied
the transmission of correlated sources over several multiuser
channel models with correlated receiver side-information.
Necessary and sufficient conditions for the optimality of
source-channel separation were obtained and shown to agree
for certain source and side-information structures. In [12]-[14],
Rajesh et al. studied the transmission of correlated sources
over a multiple-access channel with side-information. Gastpar
[15] considered a combined source-channel coding analog of
the quadratic Gaussian CEO problem. In this problem, dis-
tributed transmitters observe independently corrupted versions
of the same univariate Gaussian source. These transmitters are
connected to a central receiver by means of a many-to-one
Gaussian multiple-access channel. The central receiver wishes
to reconstruct the original univariate source as accurately as
possible. For this problem, Gastpar showed that the minimal
expected squared-error distortion is achieved by an uncoded
transmission scheme. The extension of our problem to the
case where perfect causal feedback from the receiver to each
transmitter is available is studied in [16] (see also [17]).

II. PROBLEM STATEMENT

A. Setup

Our setup is illustrated in Fig. 1. A memoryless bivariate
Gaussian source is connected to a two-to-one Gaussian mul-
tiple-access channel. Each transmitter observes one of the
source components and wishes to describe it to the common
receiver. The source symbols produced at time k € Z are
denoted by (S1 k, S2,1). The source symbols {(S1 &, Sa,x)} are
independent identically distributed (IID) zero-mean Gaussians
of covariance matrix

2
Kss=< o1 ”"12"2) 1)

po102 a3y

where p € [—1,1] and where 0 < o7, 03 < oo. The se-
quence {S7} of the first source component is observed by
Transmitter 1 and the sequence {Sg’k} of the second source
component is observed by Transmitter 2. The two source com-
ponents are to be described over the multiple-access channel to
the common receiver by means of the channel input sequences
{X1} and {X5 1}, where 21 , € R and 5 € R. The corre-
sponding time-k channel output is given by

Yi=X1p+ Xor+ Zi 2)

where 7}, is the time-k additive noise term, and where {7}, } are
IID zero-mean variance-N Gaussian random variables that are
independent of the source sequence.
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For the transmission of the source {Six,S2%}, we con-
sider block encoding schemes and denote the block-length
by n and the corresponding n-sequences in boldface, e.g.,
S;1 = (S11,51,2,-..,51,n). Transmitter 4 is modeled as
a function fi(n): R™ — R™ which produces the channel

input sequence X; based on the observed source sequence
S,L' = (Si,h SZ‘127 ey Si,n)’ i.e.,

X; = £ (8:), ie{l,2} 3)
The channel input sequences are subjected to expected average-
power constraints

%iE[sz} <h, ie{l,2} @
k=1

for some given P; > 0.

The decoder consists of two functions ¢§"): R™ —R", 7 €
{1,2}, which form estimates S; of the respective source se-
quences S;, based on the observed channel output sequence Y,
ie.,

Si=¢"(Y), ie{L2}. )

Our interest is in the pairs of expected squared-error distor-
tions that can be achieved simultaneously on the source-pair as
the blocklength n tends to infinity. In view of this, we next de-
fine the notion of achievability.

B. Achievable Distortion Pairs

Definition I1.1: Given o1, o9 > 0,p € [-1,1], P;, P, > 0,
and N > 0 we say that the tuple (D1, D2,0%, 03, p, P, Pa, N)
is achievable if there exists a sequence of encoding functions
{ fl(n)7 fz(n)} as in (3), satisfying the average-power con-
straints(4), and a sequence of reconstruction pairs { ¢>§n), qﬁén)}
as in (5), such that the average distortions resulting from these
encoding and reconstruction functions satisfy

Era 1 " A 2 .
Jm =S| (Sie—Sik) | <Diy i€ {12}
k=1
whenever

Y = (S + £5(8,) + Z

and where {(S1 , S2.x)} are IID zero-mean bivariate Gaussian
vectors of the covariance matrix Kgg in (1) and {Z;} are
IID zero-mean variance-N Gaussians that are independent of
{(S1.k, S2.) }-

The problem we address here is, for given o?, 032, p,
Py, P, and N, to find the set of pairs (D, D3) such
that (D1, Do,0%,03,p,P1, P>, N) is achievable. Some-
times, we will refer to the set of all (D;,Ds) such that
(D1, Dy,0%,03,p, P, Py, N) is achievable as the distortion
region associated with (02,03, p, Py, P>, N). In that sense, we
will often say, with respect to some (o1, o2, p, P1, P2, N), that
the pair (D1, D>) is achievable, instead of saying that the tuple
(D1, D3,0%,03, p, P1, P, N) is achievable.
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C. Normalization

We now show that, without loss in generality, the source law
in (1) can be restricted to a simpler form. This restriction will
simplify the statement of our results and their derivations.

Reduction 11.1: For the problem stated in Sections II-A and
II-B, there is no loss in generality in restricting the source law
to satisfy

2 _ 2 _ 2
ol =05=0

and p€[0,1]. (6)

Proof: The proof follows by noting that the described

problem has certain symmetry properties with respect to the

source law. We prove the reductions on the source variance and
on the correlation coefficient separately.

i) The restriction to non-negative correlation coefficients

p € [0,1] incurs no loss in generality because the

optimal distortion region depends on the correlation co-

efficient only via its absolute value |p|. That is, the tuple

(D1, Dy, 03,02, p, P1, Py, N) is achievable if, and only

if, the tuple (Dy, Do, 02,03, —p, P1, P2, N) is achiev-

able. To see this, note that if {f™, £{™, ¢{ ¢}

achieves the distortion (D1, D5) for the source of corre-

lation coefficient p, then {fl(n), fQ(n), NYL), ¢>én)}, where

F(81) = f(=81) and M (Y) = 4™ (Y)

achieves (D1, D3) on the source with correlation coeffi-
cient —p.

ii) The restriction to equal variances 0? = o3 = o?
incurs no loss of generality because the distortion re-
gion scales linearly with the source variances. That
is, the tuple (Dy, D2,0},03,p, P, Py, N) is achiev-
able if, and only if, for every a1,as € RT, the tuple
(OélDl, O(QDQ, 041(7%, 0420'%, P, Pl, PQ, N) is achievable.
This can be seen as follows. If {fl(")7 fZ(n), YL), d)én)}
achieves (D1, Dy, 0%,03, p, Py, P, N), then the combi-
nation of the encoders

s

”(n) S,) = (n)<
fi(8i) = f; N

) . te{l,2}
with the reconstructors

M(Y) = ai - 4™ (Y),

achieves the tuple (v; D1,a0Do,010% 009032 ,p, Py P, N),
and by an analogous argument it follows that if
(Olth OéQDQ, 0110%7 0520'%7 P, Pl, P27 N) is achievable,
then also (D1, Do, 0%, 03, p, P1, P2, N) is achievable. (J

ie{1,2}

In view of Reduction II.1 we assume for the remainder that
the source law additionally satisfies (6).

D. “Symmetric Version” and a Convexity Property

The “symmetric version” of our problem corresponds to the
case where the transmitters are subjected to the same power con-
straint, and where we seek to achieve the same distortion on each
source component. Thatis, P, = P, = P, and we are interested
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in the minimal distortion that is simultaneously achievable on
{S1,x} and on {Ss 1}

D*(027 p? P? N)
£ inf{D: (D, D, 0% 02, p,P,P,N) is achievable}.

In this case, we define the SNR as P/N and seek the distortion
D*(o2,p,P,N).

We conclude this section with a convexity property of the
achievable distortions.

Remark IL1: If both (Dy, D2, 0%,03,p, P1,P2,N) and
(D1, D2,03%,03,p, P1, P>, N) are achievable, then

(/\D1 + ;\DI; AD; + 5\[727 U%; U%»P» AP

+AP, AP, + 5\1527N)

is also achievable for every A € [0, 1], where A = (1 — \).
Proof: Follows by a time-sharing argument. ]

III. PRELIMINARIES: SENDING A BIVARIATE GAUSSIAN
OVER AN AWGN CHANNEL

In this section we lay the ground for our main results. We
study a point-to-point analog of the multiple-access problem
described in Section II-A. More concretely, we consider the
transmission of a memoryless bivariate Gaussian source, sub-
ject to expected squared-error distortion on each source compo-
nent, over the additive white Gaussian noise (AWGN) channel.
For this problem, we characterize the power-versus-distortion
tradeoff and show that below a certain SNR threshold, an un-
coded transmission scheme is optimal. This problem is simpler
than our multiple-access problem because here source-channel
separation is optimal.

A. Problem Statement

The setup considered in this section is illustrated in Fig. 2. It
differs from the multiple-access problem of Section II-A in that
the two source sequences S; and S, are observed and trans-
mitted jointly by one single transmitter and not by two dis-
tributed transmitters. Thus, the channel input sequence X is a
function f("): R” x R" — R" of the source sequences (S1, S2),
ie.,

X = ) (81,8,). )
This channel input sequence is subjected to an average-power
constraint

1 n

N E[X2 <P 8)
LR

for some given P > 0.

The remainder of the problem statement is as in the mul-
tiple-access problem. The source law is assumed to be given
by (1) and to satisfy (6). The reconstruction functions are as de-
fined in (5), and the achievability of distortion pairs is defined
analogously to Section II-A. Our interest is in the set of achiev-
able distortion pairs (D1, Ds).
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Fig. 2. Bivariate Gaussian source with additive white Gaussian noise channel.

B. Rate-Distortion Function of a Bivariate Gaussian

Denoting the rate-distortion function of the source
{(S1,k,52k)} by Rs, s,(D1,D3), the set of achievable
distortion pairs is given by all pairs (D1, D5) satisfying

1 P
Rs, s,(D1,Ds) < ilog2 (1 + N) . )

We next compute the rate-distortion function Rs, s, (D1, D2).

Theorem III.1: The rate-distortion function Rg, s, (D1, D2)
is given by

Rs, s,(D1, D3)
Liogi (- ). if (D1, Dy) € D;
= %log;— (01:%52 ))7 if(D17D2) € Dy
+ ot (1—p? .
%10g2 (D1D2—(pa(2—5([))1,D2))2) , if (D1, D2) € Dy
(10
where
Q(Dl,DQ):\/(sz—Dl)(UZ—DQ) (11)

logy (z) = max{0,logy(x)}, where Dy = min {Dy, D},
and where, using the shorthand notation v = o2(1 — p?), the
regions D1, Dy and D3 are given by

Dl = {(Dth) : <0 S D1 S U,Dz Z U+p2D1> or

Dy —
<U<D1 <02, Dy >0+ p?Dy, Dy < 2 5 U)}
p

Dzz{(Dth)iOSDl <w,
o2
< D —Dy)————
0< 2<(U 1)0'2—D1

D3 = {(Dth) : (0 <D; <,
2
O'2 —D1

D —
<u<D1§02, 1p2 Y <D2<U+p2D1)}.

(v — D) < D, <v+pQD1> or

Proof: By [26, Theorem 2, p. 856], the rate-distortion func-
tion Rg, s,(D1, D2) is given by
Rsl,SQ(D17D2) = HliIl ) 1(51752;§17‘§2). (12)
S1,89151,52°
E[(s1-81)%] <Ds

E [(52*S2)2] ;DQ

To prove Theorem III.1 it remains to solve (12) for all dis-
tortion pairs (D1, D2) € (0,0%] x (0,02]. One solution was
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Fig. 3. Regions D;, Ds, D;.

presented in [20]. An alternative approach can be found in
[18, Appendix A] and [19, Appendix A.2]. O

The regions Dy, Ds, and Dy are illustrated in Fig. 3 and can
be interpreted as follows. In the region D, it is optimal to only
describe the component that needs to be reconstructed with the
smaller distortion and to then scale the result in order to re-
construct the other component. In the region Dy U D3, the dis-
tortion pairs (D1, D) can be achieved with the least possible
rate Rg, s, (D1, D2) by first computing two independent linear
combinations V; and V5 of the source pair (S, S2), and then
quantizing (V3, V3) according to the reverse waterfilling prin-
ciple. For the distortion pairs (D1, Ds) in D3 only one of the
linear combinations Vi, Vs is quantized (the one with the larger
variance), and for the distortion pairs (D1, D3) in D5 both V;
and V; are quantized. For more details on this source coding
procedure see [18, Appendix A] and [19, Appendix A.2].

Remark II.1: Let Rg, (D;) denote the rate-distortion func-
tion for the source component {51 1}, i.e.,

1 o2
Rs,(Dy) = 2 log;_ (D—1>

and let Rg,|s, (D2) denote the rate-distortion function for
{S2,x} when {S1} is given as side-information to both the
encoder and the decoder, i.e.,

02(1—p2))_

1
R52|51 (DQ) = 5 log; < Dy

Then, for every (D, D3) € Dy the rate-distortion function
Rs, s,(D1, D5) satisfies

4 2
+ (0 (1—-p%)
logs <7D1D2

1
2
ol o [0? 1. L (o%(1=p%
D 2 ogd (22 4 Slog (T PD)
5 1082 (Dl +20g2 D,
R

s,(D1) + Rs, s, (D2)

Rs, s,(D1,Ds) =
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where a) holds because for (D1, D3) € Dy we have Dy < o
and Dy < o%(1 — p?).

C. Optimal Uncoded Scheme

As an alternative to the separation-based approach, we now
present an uncoded scheme that, for all SNR below a certain
threshold, is optimal. The optimality of this uncoded scheme
will be useful for understanding a similar result in the multiple-
access problem.

The uncoded scheme can be described as follows. At every
time instant k& € {1,2,...,n}, the transmitter produces a
channel input X' of the form

P
X]t'l(a,[))) = \/0_2((12 + 2paﬂ+ﬂ2) (OéSl’k +/8S2,k)

for some «, 3 € R. From the resulting channel output Y}, the re-
ceiver forms a minimum mean squared-error (MMSE) estimate

A~

S,}fk, i € {1,2}, of the source sample S; , i.e.,

~

S = E[SixlYs], i€ {1,2}.

The corresponding expected distortions on {S;} and on
{Sa,1} are

gi(avﬂap7P7N)

Hu 2
Di(e,p) = (P + N)?(a? +2paf + (%)’

ie{1,2}
where

&1, 8,0, P,N) = P*B%(1 - ?)
+ PN(oz2 + 2paf + 33(2 — p2))
+ Nz(oz2 + 2paf + ,32)
&2, B,p. P,N) = P?a*(1 - p?)
+ PN (8% +2paf + (2 — p?))
+ Nz(oz2 + 2paf + ,32)
The optimality of this uncoded scheme below a certain SNR-

threshold is stated next. To this end, define
I (Dy,0% p)

{‘74(1—P2)—2D102(1—P2)+Df, if 0< Dy < 0_2(1 _p2)

Dy(a?(1—p*)—D1)
+00,

else.
(13)

Proposition II1.1: Let (D1, D2) be an achievable distortion
pair for the point-to-point setting. If

P
N SF(D17027p) (14)
then there exist a*, 8* > 0 such that
Di(a*,$*) <Dy and Dy(a*,3*) < Da.
Proof: See Appendix A. n

In the symmetric case, Proposition III.1 simplifies as follows.
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Corollary II1.1: Let D > 0 be such that (D, D) is an achiev-
able distortion pair for the point-to-point problem. If

< 2

s (15)

=2l

then the pair (D, D) is achieved by the uncoded scheme with
time-k channel input

P

Xi(a,a) = 20°(1+ p)

(Sik+S2k), ke{l,2,...,n}.

Corollary III.1 can also be verified without relying on
Proposition III.1. This is discussed in the following remark.

Remark I11.2: The distortions resulting from the uncoded
scheme with any choice of («, 3) such that « = 3 are

- s P(1—p)+2N

Dia,a) =0 P+ N) i €{1,2}.

By evaluating the necessary and sufficient condition of (9) for
the case where D1 = Dy = D, it follows that this is indeed the
minimal achievable distortion for all P/N satisfying (15).

We now return to our multiple-access problem.

IV. MAIN RESULTS

A. Necessary Condition for the Achievability of (D1, D3)

Theorem IV.1: A necessary condition for the achievability of
a distortion pair (D1, D2) is

1 Pi+ P+ 2p\/PIP
RSlaSQ(D17D2>S§10g2 <1_|_ 1 2 Pm>

N
(16)
Proof: See Appendix B. O

Remark IV.1: Theorem IV.1 can be extended to a wider
class of sources and distortion measures. Indeed, if the source
is any memoryless bivariate source (not necessarily zero-mean
Gaussian) and if the fidelity measures dj(s1,51) > 0 and
da(82,82) > 0 that are used to measure the distortion in recon-
structing each of the source components are arbitrary, then the
pair (D1, D2) is achievable with powers Py, P> only if

inf (S, S2; 81, 52)
PSI,SZ\SI,SZ:

E[d1(S1,81)]< Dy
E[d2(S2,582)|< D2

1 Py + Py + 2pmax vV P1 P
§§10g<1+ 1+ 2+ 2p 1 2) a7

N

where pp,.x i the Hirschfeld—Gebelein—Rényi maximal corre-
lation between S7 and S5, i.e.,

Pmax = SupE[g(Sl)h(SZ)] (18)
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where the supremum is over all functions g(-), h(-) satisfying

Elg(S1)] = E[A(S2)] = 0 (19)

and

E [¢°(S1)] = E[h*(S,)] = 1. (20)
For the bivariate Gaussian memoryless source, condition (17)
reduces to (16) because in this case ppmax i equal to p [21,
Lemma 10.2, p. 182].

Remark 1V.2: The necessary condition of Theorem IV.1
corresponds to the necessary and sufficient condition for the
achievability of a distortion pair (D1, Ds) when the source
{(S1,k,S2,)} is transmitted over a point-to-point AWGN
channel of input power constraint Py + P> + p/ P P> (see
(9)). This is no coincidence. The proof of Theorem IV.1 (see
Appendix B) indeed consists of reducing the multiple-ac-
cess problem to the problem of transmitting the source
{(S1,k,S2,)} over an AWGN channel of input power con-
straint P; + P> + p/ Py Ps.

Theorem IV.1 also generalizes to the multivariate case with
more than two source components.

Proposition 1V.1: Consider the extention of our problem (as
described in Section II) to the multivariate case with v jointly
Gaussian source components, each of zero-mean and variance
o2, and v corresponding transmitters. Denote the source output
v-tuple at time k by (Sik,S2k,...,S,k), the correlation
coefficient between the source components S; ;, and S;; by
pij» the channel input power constraint associated to source
component/transmitter ¢ € {1,2,...,v} by P;, and the dis-
tortion on source component ¢ € {1,2,...,v} by D;. Finally,
denote the rate-distortion function on the source v-tuple by
Rs,, . s,(D1,...,D,). Then, a necessary condition for the
achievability of a distortion tuple (D1, Ds, ... D,) is that

N

v—1 v
Pi+23% > lpijl/Pib;
i=1 i=1 j=i+1

21

Proof: See Appendix B-B. O

We now specialize Theorem IV.1 to the symmetric case. We
combine the explicit form of the rate-distortion function in (10)
with (16) and substitute (D, D) for (D1, D3) to obtain:

Corollary IV.1: In the symmetric case

2 P(1=p*)+N P
2P(14+p)+ N for

2 (1-p*)N
a2/ 2P(1—fp)+N for &
Corollary IV.1 concludes the section on the necessary con-
dition for the achievability of a distortion pair (D1, Dy). We

2l
m
/N
L

—
Bt
)
[

D*(027P7P7N) Z

!
V
S
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Lk | f1( )(.) Ry )(1n)(') S1,k
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S. =(n R “(n S‘
2,k pz( )() 2 N ¢); )() 2,k

Fig. 4. Distributed source coding problem for a bivariate Gaussian source.

now compare this necessary condition to several sufficient con-
ditions. The first sufficient condition that we consider is based
on conventional source-channel separation.

B. Source-Channel Separation

As a benchmark we now consider the set of distortion pairs
that are achieved by combining the optimal scheme for the cor-
responding source-coding problem with the optimal scheme for
the corresponding channel-coding problem.

The corresponding source-coding problem is illustrated in
Fig. 4. The two source components are observed by two separate
encoders. These two encoders wish to describe their source se-
quence to the common receiver by means of individual rate-lim-
ited and error-free bit pipes. The receiver estimates each of the
sequences subject to expected squared-error distortion. A de-
tailed description of this problem can be found in [5], [6]. The
associated rate-distortion region is given in the next theorem.

Theorem IV.2 (Oohama [5]; Wagner, Tavildar, Viswanath
[6]): For the Gaussian two-terminal source coding problem
(with source components of unit variances) a distortion-pair
(D1, D5) is achievable if, and only if

(R1, R2) € R1(D1) N R2(D2) N Reum(D1, D2)

where

1 (1= p*)B(D1, D2)
> —logy ’
Bt 2 5 logs [ 2D, D,
with
4p2D1D2
,B(DLDQ):I-F 1+m.

The distortions achievable by source-channel separation now
follow from combining Theorem IV.2 with the capacity of the
Gaussian multiple-access channel (see, e.g., [22] and [23]). We
state here the explicit expression for the resulting distortion pairs
only for the symmetric case.
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Corollary IV.2: In the symmetric case, a distortion D is
achievable by source-channel separation if, and only if

» VNV +2P(1 = 7))
2P+ N '

D>c

We next consider several combined source-channel coding
schemes. The first scheme is an uncoded scheme.

C. Uncoded Scheme

In this section, we consider an uncoded transmission scheme,
which, as we show, is optimal below a certain SNR-threshold.

The uncoded scheme operates as follows. At every time in-
stant k, Encoder i € {1,2} produces as channel input X j
a scaled version of the time-k source output S; ;. The corre-
sponding scaling is such that the average-power constraint of
the channel is satisfied. That is

P:
XN =) —=Sik,
1,k o2 L,k

ke{1,2,...,n}.

Based on the resulting time-/ channel output Y%, the decoder
then performs an MMSE estimate .S;";. of the source output S;
ie{l,2},ke{1,2,...,n}. Thatis

St =E[Sixi], ke{1,2,....n}

The expected distortions (D7, DY) resulting from this uncoded
scheme as well as the optimality of the scheme below a certain
SNR-threshold are given in the following theorem.

Theorem IV.3: The distortion pairs (D}, DY) resulting from
the described uncoded scheme are given by

DY — o2 (1_02)P2+N (22)
Y P+ Pyt 2pyPiP + N
1-p)P+ N
Du:JZ ( p)1+ (23)

? P+ Py 4+2p/P P, + N’

These distortion pairs are optimal, i.e., lie on the boundary of
the distortion region, whenever

Pa(1 = p)2 (P14 2pV/PiP2) < Np(2P2(1 = p) + N).
(24)

Proof: The evaluation of (D}, DY) leading to (22) and (23)

is given in Appendix C. Based on the expressions for Di and
Dy the optimality of the uncoded scheme now follows from
verifying that for all P;, P, and N satisfying (24) the corre-
sponding distortion pair (D7, D¥) satisfies the necessary con-
dition (16) of Theorem IV.1 with equality. To verify this, one
can first verify that for all Py, P» and N satisfying (24) we have
(D}, Dy) € Ds. (]

Remark 1V.3: The optimality of the uncoded scheme can
also be derived in a more conceptual way. To see this, denote
by Dyviac(a?, p, P, P2, N) the distortion region for our mul-
tiple-access problem, and by Dprp(a?, p, P, N) the distortion

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 6, JUNE 2010

region for the point-to-point problem of Section III. The opti-
mality of the uncoded scheme for the multiple-access problem
now follows from combining the following three statements.
A)

DMAC(UZ;P:PMP%N)
C DPTP(027P7P1 +P2+2pvP1P27N)~

Statement A) is nothing but a restatement of Theorem IV.1 and

Remark IV.2.

B) For the point-to-point problem of Section III with
power constraint P = P + Po + 2p/ P Ps, let
(D¥(ex, B), D¥(ar, 3)) be a distortion pair resulting from
the uncoded scheme of Section III-C. For every «, 3 > 0,
resulting in a channel input sequence {X}} that satisfies
the power constraint (8) with equality, we have that if

P1+P2+2pvP1P2<
N <

L(Di(a,8), 0%, p)

where I' is the threshold function defined in (13),
then (D}(a, ), Dy(a,)) lies on the boundary of
Dprp(o?,p, P1 + Ps + 2p\/Pi P2, N).

Statement B) follows by Proposition III.1 and because the set

of distortion pairs (DU (a, ), Dy(c, 3)) resulting from all

a, 3 > 0 for which (8) is satisfied with equality, is a convex

line segment in the (D;, D2)-plane, and, thus, every such pair

(D¥(e, B), D¥(ar, 3)) lies on the boundary of the distortion

region.

C) Let (D¥(a, ), D¥(a, 8)) be the distortion pair resulting
from the uncoded scheme for the point-to-point problem,
and let (D}, DY) be the distortion pair resulting from the
uncoded scheme for the multiple-access problem. Then, if

| P | P
o= U—; and (= U—;

(Di(a, B), D(a, B)) = (DY, Dy).

then

Statement C) follows since in the multiple-access problem with
channel inputs «S1  and 355 i, the channel output

Yi =aSi1r+ BS2k + Zi

mimics the channel output of the uncoded scheme for the
point-to-point problem with channel input a5 + (S .
Thus, while in the multiple-access problem the encoders cannot
cooperate, the channel performs the addition for them, and since
the reconstructors are the same in the multiple-access problem
and the point-to-point problem, the resulting distortions are the
same in both problems.
Combining Statements A), B), and C) gives that if

P1+P2+2p\/P1P2

N <T(D},0”, p)

(25)
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then (D}, DY) lies on the boundary of Dyac(a?, p, Pr, P2, N),
i.e., the uncoded scheme for the multiple-access problem is op-
timal. The threshold condition (24) now follows by (25) and
from substituting therein the value of D7 by its explicit expres-
sion given in (22).

Remark IV.4: In analogy to Remark IV.3, it can also be
shown for the multivariate setup of Proposition IV.1 that if the
correlation coefficients p;; between the source components are
all strictly positive, then uncoded transmission is optimal below
some strictly positive SNR-threshold, i.e., that the extension
of the scheme described at the beginning of this section to the
v-variate case results in a distortion tuple (D}‘7 Dy, ..., D,‘j)
that lies on the boundary of the distortion region of the corre-
sponding problem. The respective statements correponding to
A), B), and C) of Remark IV.3 are as follows.

A') The distortion region for the multiple-access problem with
power constraints P;, i € {1,2,...,v}, is a subset of the
distortion region of the associated point-to-point problem
with power constraint

(26)

v v—1 v
P:ZPZ+2Z Z Pij\/Pin-
i=1

i=1 j=i+1

Statement A’) follows from Proposition IV.1 and the adaptation

of Remark IV.2 to the v-variate case.

B") Toevery v-tuple of positive constants o, . . ., ,, there cor-
responds some threshold power P’ > 0 such that the fol-
lowing holds: If P < P’ and the positive constant « is such
that the second moment of a(alSLk + -+ a,,S,,JC) is
P, then an uncoded transmission scheme that sends X; =
a(alSLk + o+ a,/S’,/7k) achieves a distortion tuple that
is on the boundary of the optimal distortion region of the
point-to-point problem with allowed power P.

To prove Statement B’) it suffices to show that, for the

point-to-point source-coding problem, a scheme where the

transmitter only describes to the receiver a linear com-
bination o351, + --- + @,5,, whenever the available
source-coding rate is below some threshold, results in a distor-
tion tuple that lies on the boundary of the optimal distortion
region. It then follows by Goblick’s result [1] that for the
point-to-point problem an uncoded transmission scheme that
sends X = a(alSLk + 4 oz,,S,Ak) achieves a distortion
tuple that is on the boundary of the distortion region whenever

the allowed power P is below some threshold P’.

An optimal scheme for the source-coding problem is

described in [18, Appendix A.2, pp. 24 and Remark A.2,

p- 26]. It consists of scaling the source components with some

coefficients cy,ca,...,¢, > 0; unitarily decorrelating the
tuple (c151,k,¢252k,.-.,¢,Syk) to obtain v independent
random variables Vi, Va,...,V,; and then applying the re-
verse waterfilling principle on Vi, Vs, ... V,. Combining the

generalizations, to the multivariate case, of [18, Remark A.4,
p- 27] and [18, Remark A.3, Part ii), p. 26] yields that for
every ci, ca, . .., ¢, > 0 the distortion tuple resulting from this
scheme lies on the boundary of the optimal distortion region.
It, thus, remains to show that for every aq, ..., a, > 0 there

’ ’

exist ¢1, ¢g, . .., ¢, > 0 and some positive rate-threshold below
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which this scheme reduces to describing to the receiver only
the linear combination @151 + --- + @, S, . To show this,
we use the following lemma.

Lemma IV.1: Let S1,...,S, be as in Proposition IV.1
with the additional assumption that the pairwise correlations
are all positive. To every aq,a9,...,, > 0 there corre-

spond ¢y, Ca, ..., c, > 0 such that: the covariance matrix A of
(c1S1k,€2582k,...,¢u Sy k) has a largest eigenvalue A* = 1
of algebraic multiplicity 1; corresponding to A* there is an
eigenvector u* of positive components 7, ..., u,; and

ujcy aq

U5Co o
= I 27

uycy ay

Proof: Let

c; = e (28)

where p;; is the correlation coefficient between S; , and S; 1,
and define .

up =— i €{1,2,...,v}.
By (29) it follows immediately that (27) holds. Also, for u* as
defined in (29), and ¢; as in (28), it is easily verified that u* is an
eigenvector of A with corresponding eigenvalue 1: one merely
computes A, substitutes u* as given in (29), and verifies that
Au* = u*.

It remains to prove that 1 is the largest eigenvalue of the co-
variance matrix A, and that its algebraic multiplicity is 1. To this
end, we first note that the matrix A is (componentwise) positive.
This follows because the pairwise correlations of Sy ¢, ..., Sy
are positive and because the ¢;’s as defined in (28) are positive.
Because A is positive and because u* is a positive eigenvector
of A, it now follows from [28, Theorem 1.2.2, pp. 5] that 1 is the
largest eigenvalue of A and that its algebraic multiplicity is 1. [J

(29)

For given c¢j,c2,...,¢, > 0, consider the result
Vi, Va,...V, of decorrelating (c¢151,%,c252ks---,CuSuk)
using a unitary matrix. Among Vi, Vs,...V,, the random
variable with the largest variance is given by

uie1S1k + uscaSop + - +upc, Sy (30)

where u* is the eigenvector corresponding to the largest eigen-
value of the covariance matrix A of (¢15S1 ;. .. ¢, Sy x). Conse-
quently, by Lemma IV.1, c.f. (27), to every a1, oo, ..., >0
there correspond some ¢y, ca, ..., ¢, > 0 such that among the
Vi, Va, ...V, above, the one with the largest variance is

a1S1p + Sk + -+ @, Sy k. 3D

Thus, by Lemma IV.1 and by the reverse waterfilling principle,
which is used in the optimal source-coding scheme, it follows
that for every ag,...,q, > 0 there exists some positive rate-
threshold below which the optimal source-coding scheme re-
duces to describing to the receiver only the linear combination
alsl,k + -+ al/SV,k'
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Fig.5. Upper and lower bounds on D* (o2, p, P, N') for a source of correlation
coefficient p = 0.5.

C") For the point-to-point problem, the uncoded transmission
scheme with channel input X, = o; S1 x4+ -+ 1S
and

a; = %, ie{1,2,...,v}
results in the same distortion tuple as the uncoded trans-
mission scheme for the multiple-access problem.

Statement C’) holds because first, in the multiple-access case

the channel performs the addition of the channel inputs X; ;, =

V/Pi/o%Sik, 1 € {1,2,...,v} and, thus, mimics the channel

output of the uncoded scheme of the point-to-point problem,

and second, in the point-to-point problem and the multiple-ac-
cess problem the reconstructors of the corresponding uncoded
schemes are the same.

That also in the multivariate version of our multiple-access
problem uncoded transmission achieves a point on the boundary
of the corresponding distortion region now follows from com-
bining Statements A’), B’), and C’).

We now specialize Theorem IV.3 to the symmetric case:

Corollary IV.3: In the symmetric case

p
I

D*_O_2P(1_p2)+N

- 2P(1+4p)+ N’ (32)

for all % < 5
where we have used the shorthand notation D* for
D*(02,p, P, N). Moreover, for all SNRs below the given
threshold, the minimal distortion D* (o2, p, P, N) is achieved
by the uncoded scheme.

The upper and lower bounds on D*(o2, p, P, N) of Corol-
laries IV.1-1V.3 are illustrated in Fig. 5 for a source of correla-
tion coefficient p = 0.5. For SNRs below the threshold of (32)
(marked in Fig. 5 by the dashed line) the uncoded approach per-
forms significantly better than the separation-based approach.
However, for SNRs above the threshold of (32) the performance
of the uncoded scheme deteriorates. By the expressions in (22)
and (23), we obtain that in the symmetric case
1-p

lim D} = o2 ,
2

P/N — oo

i€ {1,2}. (33)

That is, as P/N — oo the distortion D}' does not tend to zero.
The reason is that as the noise tends to zero, the channel output
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Fig. 6. Encoder of vector-quantizer scheme.

corresponding to the uncoded scheme tends to Sy + 3S,, from
which S; and S» cannot be perfectly recovered.

D. Source-Channel Vector-Quantizer Scheme

In this section, we propose a coding scheme that improves
on the uncoded scheme at high SNR. It also outperforms the
source-channel separation approach. In this scheme the signal
transmitted by each encoder is a vector-quantized version of its
source sequence. In contrast to the separation-based scheme,
the vector-quantized sequences are not mapped to bits before
they are transmitted. Instead, the vector-quantized sequences are
fed directly to the channel themselves. This transfers some of
the correlation from the source to the channel inputs with the
channel inputs still being from discrete sets, thereby enabling
the decoder to make distinct estimates of S; and of S». For this
scheme, we derive the achievable distortions and, based on those
and on the necessary condition of Theorem IV.1, deduce the
high SNR asymptotics of an optimal scheme.

The structure of an encoder of our scheme is illustrated in
Fig. 6. First, the source sequence S; is quantized by a rate-R;
vector-quantizer. The resulting quantized sequence is denoted
by U7 . For its transmission over the channel, this sequence is
scaled so as to satisfy the average-power constraint of (4). That
is, the channel input sequence X; is given by

P
o2(1— 2 2R

Based on the channel output Y resulting from X; and Xs, the
decoder then estimates the two source sequences S and Ss. It
does this in two steps. First, it tries to recover the sequences
U7 and U3 from the channel output sequence Y by performing
joint decoding that takes into consideration the correlation be-
tween U7 and U3. The resulting decoded sequences are denoted
by U, and U, respectively. In the second step, the decoder
performs approximate MMSE estimates S;, i € {1,2}, of the
source sequences S; based on ﬂl and ﬂg, i.e.,

X; = U;, i€ {1,2}.

Si =71 U1 + 72U,
~E [Si[01, 0]

A detailed description of the scheme is given in Appendix D.
The distortion pairs achieved by this vector-quantizer scheme
are stated in the following theorem.

Theorem 1V.4: The distortions achieved by the vector-quan-
tizer scheme are all pairs (Dy, Ds) satisfying

1 — p2(1 — 27 2Rz)
1- 2
1—p*(1—27%%)

1- 52

Dy >g%27 2.

Dy > %2728
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where the rate-pair (R1, R2) satisfies

1 P(1-p*)+ N
Ry < <1 —_— Y 34
1 < 9 0o < N(l _ ,52) ( )
1 Py(1-p*) + N
Ry < =1 —_— Y 35
2 < 92 0go < N(l — ﬁZ) ( )
1 Py + P, +2p\/PiP, + N
R+ Ry <=1 36
1+ 2<20g2< N = ?) (36)
and where
p=py/(1 - 272Ra)(1 — 272Re). (37)
Proof: See Appendix D. O

Remark IV.5: The coefficient p corresponds to the asymptotic
average correlation coefficient between two time-k channel in-
puts X j and Xo 1.

Based on Theorem IV.4, we now derive two more results:
we show that for the symmetric version of our problem,
source-channel separation is suboptimal also at high SNR, and
we determine the precise high-SNR asymptotics of an optimal
scheme. We begin with the sub-optimality of source-channel
separation. To this end, we restate Theorem IV.4 more specifi-
cally for the symmetric case.

Corollary IV.4: In the symmetric case
1—p*(1 —27%F)
1—p2(1—22R)2

D*(0?,p,P,N) <o?2728

where

1 2P(1+p(1 —272R)) + N

R < g, (2P0 +0L ) +
1 N(L— p?(1 -2 2R))

By comparing the achievable distortion of the vector-quan-

tizer scheme (Corollary IV.4) with the achievable distortion of
the separation-based scheme (Corollary IV.2) we obtain:

Corollary IV.5: In the symmetric case with p > 0, source-
channel separation is suboptimal for all P > 0.

We turn to the high-SNR asymptotics of an optimal scheme.
To this end, let (D7, D) denote an arbitrary distortion pair re-
sulting from an optimal scheme. For a subset of those distor-
tion pairs, the high SNR behavior is described in the following
theorem.

Theorem 1V.5 (High-SNR Distortion): The high-SNR asymp-
totic behavior of (D7, D3) is given by

lim P+ P+ 2pV P Py
N—0 N

DiD; = o*(1 - p?)

provided that D} < ¢% and D} < o2, and that

lim

=0 and i B hs T

Ny PD; 0- (38)

Proof: See Appendix E. O

We restate Theorem IV.5 more specifically for the symmetric
case. Since there D = D4 = D*(a?2, p, P, N), condition (38)
is implicitly satisfied. Thus:
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Corollary IV.6: In the symmetric case
. P_. 5 5 [1=p
P/]lTuE)OOHND (6%,p,P,N)=0 — (39)

Remark IV.6: Corollary IV.6 can also be deduced without
Theorem IV.5, by comparing the distortion of the vector-quan-
tizer scheme in Corollary IV.4 to the lower bound on
D*(a2,p, P, N) in Corollary IV.1.

For some intuition on the coefficient on the RHS of (39), let
us first rewrite (39) as follows:

N(1-p?)

D*(o?,p,P,N) ~ 02| ———2,
(%, P, ) 2P(1 + p)

P>>1
as — .
N

Next, let us compare this asymptotic behavior to that of two
suboptimal schemes: the best separation-based scheme and the
suboptimal separation-based scheme that completely ignores
the source correlation, i.e., the best scheme where the transmit-
ters and the receiver treat the two source components as if they
where independent. Denoting the distortion of the best separa-
tion-based scheme by Dgp and the distortion of the scheme that
ignores the source correlation by Dic, gives

N(1 - p2) P
2 [N —p7) r
5p , asN>>1

| N P
Dic ~ 0%y — — 1.
cC RO 2P’ as N >

The asymptotic expression for Dgp follows by Corollary IV.2
and the asymptotic expression for D¢ follows from combining
the rate-distortion function of a Gaussian random variable, see,
e.g., [24, Theorem 13.3.2, p. 344], with the capacity region of
the Gaussian multiple-access channel, see, e.g., [24, Section
14.3.6, p. 403].

The asymptotic behavior can now be understood as follows.
The denominator under the square-root corresponds to the av-
erage power that the scheme under discussion produces on the
sum of the channel inputs X ;, + X ;. In the two separation-
based approaches this average power is 2P, and in the vector-
quantizer scheme this average poweris 2P(1+p) as P/N — cc.
The numerator under the square-root consists of the noise vari-
ance N multiplied by a coefficient reflecting the gain due to the
logical exploitation of the source correlation. For the scheme
ignoring the source correlation this coefficient is, by definition
of the scheme, equal to 1, i.e., no gain, whereas for the best
separation-based scheme and for the vector-quantizer scheme
this coefficient is equal to 1 — p2. The means by which this
gain is obtained in the best separation-based scheme and in the
vector-quantizer scheme are fundamentally different. In the sep-
aration-based scheme the gain is achieved by a generalized form
of Slepian—Wolf coding (see [5]), whereas in the vector-quan-
tizer scheme the gain is achieved by joint-typicality decoding
that takes into consideration the correlation between the trans-
mitted sequences U7 and U3 (see Theorem IV.4). The corre-
sponding advantage of the vector-quantizer scheme is that by
performing the logical exploitation only at the receiver, it addi-
tionally allows for exploiting the source correlation in a physical

DSB o
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way, i.e., by producing a power boost in the transmitted signal
pair.

E. Superposition Approach

The last scheme of this paper is a combination of the previ-
ously considered uncoded scheme and vector-quantizer scheme.
One way to combine these schemes would be by time- and
power-sharing. As stated in Remark II.1, this would result in
a convexification of the union of the achievable distortions of
the two individual schemes. In this section, we propose a better
approach where the two schemes are superimposed. In the sym-
metric case, this approach results in better performances than
time- and power-sharing, and for all SNRs, the resulting dis-
tortion is very close to the lower bound on D*(o?2, p, P, N) of
Corollary IV.1. We also point out that for the simpler problem
of transmitting a univariate memoryless Gaussian source over
a point-to-point AWGN channel subject to expected squared-
error distortion, a similar superposition approach was shown in
[25] to yield a continuum of optimal schemes.

The superimposed scheme can be described as follows. The
channel input sequence X; produced by Encoder , i € {1,2},
is a linear combination of the source sequence S; and its rate- R;
vector-quantized version U7 . That is

X; = a;S; + 6, U} (40)

where the sequence U is obtained in exactly the same way as
in the vector-quantizer scheme, and where the coefficients «;
and (3; are chosen so that the sequence X; satisfies the power
constraint (4), and so that the receiver can, with high probability,
recover the transmitted codeword pair (U7, Uj). As we shall
see, these two conditions will be satisfied as long as «; and f3;,
i € {1, 2} satisfy to within some €’s and §’s

P, — a?o?2-2R:

(For a precise statement see Appendix F).

From the resulting channel output Y = X3 + X5 + Z, the de-
coder then makes a guess (ﬁl , ﬂz) of the transmitted sequences
(U%,U3%). This guess is obtained by joint typicality decoding
that takes into consideration the correlatlon between U7, U3,
S:1 and S». From the sequences Ul, U2, and Y, the decoder
then computes approximate MMSE estimates S; and S, of the
source sequences S; and So, i.e.,

Si=7Ui+72U0:+ 7Y, i€f{l2} @2
where the coefficients -;; are chosen such that S: ~

E[Si|Y,fJ1,fJZ]. To state the explicit form of coefficients
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7i;» define for any rate pair (R1, R2), where R; > 0, the 3 x 3
matrix K(R1, R2) by

. kit ki2 ki
K(R1,R2) = | kiz koo kog (43)
kiz ka3 ka3
where
k11 202(1 —_ 2_2R1)
kip =0p(1 — 272F1)(1 — 2722
kiz = (o1 + 1 + azp)kit + Bakiz
k22 :0'2(1 — 2_2R2)
kag = (a2 + P2 + a1p)kaz + Frkio
k33 = Oé%()’2 + 20&1,81'(11 + 20&10&2/)02 + 20&1ﬂ2pk22
+ BEkiy + 2B1azpky1 + 261 Pokia + 202 2kan
+ a30? + Bikoy + N.
The coefficients vy;; are then given by
Vi1 . Ci1
Yio | £ KRy, R2) | ci i€ {1,2} (44)
Vi3 Ci3
where
ci1 =k
c12 = pkao
c13 = (a1 + a2p)o” + Prkir + Bapkas
Co1 = pki1
Co2 =kaa

co3 = (a2 + a1p)a” + Prpkit + Bokao.
The distortions achieved by the superimposed scheme are now
given in the following theorem.

Theorem IV.6: The distortions achieved by the superposition
approach are all pairs (D1, Dy) satisfying

D; > 0% — yi1Ci1 — Yi2Cia — YisCiz, 4 € {1,2}
where the rate-pair (R1, R2) satisfies
1 B2ki1(1 — p%) + N’
R —1
1<20g2< N,(l_p)
1 kzg(l—pz)‘f'N/
R —1
< om(
1 k k 2 ki1k N’
Ri+ R, <§log2<ﬂ1 1+ 8% 2§vj-(1!iﬂ1ﬂ)2v 11k + >

for some a1, as, 41, and fs satisfying (41) and where

N = a%yl + Oégllg + 21903 + N 45)
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where

v =0’ — (1- alﬁ)2k11 —2(1 —a1p)aikis — a%kQZ
vy =0% — (1 — azp)?kozy — 2(1 — asp)askiz — askiy
vy =po” — (1 — a1p)(1 — a2p) + ara2) ka2

— (1 = a1p)askys — (1 — azp)arkss

with
B1 =a1(1 —a1p) + 1 + asas (46)
By = aa(1 — azp) + P2 + caay 47)
and with
p2—2R1 (1 _ 2—2R2) p2—2R2(1 _ 2—2R1)
a1 = n ) a2 = o
1
(48)
where
mo=(1—272) 952\ [(1 - g2 )(1 - g-2me)
+ (1 — 272 (49)
= (1= 27 = 257 /(1 - 2-280)(1 — 2728
+p7(1—272), (50)
Proof: See Appendix F. O

In the symmetric case where Py = P, = P, R1 = Ro = R
and where a; = ag = cand 81 = (2 = f3, the matrix K(R, R)
and the coefficients -;; reduce to

ki ko ks
K(R,R)= | ka ki ks
ks ks kg
where
ki =02(1 —272F)
k2 :0_2p(1 _ 2—2R)2
ks =(a+ B+ ap)ks + Bko
k4 = 2OZC3 + 2,8k3 + N
and
Y1 . C1
Y2 = Kil(Rv R) Co
3 C3
where
C1 = kl
Co = pk1

c3 = (ao” + fk1)(1 + p).

Thus, in the symmetric case Theorem I'V.6 simplifies as follows.

Corollary IV.7: With the superposition approach in the sym-
metric case we can achieve the distortion

inf{o? — y1c1 — y2co — v3c3}
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source-channel separation

\ / vector-quantizer
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06 ¢ \ ; uncoded

super-imposed

D/a?

0.4

0.2

0 1‘ 2 3 4
P/N

Fig.7. Upperand lower bounds on D* (o2, p, P, N') for a source of correlation
coefficient p = 0.5.

where the infimum is over all rates R satisfying

1 26%k1(1+ p) + N’
R<Zlog2< Bk (1+p) + >

N'(1—p?)

for some a and (3 satisfying

r P — a20222R
o € |:0/ §:| and ﬂ = 0_2(1_—2_2}%) — @ (51)
and where
p —2R
/I ~
g a1+ 500+
and
N’ =2a%(vy +v3)+ N
with
1= pp 2—4R
v = 022_2R—€§, vy =02p =
L—p —p

Fig. 7 illustrates the various bounds on D*(a2, p, P, N).

V. SUMMARY

We studied the power-versus-distortion tradeoff for the dis-
tributed transmission of a memoryless bivariate Gaussian source
over a two-to-one average-power limited Gaussian multiple-ac-
cess channel. In this problem, each of two separate transmit-
ters observes a different component of a memoryless bivariate
Gaussian source. The two transmitters then describe their source
component to a common receiver via a Gaussian multiple-ac-
cess channel with average-power constraints on each channel
input sequence. From the output of the multiple-access channel,
the receiver wishes to reconstruct each source component with
the least possible expected squared-error distortion. Our interest
was in characterizing the distortion pairs that are simultaneously
achievable on the two source components. These pairs are a
function of the power constraints and the variance of the ad-
ditive channel noise, as well as of the source variance and of the
correlation coefficient between the two source components.
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We first considered a different (nondistributed) problem,
which was the point-to-point analog of our multiple-access
problem. That is, we studied the power-versus-distortion
tradeoff for the transmission of a memoryless bivariate
Gaussian source over the AWGN channel, subject to expected
squared-error distortion on each source component. For this
problem, we determined the set of achievable distortion pairs
by deriving the explicit expression for the rate-distortion func-
tion of a memoryless bivariate Gaussian source. Moreover,
we showed that below a certain SNR-threshold an uncoded
transmission scheme is optimal.

For the multiple-access problem, we then derived the fol-
lowing.

* A necessary condition for the achievability of a distor-
tion pair (Theorem IV.1). This condition was obtained by
reducing the multiple-access problem to a point-to-point
problem. The key step was to upper bound the maximal
correlation between the channel inputs by using a result
from maximum correlation theory.

* The optimality of an uncoded transmission scheme below
a certain SNR-threshold (Theorem I'V.3). In the symmetric
case, this result becomes (Corollary IV.3)

P(1-p*)+ N
2P(1+p)+ N

for all P/N < p/(1 — p?). The strength of the underlying
uncoded scheme is that it translates the entire source cor-
relation onto the channel inputs, and thereby boosts the re-
ceived power of the transmitted signal pair. Its weakness
is that it allows the receiver to recover only the sum of the
channel inputs.

* A sufficient condition based on a “source-channel vector-
quantizer” scheme (Theorem I'V.4). The motivation behind
this scheme was to overcome the weakness of the uncoded
scheme. To this end, rather than transmitting the source
components in an uncoded manner, the scheme transmits
a scaled version of the optimally vector-quantized source
components (without channel coding).

* The precise high-SNR asymptotics of an optimal transmis-
sion scheme, which in the symmetric case are given by
(Corollary 1V.6)

P * 2 _ 2 l—p
P/N—>oo\/ND (U’p’P’N)_U'V 2

D*(O—27p7P7N) = 0-2

lim

The achievability part of this result follows from the
“source-channel vector-quantizer” scheme (Theorem I'V.4)
and the inachievability part from the necessary condition
of Theorem IV.1.

e The suboptimality, in the symmetric case, of source-
channel separation at all SNRs. This follows by com-
paring the best separation-based approach (Corollary IV.2)
with the achievable distortions from the “source-channel
vector-quantizer” scheme (Corollary IV .4).

e A sufficient condition based on a superposition of
the uncoded scheme and the vector-quantizer scheme
(Theorem IV.6). In the symmetric case this superposition
approach was shown to be optimal or close to optimal at
all SNRs.
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The presented sufficient conditions indicate that for the effi-
cient exploitation of the source correlation it is necessary not
only to exploit the source correlation in a logical way, e.g.,
by Slepian&ndash;Wolf-like strategies, but to additionally ex-
ploit the source correlation in a physical way. In the considered
schemes, this is done by translating the source correlation onto
the channel inputs. The logical exploitation of the source corre-
lation is then performed at the receiver-side, e.g., by joint-typ-
icality decoding taking into consideration the correlation be-
tween the channel inputs.

APPENDIX A
PROOF OF PROPOSITION III.1

Proposition III.1 pertains to the point-to-point problem of
Section I, in which the source pair {(S1,x, S2,x )} is to be trans-
mitted over an AWGN channel. It states that for an achievable
distortion pair (D1, D) for which the SNR of the channel sat-
isfies P/N < T'(Dy, 02, p), there exist a*, 3* > 0 such that

Di(a*,B*) < Dy and DY(a*,p*) < Ds.

The essence of Proposition III.1 is that the uncoded scheme
proposed in Section II-C achieves every distortion pair
(D1,D5) in D; U D3 with the least possible transmission
power, i.e., with the P for which

R51752(D17D2) = %10g2 (1 + %) .
In Proposition I11.1, the condition (D1, D3) € D1UDj5 is merely
expressed in form of the threshold I'( Dy, 02, p) on P/N.

We start the proof by showing that the uncoded scheme in-
deed achieves every (D1, D) € Dy U D3 with the least pos-
sible transmission power, respectively at the smallest P/N. To
this end, let U (D1, D5) be the smallest P/N at which (D1, Ds)
is achievable, i.e.,

1
R51752(D17D2) = 5 10g2 (1 + \II(DIDZ)) .

We now argue that for every (Dy,D3) € D; U Ds,
there exist «*, [* such that the distortions resulting
from the uncoded scheme at P/N = (D, Ds) satisfy
(D¥(e, B), D¥(ar, B)) = (D1, Ds). To this end, we first recall
that in [1] it is shown that the minimum expected squared-error
transmission of a Gaussian source over a AWGN channel is
achieved by uncoded transmission. Next, we recall that for the
source coding part of the problem studied in Section III, every
(D1, D5) in D1 UDj can be achieved with rate Rg, s, (D1, D2)
by optimally vector-quantizing a linear combination of S; and
So (for details, see [18, Proposition A.1, p. 31]). Thus, since
{(S1k,S2,%)} are jointly Gaussian, and, therefore, each of
their linear combination aS; + (3Ss is also Gaussian, it
follows in combination with [1] that every distortion pair
(D1,D5) € Dy U Dj is achieved at P/N = ¥(Dq, Ds), by
sending at every time instant k € {1,2,...,n}

u _ P
X a,B) = \/02(a2 i ) (aSt + BS2k)

with the appropriate o, 8 > 0.
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It remains to derive the threshold function I'. To this end, first
notice that for an arbitrary fixed D1 € [0,0?], the smaller the
associated Do gets, the larger ¥(D;, D2) becomes, i.e., for a
fixed D, the function ¥ (D1, D2) is decreasing in Dy. Now, for
every Dy € [0,02], let Dy(D;y) be the smallest Dy such that
(D1, D3) € Dy U Ds. Then, for every D; € [0, 02

['(Dy, 0%, p) = W(Dy, Do(Dy)).

Hence, it remains to evaluate ¥ (D1, Dy(Dy)) for every Dy €
[0, o2]. Using the shorthand notation v = a2(1 — p?), we have

P :
Dz(D1)={(U_Dl)tﬂfl)l7 if0<Di<w

52
0, if D;>v. (52)

For D; > o%(1 — p?) it immediately follows that
['(D1,02%,p) = oo. For 0 < Dy < o0%(1 — p?) the value
of W(Dy,Dy(D1)), and, hence, the value of I'(Dy,02, p)
follows from solving
4 2
] o*(1—-p?) _ 2):110g2<1+£> (53)
D1Ds—(po?— (D1, Dy)) 2 N

where (D1, D>) is defined in (11), and where we have used the
shorthand notation D5 for D(D1). From (52), we now get

1
ZloeT
B 089

po? — \/(02 — Dy)(02 = Dy) = 0.

Thus, (53) reduces to

o*(1—p?) P
DD +N >4
which, by (52), can be rewritten as
P 41— p?) —202D,(1 — p?) + D?
P_of1=p)=20°Di(L=p) + DY o

N D1 (02(1—p2)—D1)

This is the threshold given in Proposition III.1 whenever 0 <
D; < o?(1 - p?).

To conclude the proof, we justify the restriction to o > 0 and
[ > 0. This restriction is made because from the expressions for
DV (a, 3) and DY (a, B) it follows that it incurs no loss in per-
formance. This is so, since p > 0, and, thus, the uncoded trans-
mission scheme with the choice of («, ) such that a8 < 0
yields a distortion that is uniformly worse than the choice of
(Je|,18]), and every distortion pair achievable with o, 5 < 0,
is also achievable with (|a], |3]). Thus, without loss in perfor-
mance, we can limit ourselves to o, 5 > 0. O

APPENDIX B
PROOF OF THEOREM 1V.1

We begin with a reduction.

Reduction B.1: There is no loss in optimality in restricting

the encoding functions to satisfy
E[X;x] =0, forie{l,2}, andallkeZ.  (56)
Proof: We show that for every achievable tuple
(D1, Dy,02,0%,p, P, Py, N), there exists a scheme with
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encoding functions satisfying (56) that achieves this tuple.
To this end, let (D1, Do, 02,02, p, P1, P>, N) be an arbitrary
achievable tuple. Further, let {f{™}, {£{™}, {¢(™} be se-
quences of encoding and decoding functions achieving this
tuple. If the encoding functions { ™}, {#{™} do not satisfy
(56), then they can be adapted as follows. Before sending the
codewords over the channel, the mean of the codewords is
subtracted so as to satisfy (56), and at the channel output this
subtraction is corrected by adding this term to the received
sequence before decoding. O

In view of Reduction B.1, we restrict ourselves, for the re-
mainder of this proof to encoding functions that satisfy (56).
The key element in the proof of Theorem I'V.1 is the following.

Lemma B.1: Any scheme satisfying condition (56) and the
original power constraints (4), also satisfies

1 n
~ Y E(Xup+ Xo)’) < Pt Prt 20/ PP (5T)
k=1

Proof: See Appendix B-A. O
Based on Lemma B.1, the proof of Theorem IV.1 is now ob-
tained by relaxing the original problem as follows. First, the
power constraint of (4) is replaced by the power constraint of
(57). Then, under the power constraint of (57), the two transmit-
ters are allowed to fully cooperate. These two relaxations reduce
the original multiple-access problem to a point-to-point problem
where the source sequence {(S1,x,S2,)} is to be transmitted
over an AWGN channel of power constraint P+ Py +2p\/ Py P>
and noise variance N. For this point-to-point problem, a neces-
sary condition for the achievability of a distortion pair (D1, D2)
follows by source-channel separation, and is

P1+P2+2p\/P1P2)

1

Rs,.5,(D1, D) < 5 log, (1 + N

(58)
It is now easy to conclude that (58) is also a necessary condition
for the achievability of a distortion pair (D;, D2) in the orig-
inal multiple-access problem. This simply follows since (58) is
a necessary condition for the achievability of a distortion pair
(D1, D3) in a relaxed version of the multiple-access problem.

This concludes the proof of Theorem IV.1. O

A. Proof of Lemma B.1
The key to Lemma B.1 is as follows:

Lemma B.2: For any coding scheme with encoding func-
tions of the form (3) that satisfy the power constraints (4) and
condition (56) of Reduction B.1, and where the encoder input
sequences are jointly Gaussian as in (1) with non-negative
correlation coefficient p and equal variances 07 = 02 = o2
(Reduction II.1), any time-k encoder outputs X j and Xg

satisfy

(59)

E[X1 X2k < P\/E [ka} \/E [X%k}
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Proof: Lemma B.2 follows from two results from Max-
imum Correlation Theory. These results are stated now.

Theorem B.1 (Witsenhausen [27]): Consider a sequence of
pairs of random variables {(W1 ., W2 i)}, where the pairs are
independent (not necessarily identically distributed). Then

sup E[ggn)(W1)g§n)(W2)i|

ng)’g;n)

< sup
1<k<n
91,k,92,k

E[g1k (W) g2 (Wa)| - (60)

where the supremum on the LHS of (60) is taken over all func-
tions ¢™ : R" — R, satisfying

E [gg") (Wi)] —0, ie{1,2)

and

E [(g,@ (W,;)ﬂ =1, ie{1,2}

and the supremum on the RHS of (60) is taken over all functions
gik : R— R, satisfying

E[off) Wiw)] =0, ief1,2)

and

E [(g,ff};) (Wi”“)ﬂ =1, ie{1,2}.

Proof: See [27, Theorem 1, p. 105]. ]

Lemma B.3: Consider two jointly Gaussian random variables
W1, and W ;, with correlation coefficient pj. Then

sup E[gl,k(Wl,k)gz,k(Wzk)} = |pxl

91,k,92 k

where the supremum is taken over all functions g; , : R — R,
satisfying

E[ghk(m,k‘)] =0, (XS {12}
and
E[(9ir(Win))?] =1, i€ {1,2}.
Proof: See [21, Lemma 10.2, p. 182]. O

Lemma B.2 is now merely a consequence of Theorem B.1 and
Lemma B.3 applied to our setup. To see this, substitute W5 and
W, by the source sequences S; and S,, and let the functions
g™ () and g{™ (") be the encoding sub-functions that produce
the time-% channel inputs X j and X ¢, i.e., gE")(Si) = Xi k.
Then, for every k € {1,2,...,n}

E[ X1 1 X2k n n
XX oy E[of ($1687(50)]
\/E[Xl,k]\/E[XZ,k] gt
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a)
< sup E[g1x(S1,£)92,6(S2)]
1<k<n

91.,k:92,k

b)
<p

(61)

where a) follows from Theorem B.1 and b) follows
from Lemma B.3 and from our assumption that p > 0
(Reduction II.1). Thus, for every time &

E[X10Xou] < p(EXZ VBN (@)

which is the bound of Lemma B.2. O

Using Lemma B.2, we can now prove the bound of
Lemma B.1 as follows:

1 n
- Z E[(X1x + Xox)%
k=1

1 — l — 1 —
== E[x?2 = 2 = ‘
" Z [XT ]+ " Z E[XT ]+ 2n E[X1,1X2,1]
k=1 k=1 k=1
1 n
<Pi+P+2- E[X X
S+ P+ ” ; (X1, X2,k

a) 1 n

< P+ P+ 2,05 kz_:l \/E[X%,k]\/E[XQZ,k]

b) 1 |« ~

< P +P2+2,0; ZE[Xlzk] ZE[XZZ,IC]
k=1

k=1

1
S P1—|—P2—|—2p;\/nl’1vnp2

:P1+P2+2p\/P1P2 (63)
where Inequality a) follows by Lemma B.2 and from our
assumption that p > 0, and where Inequality b) follows by
Cauchy—Schwarz. This concludes the proof of Lemma B.1. [

B. Proof of Proposition IV.1

The proof is a simple generalization of the proof of The-
orem IV.1 given above. To see this, we first note that in the
mutlivariate case where the correlation coefficients p;;, 7,7 €
{1,2,...,v} are not necessarily non-negative, the upper bound
of Lemma B.2 on E[X7 ;, X5 ;] can be written as

E[Xi 1 Xjn] < |pijl\/EIX2 ]\ EIXZ ]

and, as in the derivation of (63), it can be shown that

(64)

n

Z El(X1k+ -+ Xon)?]
k=1

S|

v v—1 v
<Y P+2> > il VPP (65)
=1

i=1 j=i+1
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The proof is then concluded by arguments similar to those in the
proof of Theorem IV.1. O

APPENDIX C
DISTORTIONS (D', DY) OF THE UNCODED SCHEME

The expression for D}, i € {1, 2}, is obtained as follows:

n

D} = % Z E [(Szk - A;:k>2:|

k=1

1 <E[S;{k] — 2E[S; 1 50] + E [( AE’“)QD

n
1 2 du 2
 (Ersza-[(3) )

b) 1 (E[SlkYk])Z
Z(E[§2,] — 1Rkl
n< (5] E[YkQ]

o Pi+2pV/PiPy+ p? P>
P1+2p\/P1P2+P2+N

— o2 Pl(l_P2)+N

Py + Py +2p /PP + N

where in a) we have used that S‘Z“k = E[S; 1 |Yx] satisfies the
Orthogonality Principle; in b) we have used the explicit form of
the conditional mean for jointly Gaussians
E[S1,xY%]
EVY]

St = E[Si x| Yi] = Yi

and in ¢) we have used the calculation

2
(E[Sl’kYk])Q _ 02 (\/ P1 + PV P2)
E[Y?] P+ Py +2p/PiP, + N’

APPENDIX D
PROOF OF THEOREM 1V.4

In this appendix, we analyze the distortions achievable by the
vector-quantizer scheme that was presented in Section IV-D.
To start, we give a thorough description of the corresponding
coding scheme.

A. Coding Scheme

Fix some ¢ > 0 and rates Ry and R,.
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Code Construction: Two codebooks C; and Cy are gener-
ated independently. Codebook C;, i € {1,2}, consists of 2%
codewords {U;(1),U;(2),...,U;(2"%)}. The codewords are

drawn independently uniformly over the surface of the centered
R™-sphere S; of radius r; = y/no?(1 — 272F:),

Encoding: Based on the observed source sequence S; each
encoder produces its channel input X; by first vector-quantizing
the source sequence S; to a codeword U} € C, and then scaling
U7 to satisfy the average-power constraint. To describe the
vector-quantizer precisely, denote for every w,v € R" where
neither w nor v are the zero-sequence, the angle between w
and v by <(w,v), i.e.,

(w, v)

cos <(w,v) = (66)

Iw vl
Let F(s;,C;) be the set defined in (67), shown at the bottom
of the page. The vector-quantizer output U} is then given as
follows: if F(s;,C;) # 0, then U} is the codeword U;(j) €
F(si,C;) that minimizes | cos <(u;(j),s;) — V1 — 272F:|, and
if F(s;,C;) = 0, then U7 is the all-zero sequence. This is re-

stated in (68), shown at the bottom of the page. More formally,
U should be written as U} (S;,C;), but we shall usually make
these dependencies implicit. The channel input is now given by

where

P;

YT o2(1 - 2 2Ry

ie{1,2}. (70)

Since the codebook C; is drawn over the centered R™-sphere of
radius 7; = /02(1 — 272F:), each channel input X; satisfies
the average-power constraint individually.

Reconstruction: The receiver’s estimate (S1,S,) of the
source pair (S;,S2) is derived from the channel output Y
in two steps. First, the receiver makes a guess (U, Us) of
the pair (U7, U3) by choosing among all “jointly typical
pairs” (U1,Ujy) € C; x Cy the pair whose linear combina-
tion a1 U; + s U, has the smallest distance to the received

sequence Y. More precisely

arg min Y —(a1U140a2U)||? (71)
(Ul,U2)€C1 XCa:

|p—cos <(uy,u2)|<7e

F(si,Cp) 2 {ui €Ci:V/1—272Ri(1 - ¢) < cos<i(s;, U;) < V/1— 2-2F:(1 + e)}. 67)
arg min ‘cos <(u;(4),Si) = VI — 2728\ if F(s;,C;) # 0
f— U;eC;:
Ui = Uie]-'e(si Ci) (68)
0, otherwise
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Ui U3
é U, l li@
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U, i S§
—— [ —

Fig. 8. Genie-aided decoder.

where

p=py /(1= 272m)(1 — 2-28s),

If the channel output Y and the codebooks C; and Cs are such
that there does not exist a pair (U, Uy) € Cy x C, that satisfies

|p — cos <(ug,up)| < 7e (72)
then IAJ1 and ﬁQ are chosen to be all-zero.

In the second step, the receiver computes the estimates
(S1,S5) from the guess (Uy, Uy) by setting

Sl = ’Yllﬂl + ’lefb (73)
So =721Us + 722Uy (74)
where
1—p?(1— 272k
i1 = —2 1(_ 2 ), M2 = p277 M (75)
1—p?(1—2720
Yor = —2 1( ~ ), Y2 = p272 . (76)
—-p
Note that
0<v1<1 and 0<7yp<p, i€{l,2} (77

B. Expected Distortion

To analyze the expected distortion we use a genie-aided ar-
gument. We first show that, under certain rate constraints, the
asymptotic normalized distortion of the proposed scheme re-
mains the same when a certain help from a genie is provided.
To derive the achievable distortions it then suffices to analyze
the genie-aided version.

1) Genie-Aided Scheme: In the genie-aided scheme, the
genie’s help is provided to the decoder. An illustration of this
genie-aided decoder is given in Fig. 8. The genie provides
the decoder with the codeword pair (U%,U3). The decoder
then estimates the source pair (Si,S2) based on (U7, U3)
and ignores the guess (ﬂh I]'z) produced in the first decoding
step. The estimate of this genie-aided decoder is denoted by
(S, S§), where

S¢ =911Uf + m2U3
S§' =721 U5 + 722U}

(78)
(79)

with y11, Y12, Y21, Y22 as in (75) and (76). Under certain rate
constraints, the normalized asymptotic distortion of this genie-
aided scheme is the same as for the originally proposed scheme.
This is stated more precisely in the following proposition.
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Proposition D.1: For every § > 0 and 0 < ¢ < 0.3 there
exists an n/(8, €) > 0 such that for all n > n/(é, €)

N 1 N
CE[IS1 - SulP] < —E[Is1 - 85I
+207 (e + (44V1 + €+ 61) §)

whenever (R;, Ry) is in the rate region R(e) given by

1 Pi(1-p*)+N

w0 = (<o (G <)
1 P(1-p*)+N

r < o, (e )

1 P+ Py +2p\/PiPy + N
R1+R2§§10g2< kA%t —nge)}

N(1-p?)

where k1, k2 and k3 depend only on P, P>, N, (1, and (o,
where

‘= Njp Py
T PO-2)+ NV P
<~ _ Pl(l B :52)
T PA-2)+N
Proof: See Appendix D-C. O

Corollary D.1: If (Ry, R2) satisfy

Pi(1—32) + N)
N(1 - p?)
Py(1-75%) + N)
N(1—p?)
P1+P2+2ﬁm+N>
N(1 - p?)

1
R1 < 5 10g2 <

1
Ry < 5 10g2 (

1
R1+R2<§10g2<

then
1 ) 1 .
T —E[||Sl—Sl||2] < Tm —E[||sl—s§||2].
n—oon n—oo N

Proof: Follows from Proposition D.1 by first letting
n — oo and then € — 0 and 6 — 0. ]

By Corollary D.1, to analyze the distortion achievable by our
scheme it suffices to analyze the genie-aided scheme. This is
done in Appendix D-D.

C. Proof of Proposition D.1

The main step in the proof of Proposition D.1 is to show
that for every (R1, R2) € R(e) and sufficiently large n, the
probability of a decoding error, and, thus, the probability of
S, #* S1 , can be made very small. This step is done in the fol-
lowing section. The proof of Proposition D.1 is then completed
in Appendix D-C-II.

1) Upper Bound on Probability of a Decoding Error: In this
section, we show that for every (Rq,R2) € R(e) and suffi-
ciently large n, the probability of a decoding error, and, thus,
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the probability of S # gf, can be made very small. The hitch
is that to upper bound the probability of a decoding error for
the proposed scheme, we cannot proceed by the method con-
ventionally used for the multiple-access channel. The reason is
that in the conventional analysis of the multiple-access channel
it is assumed that the probability of the codewords u;(j) does
not depend on the realization of the codebook C;. However, in
our combined source-channel coding scheme, the probability
of encoder i € {1,2} producing the channel input of index
j € {1,2,...,2"%} depends not only on the source sequence
s;, but also on the realization of C;. Another reason the conven-
tional analysis fails is that, conditional on the codebooks C; and
C,, the indices produces by the vector-quantizers are dependent.

To address these difficulties, we proceed by a geometric ap-
proach. To this end, we introduce an error event related to a de-
coding error at the receiver. This event is denoted by £ and
consists of all tuples (s1,s3,C1,Co,2) for which there exists a
pair (@11, Gz) # (uf, u3) in C; X Co that satisfies Condition (72)
of the reconstructor, and for which the Euclidean distance be-
tween a1 U3 + asly and y is smaller or equal to the Euclidean
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distance between ajuj + asuj and y. More formally, & =
5131 U 5132 U S(ﬁl,ﬁz) where 5131 s SﬁZ , and 5(317132) are given
in (80)—(82), shown at the bottom of the page, where y =
aju] + aju] + z. Note that a decoding error occurs only if
(s1,82,C1,Cz,2) € E. The main result of this section can now
be stated as follows.

Lemma D.1: Forevery 6 > 0 and 0.3 > € > 0, there exists
an n}y(8,¢) € N such that for all n > n}(, ¢)

Pr[€g] <116, whenever (Ry, Rs) € R(e).

To prove Lemma D.1, we introduce three auxiliary error
events. The first auxiliary event is denoted by £s and cor-
responds to an atypical source output. It is given in (83),
shown at the bottom of the page. The second auxiliary event
is denoted by £z and corresponds to an atypical behavior of
the additive noise, and is given in (84), shown at the bottom
of the page. Finally, the third auxiliary event is denoted by
Ex and corresponds to irregularities at the encoders. That is,

E-

U, = {(Sl,SQ,Cl,CQ,Z) : Elfll S Cl \ {UT} s.t.

|5 — cos<(tg,u3)| < 7e, and ||y — (eqty + apub)|* < |ly — (a1uf + a2u§)||2} (80)

5G2 = {(517527CI7CQ7Z) : Hflz S CQ \ {ué} s.t.
|p— cos<(uf, mz)| < 7e, and ||y — (cquf + apiz)||* < |ly — (aruf + a2u§)||2} (81

g(fﬁ,ﬂz) = {(Sl,SQ,Cl,CQ,Z) :duy € Cq \ {UT} and du, € Co \ {u;} s.t.
|p — cos <(Ti,12)| < Te, and ||y — (aqty + a2tiz)]]? < |ly — (iu} + agu;)HZ} (82)
1 1
Eg = {(51752) €R™ x R™: ‘E”SIHZ — 0% > e0? or ‘E||S2||2 — 0% > eo? or |cos <(s1,82) — p| > ep} (83)
LT
Ez =1 (s1,82,C1,Ca,2) : £||z|| — N| >eN
1 1

or £| (ayui(s1,C1),2)| > /P1Ne or ;| (aaui(s2,Co),2) | > \/PQNG} (84)
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the event that one of the codebooks contains no codeword
satisfying Condition (67) of the vector-quantizer, or that the
two quantized sequences uj and uj have an “atypical” angle to
each other. More formally, £x = £x, U&x, U E(thz) where
&x,» €x,, and £x, x,) are given in (85)—(87), shown at the
bottom of the page. To prove Lemma D.1 we now start with the
decomposition

Pr[Eg] = [Eg N E§ N EX N EG]
+ Pr [5ﬁ|gs Uéx U Sz] Pr [55 Uéx U 5z]
<Pr[€gNESNEX NEG] + Pr[s]
+ Pr [gx] + Pr [Ez]
<Pr [5131 NESNEL mgg]
+Pr [5132 NESNES m‘:;}
+Pr [5(61}32) NESNEL N 5;}

+ Pr[&s] + Pr[éx] + Pr[&z] (88)

where we have used the shorthand notation Pr[€,] for
Pr[(S1,82,C1,Co,Z) € &,], and where &S denotes the com-
plement of £,. Lemma D.1 now follows from upper bounding
the probability terms on the RHS of (88).

Lemma D.2: For every 6 > 0 and € > 0 there exists an
1 (6, €) € N such that for all n > nf (6, €)

Pr [Es] < 0.

Proof: The proof follows by the weak law of large num-

bers. O

Lemma D.3: For every ¢ > 0 and 6 > 0 there exists an
n5(8,¢) € N such that for all n > nj(6, )

Pr [gz] < 6.
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Proof: The proof follows by the weak law of large numbers
and since for every € > 0, as n — oo

sup
ueR™:

l[ufl=y/no?(1—2—2R5)

where 7 € {1,2}.

1
Pr|—|(au,z)| >/ P;Ne| — 0
n

O

Lemma D.4: For every § > 0 and 0.3 > € > 0 there exists
an n5(6, €) € N such that for all n > n} (6, €)

Pr [EX] < 64.

Proof: This result has nothing to do with the channel; it is
a result from rate-distortion theory. A proof for our setting is
given in Appendix D-EI. O

Lemma D.5: For every 6 > 0 and every € > 0 there exists
some 1Y (6,¢) € N such that for all n > n//(6,€) Conditions
(89)—(91), shown at the bottom of the page, hold in which k1,
K2, and k3 are positive constants determined by Py, P>, and N.

The proof of Lemma D.5 requires some preliminaries. To this
end, define

w(s1,82,C1,Co,2) £ (1(y — aou}) + (eaou} (92)
where
Nj P
VN 93
Pi(1-p?)
__ 0 94
“CTRO-A N oy

In the remainder, we shall use the shorthand notation w instead
of w(sy,s2,C1,Co,2). We now start with a lemma that will be
used to prove (89).

Ex, = {(sl,sz,Cl,Cz) i Puy € sit. ’\/ 1—2"2R1 —cos <i(sl,u1)‘ <ey1-— 22R1} (85)
Ex, = {(sl,sz,Cl,Cz) : Pu, € Cy 5ot ’\/ 1—2-2R2 _cos <i(52,uz)‘ <ey1-— 2—2R2} (86)
5(X1,X2) = {(51752,01,02) : ’ﬁ — COS <(UT(51761),U;(527C2))’ > 76} (87)
Prle. nesnesnes| <6 if By < :log, (PPN 89
r[fjlﬂsﬂ x N Z:|_7 it fiy < 5 log, T NI—p) e (89)
c c c . 1 P2(1 _ﬁz)—i_N

Pr |:SI:T2 n gS n gx N 5Z:| S 6, if R2 < 5 10g2 <W — R9€ (90)

1 P P 2p\/ P1 P. N
Pr (€0, 0, N EGNEX NES] <6, i Byt Ry < log, ( (s 2;(1{ 52; R nge) o1
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Lemma D.6: Let ¢; € [0,n] be the angle between w and
uy(j), and let the set £ be defined as
1

5{31 £ {(Sl,SQ,Cl,CQ,Z) : E'ul(j) €Cy \ {UT} s.t.
Pi(1—p%)+ Np?
COS(p]' Z \/ 1( P >+ p _ I%”e} (95)

P(1-p2)+ N
where "’ is a positive constant determined by Py, P>, N, (; and
(3. Then

Eg, NEsNEXNEZ) C &L NESNEXNEG
( 1 ) (Ul )

and, in particular
Pr[gﬁl NESNEL N 5;} < Pr[f{jl NESNEL N 5;]

Proof: We first recall that for the event 5U1 to occur, there
must exist a codeword uy (j) € C1 \ {uj} that satisfies

|p — cos <(uy(j),u3)| < 7e (96)

and
ly = (@11 (§) + a2u3)|” < [ly — (aauf + azu3)|*. (97)

The proof is now based on a sequence of statements related to
Condition (96) and Condition (97).
A) For every (s1,s2,C1,C2,2) € &% and every u € Sy,
where S; is the surface area of the codeword sphere of
C; defined in the code construction

|p — cos <(u,u3)| < 7e
N ’nﬁ PP — <a1u,a2u§>‘ < /P Pre.  (98)

Statement A) follows by rewriting cos<(u,u}) as
(u,u3) /(|[u]]||us]]), and then multiplying the inequality
on the LHS of (98) by ||ajul| - ||azu}|| and recalling that
|laiu|| = v/n Py and that ||asui|| = VnPs.

B) Forevery (s1,82,C1,C2,2) € £g NES and every u € Sy

ly — (c1u+ azud)|” < |ly — (a1u} + azuj)|®

= (y — apu},aju) >nP; —ny/ P Ne.
Statement B) follows from rewriting the inequality on the LHS

of (99) as [|(y — czu3) — aawi ()< [|(y — e2u3) — aqu|®
or equivalently as

99)

(y — azu3, aqui(j)) > (y — apu3, aguy)
= (aquj + z,auj)
= ||o¢1u*1‘||2 + (z,aqu}). (100)
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It now follows from the equivalence of the first inequality in (99)
with (100) that for (s1,s2,C1,Ca,2) € &5, the first inequality
in (99) can only hold if

(y — aguj, aqu) > nP; —ny/ P Ne

thus establishing B).

C) Forevery (s1,s2,C1,Ca,2) € Eg N EY and every u € Sy,
implication (102), shown at the bottom of the page, holds.

Statement C) is obtained as follows:

(101)

locru — wif?

= [lequl]? - 2(a1u, w) + [lwlf?

= ||lequl* - 2((1 (1w, y — agul) + (o (g, ozgu;))

+ [lw|?

a)

<np — Z(Cln(Pl — VPINe) + Gon /P Py(j — 76))
+ [lw]?

where in a) we have used Statement A) and Statement B).
D) Forevery (s1,82,C1,C2,2) € EK NES

[wll* < n(CfP1+2<1C2\/P1P2ﬁ+C§ (P + N)+f-<e) (103)

where x depends on Py, P>, N, (1, and (> only.
Statement D) is obtained as follows:

[wl|* = ¢Fllasus||” + 2¢i ¢ (aous, y — asus)
+ Glly — aous|?
=Py + 206 ((apul, ajul) — (azu}, z))
+ G (laaui||* + 2 (arui, z) + ||z|*)

a)
<P+ 2016 (n\/Ple(ﬁ +7e) + n\/PgNe)
+ C22 (nP1 +2ny/PiNe+nN(1+ e))

< (GGPr + 266V PrPop + G (Pr+ N) + 1e)

where in a) we have used that (s1,s2,C1,C2,2) € &5.

E) For every (s1,s2,C1,C2,2) € E N &5 and an arbitrary
u € &1, implication (104), shown at the bottom of the next
page, holds, where we have used the notation

T(E) _ PlN(l_ﬁz)

I S A !
_nPl(l—ﬁ2)+N+nK€

and where «’ only depends on P, N1, Ns, (; and (s.
Statement E) follows from combining Statement C) with State-
ment D) and the explicit values of (; and (s given in (93) and
(94).

(|ﬁ—cos<<u, up)] < 7e and ly — (ru + agud)|® < ly  (oru} +a2u;>||2)

= <||a1u —w|? <Py = 2(Gn(Pr = VPINe) + Gny/PiPy(i - Te)) + ||w||2>

(102)
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F) Forevery u € &y, denote by ¢ € [0, 7] the angle between
u and w, and let
K e}

where ' only depends on P, N1, N, ¢; and (>, and where
we assume e sufficiently small such that
Pl(l_ﬁ2)+Nﬁ2 R/
Pi(1-p?)+N

B(Sh S2, 11;, u;7z)

A (n) Pi(1-p%)+ Np?
= S > —
{“e : C"S’“O—\/Pl(l—ﬁ?)jLN

e > 0.

Then, for every (s1,s2,C1,C2,2) € Ex N 5, implication
(105), shown at the bottom of the page, holds.
Statement F) follows from Statement E) by noting that if w # 0
and 1 — Y(e)/(nPy) > 0, then

(o)
’fLPl

lau)|? = nPy

llonu — wlf? < T(e)} = cos < w) 241 -
To see this, first note that for every au, where u € S, satis-
fying the condition on the LHS of (105) lies within a sphere of
radius /Y (€) centered at w, and for every u € S; we have that
au also lies on the centered R™-sphere of radius v/n P, . Hence,
everyu € S§") satisfying the condition on the LHS of (105) lies
in the intersection of these two regions, which is a polar cap on
the centered sphere of radius v/nP;. An illustration of such a
polar cap is given in Fig. 9. The area of this polar cap is outer
bounded as follows. Let r be an arbitrary point on the boundary
of this polar cap. The half-angle of the polar cap would be max-
imized if w and r — w would lie perpendicular to each other, as
is illustrated in Subplot (b) of Fig. 10. Hence, every u € 81(n)
satisfying the upper conditions of (105) also satisfies

T(e)
TLPl

:¢Hﬂ—ﬁ+Nﬁ_Me

cosp >4 [1—

Pi(1-p)+N

where we assume ¢ sufficiently small such that 1 —
Y(e)/(nPy) > 0 and where " = £’/ P;.

The proof of Lemma D.6 is now concluded by noticing that
the set 8{3 , defined in (95), is the set of tuples (s1, s2,C1,C2, )
for which there exists a uy(j) € C1 \ {ui} such that uy (j) €
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@ (b) (©)

Fig. 10. Half-angle of cap for different constellations of w and r.

B(s1,s2,uf,u}, z). Thus, by Statement F) and by the definition
of 5131 in (80) it follows that

g, NEZNESNEX C 5{31 NE;NESNEX
and, therefore

Pr[é'ﬂl NESNES msg(} < Pr[€{j1 NESNES mgg(].
0

We now state one more lemma that will be used for the proof
of (89).

Lemma D.7: Forevery A € (0, 1], let the set G be given by
G= {(sl,SZ,Cl,Cg,Z) :Fuy (§) € Gy \ {ul} st
cos <(w,m(j) > A}
where w is defined in (92). Then
(R1 < —% log, (1 — A2)>
= (lim Prlgleg,] =0, ¢>0). (106)

Proof: The proof follows from upper bounding in every
point on S; the density of every u;(j) € C; \ {uj} and then
using a standard argument from sphere-packing. The proof is
given in Appendix D-E2. O

<|ﬁ —cos<(u,u})| < 7e and ||y — (cqu + azud)|]? < |ly — (aiuf + a2u;)||2> = <||a1u —w|*< T(e)) (104)

<|/3 —cos<(u,u})| < 7e and ||y — (cqu + azul)||® < ||y — (a1u} + a2u§)||2> = u € B(s1,s2,u,u},2) (105)
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We next state two lemmas for the proof of (91). These lemmas
are similar to Lemma D.6 and Lemma D.7.

Lemma D.8: For every sufficiently small e > 0, define the set
EI:T ) as in (107), shown at the bottom of the page, where we
1, 2
have used the notation

P1+P2+2ﬁ\/P1P —5’6
Afe) = p
P+ Py +2p/ PPy + N + &a¢

and where ¢’ and &, depend only on Py, P», and N. Then, for
every sufficiently small € > 0

(5(131,132) nESNESN 5;) C (5;131 0,y NESNESN 5;)

and, in particular
Pr (€0, 0, N €50 &6 N &

SPr[’

(0,0, NEENESN 5;] .

Proof: We first recall that for the event & g g, to occur,
there must exist codewords u;(j) € C; \ {uj} and ux(¥) €
Co \ {u}} such that

|p — cos <(u1(j),uz(f))| < 7e (108)

and
lly — (a1 () +azua(£)]1? < [ly = (eru}+azus)|*. (109)

The proof is now based on a sequence of statements related to
Condition (108) and Condition (109).

A) Forevery (s1,82,C1,Ca,2) € ELNES, implication (110),
shown at the bottom of the page, holds, where &£; only
depends on Py, P>, and N.

Statement A) follows by rewriting the LHS of (110) as

2(y, a1uy(j) + azua(f))
>2(y, cnuf + apus) + [Jorus (§) + aua (€|
— lagu} + azuj|
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=llarui + azu3|? + 2 (z, a1ui + azu3)
+ o (5) + apuz ()]

a)
22’11 (Pl + Qﬁ\/ P1P2(1 - 76)

—I—P2—|— \/P1N€+ \/PzNe)
=2n (P + Py + 207/ PiPs — éae)
where in a) we have used that (sq,s2,C1,C2,2) € Ex NEG and

that ||Ol1111(j) + Ol2112(£)||2 Z 0.

B) Forevery (sy,s2,C1,Ca,2) € E5 NES

lyll* <n (P1 1+ 2p\/PiPs+ Py + N+ 526)

(111)

where & only depends on Py, P, and N.
Statement B) is obtained as follows:
711> = llerui|l? + 2 (@1uf, azu3) + [azuz|®
+2((a1ui, z) + (a2u3,2)) + ||z*
a)
S’n,Pl —I—Znﬁ\/Ple(l—l—?e) +77,P2
+2n\/PiNe+ 2n\/P;Ne+nN(1 +¢)
<n (P1 +25\/PP+Py+ N + 526)
where in a) we have used that (s;,s82,C1,C2,2) € Eg N ES.
C) For every (si,s2,C1,Co,2), implication (112), shown at
the bottom of the next page, holds.
Statement C) follows by
larui (§) + azua (6)|1?
= [larws ()1 + 2 (@ ui (), azus(£)) + [Jazua (€)1
a)
STLPl—f—ZTLﬁ\/PlPQ(l—}—?E)—i—nPQ
:n(P1 +2/3\/P1P2+P2+f36)
where in a) we have used that multiplying the inequality on

the LHS of (112) by [|aiu1(j)]| - ||e2u2(€)]| and recalling that
[larui (5)|| < VP and that [|aaus(€)|| < /nPs gives

|n P1Psp — <Oz1111(j),0[2112(£)> | < Tny/ Py Pae

5{611132) = {(517S27617CQ,Z> :3uy(y) € €1\ {ul} and Fuy(¥) € Cy \ {u3} s.t.

cos<<(uy(j),uz(f)) > p—7e and cos<(y,arui(j) + agus(f)) > A(e)} (107)
(Ily = (e () + azua(e)[* < lly - (@} + azu3)[?)
:>((y, o1y (§) + asus(€)) > n(Py + Py + 25/ PPy — fle)) (110)
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and thus and, therefore

ESNESN 6&] < Pr [ (0,.02)

Pr (€, 0, £NE5NEL].

(a1uy(f), aguz(l)) < ny/PrPp(1 + Te) .
thus establishing C).
D) Forevery (s1,82,C1,C2,2) € £ N ES, Implication (113),
shown at the bottom of the page, holds. Lemma D.9: For every © € (0,1] and A € (0, 1], let the set
Statement D) follows by rewriting the expression G be given by (114), shown at the bottom of the page. Then
cos <(y, a1u1(j) + asus(¥)) as

We now state the second lemma needed for the proof of (91).

. (v, caws (j) + apuz(f))
con <l ) + o) = g Ll (B R < g hom (1 - 071 - ) )

and then lower bounding (y, cyuy (j) + azuz(€)) using A) and = ( h_r}n Pr[G|éx, Néx,] =0, e> 0) . (115)
upper bounding ||y|| and ||ayus(j) + asuz(¥)|| using B) and "
C), respectively. Using the shorthand notation Proof: The proof follows from upper bounding in every

point on S;, 7 € {1,2}, the density of every u;() € C; \ {u}}
and then using a standard argument from sphere-packing. The

m =P+ P+2p\/P1 P, + N + &€ proof is given in Appendix D-E3 (]
N2 = Pr+ Py +2p/ Pr Py + E3¢ Proof of Lemma D.5: We first prove (89)

this, yields that for every (s1,s2,C1,C2,2) € Ex N ES Pr [gA NES N ES OE)C(} a<)Pr [54 NES N ES ﬁé’)c(}
U, - U,

cos < (y,a1u1(g) + asus (¥ b) .
} (Pl +P2(+)2ﬁ TP( )_)&6 <Dr [51'31 le] (116)
B V2 where a) follows by Lemma D.6 and b) follows because £ C
. Py + Py + 2p\/PiP5 — e 5%1 . The proof of (89) is. now completed by combining (116)
“\ P+ P+ 25/PiP5 + N + e with Lemma D.7. This gives that for every 6 > 0 and every

N € > 0 there exists some n/j; (8, €) such that for all n. > n/j; (6, €)
=Ale)- we have Pr [EUI NEGNESN 5)‘(] < 6 whenever

Lemma D.8 now follows by D) which gives

c c c / c c c Ri< — llog —N(l — 52) + ke
(5(1317(]2) neSNESN gx) C (5(1317[32) neSNESN 5X) o8 ( BT W

<‘ﬁ - <||318;|| H32E2”> ‘ < 7e> = <||a1u1(j) + a2u2(£)||2 < n(P1 + Qﬁ\/ﬁ—}- Py + §3e)>, (112)

( 17— cos (1 (7), ua(D)] < Te and [ly — (s (7) + azua(O) < lly — (aruf + 0é2u§)||2>

:><cos <y, a1u1(j) + agua(€)) > A(e)). (113)

G = {(SI,SQ,CI,CQ,Z) Fuy () € G\ {ul),ua(f) € Co \ {ul} st
cos <(u1(j),uz(4)) > 0, cos <(y,v1u1(j) + aguz(¥)) > A}. (114)
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1 Pi(1-p*)+ N
<1 —
=2 °g2< Ni-® 7

where k4 is a positive constant determined by Py, P>, N, (; and
(2. A similar argument establishes (90).
We turn to the proof of (91)

Pr [qﬂhfb) nesNESN 5;(]

a) / C (& C
SPI‘ |: (.017.[32) n EZ n gs n 5Xi|
b)

<Dr [5Eﬁ1,ﬁ2> e SX} (117)
where a) follows by Lemma D.8 and b) follows because £ C
(€%, N&%,)- The proof of (91) is now completed by com-
bining (117) with Lemma D.9, which gives that for every 6 > 0
and every € > 0 there exists some n/5(6, €) such that for all
n > ns(8,€) we have Pr [5(131’02) negNESN 5§(] <

whenever

Ri+R <Ly <P1+P2+25\/P1P2+N+£2e>
PR ESyR (N F (@ r &) (1 2+ o)

<P1+P2+2,5\/P1P2+N >
1 2 — R3€

2
1
=3¢ N(1—/?)

where k3 is a positive constant determined by P;, P> and V.
O

The proof of Lemma D.1 now follows straight forwardly.
Proof of Lemma D.1: Combining (88) with Lemma D.2,
Lemma D.3, Lemma D.4, and Lemma D.5, yields that for every
6 > 0and 0.3 > € > 0 there exists some 1/ (6, €) € N such that
for all n > n/y(6,€)

Pr [gﬁ] < 11(57 if (Rl,R2> S R(G)

O

2) Concluding the Proof of Proposition D.1: We start with
four lemmas. The first lemma upper bounds the impact of atyp-
ical source outputs on the expected distortion.

Lemma D.10: For every ¢ > 0
1
~E [||S1||2‘5s] Pr[€s] < o? (e + Pr[és]).

Proof:
1
(IS ]12]s] Prés]

= LEIS.7) - ~E[ISi?
<o® - o*(1 — €)Pr [£§]
=02 — 02(1 —¢€)(1-"Pr[&s])
=02¢ + 02(1 - e)Pr [ES]

=02 (e + Pr[&s]).

£5] Pr (]

O

The second lemma gives upper bounds on norms related to
the reconstructions §; and §%.
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Lemma D.11: Let the reconstructions 1 and é? be as defined
in (73) and (78). Then
||§1||2 < 471027

117 < 4no?, [ — 412 < 16n0”.

Proof: We start by upper bounding the squared norm of §;

||§1||2 =||ya1 + 7121A12||2

. L2
< (vaal[ag || + vizlaz|])
a)

<no*(1+p)’

< 4dna?

where in a) we have used (77), i.e., that y1; < 1 and 712 < p,
and that ||;]| < Vno?, i € {1,2}. The upper bound on the
squared norm of §§ is obtained similarly. Its proof is, therefore,
omitted. The upper bound on the squared norm of the difference
between 8; and §§* now follows easily:

~ ~ 12 ~ ~ ~ ~
185 — 81" <18 11” + 21T 118111 + 181117
N N 2
= (185 + l1s111)
< 16no2. O

The next two lemmas are used in the upcoming proof of
Proposition D.1. They rely on Lemma D.10 and Lemma D.11.

Lemma D.12:

%E[<Sl, §G _ sl>} < o2 (e—l—l?Pr [Es]+4VT T ePr [€g] )

n
+%E [(81,85 — 81) &g n &g Pr (€5 n &g
+%F (31,87 - 8:) |eg 5glpr [esneg]

~~

=0
a) 1 N .
< E[ISiIP + 18§ - 81 |1?|es] Pries]
1 N N
+—E [ISllIS§ - Sul[5 n £ P[]

b) 1

SEE [||Sl||2|6’s] Pr[Es] + 160°Pr [Es]
+1v/02(1 4 €)V1602Pr [Eg]

°)

<o%(e + Pr[&s]) + 160°Pr [£5]
+40%V/1 + €Pr [Eﬂ]

<o? (e + 17Pr [Es] + 4V1 + €Pr [Eg]) - (118)

In the first equality the third expectation equals zero because
under £ we have IS¢ — Si|| = 0. In a) we have used two
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inequalities: in the first term, the inner product is upper bounded
using the inequality
(v, w) < vl - [[wl]
1
<5 (VI + IwiP)
<|vI? + [Iwlf?,

v,w € R". (119)

The second term is upper bounded by the Cauchy—Schwarz in-
equality and by Pr [5§ N Eﬁ] < Pr [Sﬁ]. In b) we have used
Lemma D.11 and in ¢) we have used Lemma D.10. O

Lemma D.13:
1 N N
E[ISil? — ISF17] < 802Pr [£5]
Proof:
1 A A 1 . N
—E[I81]12 - ISF1] = —E[UIS1]12 — 18§11 &g ] Pr [£0]
£5] Prieg]

a) 1 N N
< —E[lISu) + IS§117|€5 | Pr [£0]

1 Q (12 QG2
+ ~E [[18:]? — 1S5

ag) 80?Pr [£g]

where a) follows since conditional on 5 we have §; = §§
and, therefore, ||31||* — ||8¥||*> = 0, and where b) follows by
Lemma D.11. O

Proof of Proposition D.1: We show that the asymptotic
normalized distortion resulting from the proposed vector-quan-
tizer scheme is the same as the asymptotic normalized distortion
resulting from the genie-aided version of this scheme

1 . 1 .
~E [||S1 - S1||2} - E [||51 - S?||2]
1 N .
—L(Elis:0) - 22 [(51.8.)] + £ 1817
~[s:17] + 2€ [(s,,57)] ~ € [1s¢11°] )
1 . . 1 . .
=2 E[(81.8F ~ 81)| + JE 18] - 1]
2202 (e + 17Pr [E] + 4V1 + €Pr [Ey]) + 80°Pr [E4]
=20" (e + 17Pr[&s] + 4 (V1 + e+ 1) Pr[Ey]) (120
where in step a) we have used Lemma D.12 and Lemma D.13.
Combining (120) with Lemma D.2 and Lemma D.1 gives that

for every ¢ > 0 and 0.3 > ¢ > 0, there exists an n’(9,€¢) > 0
such that for all (Ry, R2) € R(e) and n > n/(,¢€)

“E[I8: - $uIP] - 2 [l1s: - SFP]
<20%(e+ (14T +e+61)6).

O
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D. Upper Bound on Expected Distortion

We now derive an upper bound on the achievable distortion
for the proposed vector-quantizer scheme. By Corollary D.1, it
suffices to analyze the genie-aided scheme. Using that é? =
711U7 + 7112U3

LIS - $91°]

:% (E [||Sl||2] — 211 E[(S1,U7)]

—2712E[(S1,U3)] + 11, E [HUI“Q]
+ 2717 [(U, UR)] + 4%E [[U317] )

1 1
=0’ — 2711EE [(S1,U7)] — 27125E [(S1,U3)]

1
+y 0% (1 — 2720 4 2711712 (U1, U3)]

+ 202 (1 — 272H) (121)
where in the last equality all expected squared norms have been
replaced by their explicit values, i.e., E [[|S1][?] = no? and
E[IIU|1?] = no?(1 — 272%) for i € {1,2}. The remaining
expectations of the inner products are bounded in the following
three lemmas.

Lemma D.14: For every 6 > 0 and 0.3 > ¢ > 0 and every
positive integer 7

LE[(S1, U] 2 01— 27 (1 - 20)(1 - 78).  (122)
n
Proof:
1 *
HEKSl»Ul”
1
=~ E[ISulI|U} ) cos <(S1, U)| s U Ex] Pr[Es U x]
>0
1
+ E [IS1][[|U7[lcos<t(S1, UT) |€§ N Ex] - Pr[€§ N &%]
> \fo2(1-e)o2(1-2-2R1)(1-2-2R:) (1—)Pr [£§ N £%]
> o?2(1-272F)(1—¢)? (1 — Pr[&s U &x])
> o?(1 — 27211 (1 — 2¢) (1 — Pr[&s] — Pr[&x])

where in the first equality the first expectation term is non-neg-
ative because conditioned on £x either U7 = 0 or, if U7 # 0,
Then cos (<(S1, U7)) > 0.

By Lemma D.2 and Lemma D 4, it now follows that for every
6 > 0and 0.3 > € > 0 there exists an n'(6,¢) € N such that
foralln > n'(6,€)

LE((S), U] > 07(1 - 22 )(1 - 20)(1 — 7).

O

Lemma D.15: For every § > 0 and 0.3 > € > 0, there exists
an nb (8, ¢) € N such that for all n > n) (6, €)

1
—E[(U, U] < 0266+ 02p(1—2281)(1—27282) (1 4 7¢).
n
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Proof:

1 * *

Leuu)

:% (U7, U3) |&x] Priex] + = E[(U* Us) |€5] Prleg]
I

<< E [T II03]]|€x] Pr[€x] + = E [(U7,U3) |&x]

< o?/(1—2-2R)(1 - 2—2R2)Pr[€x]

+ %E [ (1+ 7€)y /no?(1 — 2721 fro?(1 — 2-2R2) 5;]

< o?Pri&x] 4+ 0’p(1 —2721) (1 = 27212)(1 4 Te).

Thus, it follows by Lemma D.4 that for every 6 > 0 and 0.3 >
€ > 0 there exists an n5 (6, €) € N such that for all n. > n5 (6, €)

E[(U,U3)] < 0266 4+ o2p(1 — 272F1) (1 — 27282)(1 4 7).

(]
Lemma D.16: For every 6 > 0 and 0.3 > € > 0, there exists
an n/(8,€) € N such that for all n > n/(6,€)
“E[(5:,U3)]
n 1 2

> o2p(1—27202)(1 =€) — 02 (e + 216 + 66¢) .
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Proof: We begin with the following decomposition:

—E[(S51,U3)]

1
:EE [(Sl,U;> |gs U ng] Pr [SS U SXQ]

+%E [(S1,U3)|E§ N €%, | Pr[Esnéy,] . (123)
The first term on the RHS of (123) is lower bounded as shown
in (124) at the bottom of the page, where in a) we have used
(119), in b) we have used that £&x D &x,, and in ¢) we have
used Lemma D.10.

‘We now turn to lower bounding the second term on the RHS
of (123). The probability term is lower bounded as follows:

Pr[E§nég,] =1—Pr[s Uéx,]

>1— (Pr[&] +Pr[&x]).  (125)

To lower bound the expectation term, we represent u; as a
scaled version of s; corrupted by an additive “quantization
noise” v;. More precisely

[[uf ]
[Isil

fori € {1,2}. With this choice of v;, the vector v; is always or-
thogonal to s;. By (126), the inner product (S, U%) can now be
rewritten as v5 (S1, So) + (S1, V). This leads to (127), shown
at the bottom of the page, in which we have denoted by €; the

uf =y;s; +v; where v; =

cos <(s;,u;) (126)

—E [(SlU;> |€s U “:Xz] Pr[€s U &x,]

a) 1
> — —E[IS:]” + [[U3]%|€s U €x,] Prlés U éx,]

3 l( [IS1]?|€s] Prlés] + E [ § N &x,] Pri&s N éx] + ||U3|J*(Pr[€s] + Pr [€x]))

CZ) — (02 (e + Pr[&s]) + o*(1 + €)Pr[€x] + o?(1 — 272) (Pr [€g] + Pr [5X]))

> —g? (e + 2Pr [Eg] + (2 + €)Pr [€x] ) (124)
E (81, Us)|es n e

H:)Eshsz [E€1,€2 |:V2 (5’1752) ‘(Slv S2) = (51752)78§ N g)P(Qi| + E€1,¢2 |:(517V2> ‘(Slv SZ) = (51752)75§ N g§(2i| ]

e
=E
S l B

b)
>Es, s, [HUlellslll cos (<(81,82)) V1 —27212(1 — ¢)

Sy fr? (1= 2722 )01 — p(1 - V1= 2771

> npo(1—27202)(1 — )3

-~

<Sl7 SQ) E¢1,¢2 |:COS<(SQ7 U;)‘(Slv SQ) = (51752)76§ n g§(2:|‘|

&N E&Q]

—6)

(127)
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random codebook of user ¢ € {1, 2}, and where in a) the second
expectation term is zero because for every (s, s2) € £§

Ee, [<517V2> ‘(sl, S,) = (51752)753;2] — 0.

This holds since in the expectation over the codebooks €, with
conditioning on £, for every vo € R" the sequences v, and
—vV9 are equiprobable and, thus, their inner products with s;
cancel off each other. Inequality b) follows from lower bounding
cos <(s2, U3) conditioned on £% combined with the fact that
conditioned on £§ the term cos <(S1, S2) is positive. Inequality
c) follows from lower bounding ||S:|| and cos <(S1, S2) con-
ditioned on £§.
Combining (123) with (124), (125), and (127) gives

LE[(81,U3)

> —0” (e + 2Pr [Es] + (2 + €)Pr[€x])
+0%p(1—2722)(1 - €)* (1 — (Pr[&s] + Pr[€x]))
> o%p(1 - 277 )(1 - o)
— 02 (e +3Pr[&s] + (3 + )Pr[&x]) .
Thus, by Lemma D.2 and Lemma D .4, it follows that for every

6 > 0and 0.3 > ¢ > 0 there exists an n'(6,¢) € N such that
foralln > n'(6,¢)

LE[(s,, U3)

>o2p(1—2"2)1—€)? -0 (e+216 +68e). O

The distortion of the genie-aided scheme is now upper
bounded as follows:

1 QG2
—£ 181 - $F?]
1 1
= 0" = 2 ~E[(81,U})] - 2712 —E[(S1, U3)]
1
+h07(1—272) + 2711712#5 (U7, U3)]
+7i0?(1 — 27 22)

a) 1— p2(1 — 221
§02272R1 P 1(_ 52 ) + 51(57 E)

where in a) we have used Lemma D.14, Lemma D.15, and
Lemma D.16, and where

lim &'(6,¢) =0.

6,e —0

E. Proofs of Lemma D.4, Lemma D.7, and Lemma D.9

The proofs in this section rely on bounds from the geometry
of sphere packing. To this end, we denote by C,, () the surface
area of a polar cap of half angle ¢ on an R™-sphere of unit radius.
An illustration of C,,(¢) is given in Fig. 11. Upper and lower
bounds on the surface area C),(y) are given in the following
lemma.
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Fig. 11. Polar cap of half angle .

Lemma D.17: For any ¢ € [0,7/2]

r (% + 1) sin(~1 © 1 9
1=
nl (24H) /T cos ¢ < ntan <p>

< Chn(p) < F(% —I—l) sin™ Y o
T Cn(m) = ol () Vmeose
Proof: See [30, Inequality (27)]. O

The ratio of the two gamma functions that appears in the
upper bound and the lower bound of Lemma D.17 has the fol-
lowing asymptotic series.

Lemma D.18:
U (z+3) 1 1
7 27 1— —
I'(x) \/E< 8z + 12812
n ) 21 n
102423  32768x4
and in particular
T 1
lim 7($+ 2) =1.
s oo T(e)v/a
Proof: We first note that
D(z+i) (2:17—1)!!\/—
T(z)  22(@—-1)IV"
2
== ( x) VT (128)
4=\ x

where £!! denotes the double factorial of £. The proof now fol-
lows by combining (128) with

(X)-7=

x(1 ! + . + > 21 +
8r = 128z2  1024z®  32768z4
which is given in [31, Problem 9.60, p. 495]. ]

Before starting with the proofs of this section, we give one
more lemma. To this end, whenever the vector-quantizer of
Encoder 1 does not produce the all-zero sequence, denote by
¢1(s1,C1) the index of uj in its codebook C;, and whenever the
vector-quantizer of Encoder 1 produces the all-zero sequence,
let ¢1(s1,C1) = 0. Further, let A;(-) denote the measure on
the codeword sphere S; induced by the uniform distribution,
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and let f*1(-) denote the density on S; with respect to A1 (-).
Similarly, for Encoder 2 define ¢»(s2,Cs) and f22(-).

Lemma D.19: Conditional on ¢; (S, ;) = 1, the density of
U, (j) is upper bounded for every j € {2,3,...,2"%1} and at
every point u € S; by twice the uniform density

At N _ 1
1 (UL3G) = uf6i(81,&) =1) < 27"?_1Cn(7r)
and similarly for Encoder 2.

Proof: We first write the conditional density as an
average over cos<((S1,U;(1)). Since conditioned on
61(S1,€1) = 1 wehave cos <(S1, U1 (1)) € [V1 — 272R1(1—
€),V1—272E1(1 + ¢)], this then yields (129), shown at the
bottom of the page. The proof now follows by upper bounding
the conditional density

™ (Ul(j) = u‘sl =s1,61(s1,€1) =1,
cos <(s1,U4(1)) = a).

To this end, define for every

a€ [V1-272Ri(1—¢),\/1-272Ri(1 4 ¢)]

the set D,(s1) given in (130), shown at the bottom of the page,
and its complement D¢ (s;) given in (131), shown at the bottom
of the page. The conditional density can now be upper bounded
by distinguishing between u € D,(s1) and u € D:(sy). If
u € D,(s1), then the conditional density is zero because the
fact that ¢; (s1, €;) is 1 implies that for all j € {2,3,...,2"F1}

cos <(s1, Ui(j)) — V1 —272F a—1—2"2R

>

2741

and if u € D:(s1) the conditional density is uniform over
D (s1), ie.,

™M (U1(j) =ulS; =s1,6(s1,&) =1

cos <t(s1, Uy (1)) = a) =v, ueD(s)

for some v > 0. Thus, forallu € S;,s1 € R*, and all a €

[V1—272Ri(1 —¢),V1—22Ri(1 +¢)],

M (Ul(j) =ulS; =s1,q(s1,&) =1,

cos <t(s1, Uy(1)) = a> <. (132)

It now remains to upper bound v. To this end, notice that the
surface area of D, (s1) never exceeds half the surface area of
& . This follows since V1 — 272F1(1 — ¢) > 0, and, therefore,
every u € D,(s1) satisfies |<(s1,u)| < m/2. Hence, the sur-
face area of DS(sy) is always larger than half the surface area
of S; and, therefore

1
v<2-

_—. 1
=S T (139

Combining (133) with (132) and (129) proves the lemma. [

1) Proof of Lemma D.4: We begin with the following
decomposition

Pr[éx] =Pr[éx N&s] + Pr[Ex N &S]
<Pr[&s] + Pr[éx, N &S] + Pr[€x, N &S]
+Pr [£x, x,) N €%, N E%, NES]
<Pr[&] + Pr[éx,] + Pr[éx,]
+ Pr[€x, x,) N€x, NE%, NES] -

/\/1—221?1 (14€)

A (U1() = ufa(S1, €1) = 1) sern JyT (1 g

f)\l (Ul(J) = u‘Sl = Sl,Cl(Sl, Q:l) = l,COS <I(Sl,U1(1)) = CL)

. f(81 = $1,COS <Z(Sl,U1(1)) = algl(Sl, Q:l) = l)da ds;. (129)

Da(s1) & {u € St ‘cos<i(sl,u) — V1 =22

< ‘a — V1 —2-2R

} (130)

Di(sy) = {u €S ’cos <(s1,u) — V1 —272F

> ‘a—\/l—Z—ZRl

}. (131)
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The proof of Lemma D.4 now follows by showing that for every
6 > 0and 0.3 > € > 0 there exists an n%(6,¢) > 0 such that
for all n > n5 (6, €)

Pr [5X1'] < 57 1€ {1/2}
Pr[€x, x,) NE§NE%, NE%,] < 36.

(134)
(135)

a) Proof of (134): We give the proof for £x,. Due to the
symmetry the proof for £x, then follows by similar arguments.
Let Ex, (j) be the event that U, (j) does not have a typical angle
to Sy, i.e.,

gxl(j) = {(517527C17CQ) : |COS<E(U1(j),Sl) - T| > 67'}

where we have use the shorthand notation 7 = /1 — 2—2F1,
Then

Pr [5}(1] =Pr [5)(1 |Sl = Sl]

on k1
=P m 5)(1 Sl =81
on
= [ Prlex.(5)|S1 = s1]
j=1
on
2 1] Priex, ()]
7=1
b 1

(Prex, ()

= (1=Pr[eg,m]> (136)
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where in a) we have used that the probability of £x, (j) does not
depend on S; = sy, and in b) we have used that all Uy (j) have
the same distribution. To upper bound (136) we rewrite £ (1)
as in (137), shown at the bottom of the page, where we have
used the notation

€08 01 max £,/1—2-2R: (1—¢)
€08 01 wmin £2/1-22R (1+¢).

Hence, since U (1) is generated independently of S; and dis-
tributed uniformly on Sy

and

Cn(el max) - Cn(gl min)

Pr|&Ex (1)] = : : .
r[£%,(1)] e (138)
Combining (138) with (136) then gives (139), shown at

the bottom of the page, where in a) we have used that
1 — 2 < exp(—z), and in b) we have lower bounded
C1.(01,max)/Cn(m) and upper bounded C,, (01 min)/Cn(m)
according to Lemma D.17. It now follows from sphere-packing
and -covering, see, e.g., [32], that for every ¢ > 0 we have
Pr[éx,] — 0 as n — oco. More precisely, this holds since the
exponent on the RHS of (139) grows exponentially in n. This
follows since on the one hand for large n

1

n2m

+1)
l)ﬁ

&x, (1) = {(S1,SQ,C1,C2) : ‘COS <(ui(1),s1) — V1—2-2Ri| <
{(51,52,(?1,(72) /1= 272Ri(1 — €) < cos<(uy(1),s1) < /1 —2-2Ri (1 +€)}

= {(51,52,01,02) : €08 01 max < cos <(uy(1),s1) < cos Hl,min}

eV 1— 22 }

(137)

gn Ry

Cr (6, max) - Cn(91,min)>

Co(m)

On(gl,max) - Cn(el,min) 2
Ch ()

<_

Ry

. (n—1
1 9 sin(»~ 1 01, min
— tan” 01 max N

(=) - g )

2n(R1 +log, (sin 61 m

n €08 01, min

in))

b) wry L(3+1) [sin®™ D 00
S P [ -2 nl’ (nTl) \/7_1' COoSs Hl,max

B B T (% + 1) 2n(R1+10g2(sin 01, max))
P nl’ (nTH) \/7_[' sin Hl,max COoSs gl,max

(1 _ 1 tan? el,max> — )] (139)
n

sin 91,min Ccos Hl,min
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and on the other hand the term Note that by (141), £x, x,) C (A1 U A2 U A3 U Ay). Thus

Pr[Ex, x,) NESNE%, NEY,]

2n(R1 +log, (sin 01 max)) 1
A R—— (1 -, ten’® lemax> <Pr[ANE§NER, NEY,] +Pr A N €GN Ex, Néx,]
11 1,max 1,max n . , ;
on(R1+log, (sin 61, min)) 40 +Pr [A?’ Né&g N 5X1 N gxz]
— 1 C C C
51101 i €08 01 i (140) +Pr[AsNE§NE%, NEK,]
< Pr[AiE§ N &%, NER,] + Pr[As|&S]
grows exponentially in n. The latter holds since first of all +Pr [A3]ES] + Pr[Ay)€S]. (142)

1 The four terms on the RHS of (142) are now bounded in the
<1 — Ztan? 017max> ~ 1 forlarge n following two lemmas.
n

Lemma D.20:  Fore < 0.3
second, the denominators of the fractions are independent of n,

and third since Pr[Ail€§ N &g, NéEx,] =0.

Proof: We first note that the term in the definition of 4
Rq +log, (sin €1 max) > R + log, (sin 01 min) can be rewritten as

with Ry +1og, (sin 61 max) > 0. That Ry +logy(sin 61 pax) > 0

1202
can be seen as follows:

[[uillflus]]
= cos <(s1, uj) cos <(s2,u}) cos <(s1,82). (143)

<51752>

-1 i 9 max
082 (511101 max) We can now upper and lower bound the RHS of (143)

= —log, (w/l — cos? 91,max) for (s1,82,C1,C2) € &g N €, N &%, by noticing that

(Sl,SQ,Cl,Cg) € Eé implies

1
=-3 log, (2721{1 +e(2—¢€)(1 - 272R1))

~

|cos <(s1,82) — p| < pe

< Liog, (272m)
2 that (s1,s2,C1,Co) € E%, implies

=R
V1 —=2"2R1 _cos<(sy,u] ‘ <ey1—22R
where in a) we have used the definition of cos 01 max. O ’ (s1,u3)
Proof of (135): By the notation in (126) we have and that (s1,s2,C1,C2) € &%, implies
’\/ 1—2-2R2 _ ¢og <(52,u§)‘ <eyV1—272R,
« oy _ (uf,uj)
cos <(uy, uy) = T
[ug||[[us ]l Hence, combined with (143) this gives
T
= ——— V12 (S1,82) + 11 (S1,V - vivo N
[CHIEE R, lonme) v (s p(l—e)? < (s1,82) < p(1+¢€)°

= gl
+ vz (vi,s2) + <V17V2>)
(141 for all (sq, 52, C1,Co) € 5§'~ﬂ£§(1 NE&%,- The LHS can be lower
bounded by p(1 — 3¢) < p(1 — ¢€)3, and the RHS can be upper
~ 3 ~
where we recall that v is a function of ||s1]|| and cos <(s1, uy) bounded by p(1 + €)° < (1 + 4¢) whenever € < 0.3. Hence,

and similarly v is a function of ||sz|| and cos <(s2,u}). Now, fore <03
define the four events iUy
P— T (81,82) | < 4pe < 4e.
[[uillflusl]
N Vv
A = {(51752701702): P—m@l,sﬁ >46} =
” ! 2 Lemma D.21: For every 6 > 0 and € > 0 there exists an
Ag = {(517527017@) : m (s1,va)| > 6} n’4(6, €) such that for all n > n/,(6, €)
Ay = {(51,52,@,@) [y | > } PrlAs€§] <6, PrAs|€§] <6, PrlAseg] <6.
uqfljjug
A= C1.Cy) : 1 ( ) > Proof: We start with the derivation of the bound on A5. To
4= 51 82,01,02) [l || |Jas ] V1, V2 ¢ this end, we first upper bound the inner product between s; and
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va. Let sy p denote the projection of s onto the subspace of R™
that is orthogonal to s, and that, thus, contains v,. Hence

2 Cos<(sl7u>‘£) <S_1 i>‘

Is1ll” flusll

b) S7 Vo
< Jeos <(s1, )| ’< Tsill” vl
S1 Vo
<
< <||s1||’||vz||>‘
Tsill” Tval

< < sLp Vv >‘
lIst,pll " [[vall

= |cos <(s1,p, V2)]

V1

— (s1,V>y
T ] (&1 v2

(144)

where a) follows by the definition of 14 and b) follows since
by the definition of vy we have ||va|| < ||ui||. By (144), we
obtain the inequality shown in the equation at the bottom of the
page, where in the last line we have denoted by Pre, ¢, (-]
the conditional probability of the codebooks €; and €, being
such that |7/2 — <(s1,p, Va)| > € given (S1,82) = (s1,s2)
and (s1,s2) € &§. To conclude our bound we now notice
that conditioned on (S1,S3) = (s1,s2), the random vector
V3 /|| V2|l is distributed uniformly on the surface of the cen-
tered R™~!-sphere of unit radius that lies in the subspace that
is orthogonal to so. Hence
54

20,1 (5 - )
Cn_l(ﬂ')

- Cn_1(7r)

Pr [A2|5§] < Eshsz

Upper bounding the ratio of Gamma functions by the asymp-
totic series of Lemma D.18, gives for every ¢ > 0 that
Pr[A2|E§] — 0 as n — oo. By similar arguments it also fol-
lows that Pr [A3|E§] — 0 as n — oo.
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To conclude the proof of Lemma D.21, we derive the bound
on A,4. The derivations are similar to those for A,. First, define
by vi,p the projection of v; onto the subspace of R™ that is
orthogonal to s,. As in (144) we can show that
1

[T (145)
[[a{[fJuz]

<V1, V2> < |COS <Z(V1’p., V2)|

from which, using | cosz| < |r/2 — x|, we then obtain (146),

shown at the bottom of the page. The desired bound now follows

from noticing that conditioned on (S, S3) = (s1,s2) and €; =

C1, the random vector V5 /|| V|| is distributed uniformly on the

surface of the centered R™~!-sphere of unit radius that lies in

the subspace that is orthogonal to s,. Hence, similarly as in the
Cn, 1 (7r )

derivation for A,
54
2r (#37)

S = DT (2) Jrcos (o)

Upper bounding the ratio of Gamma functions by the asymp-
totic series of Lemma D.18, gives for every ¢ > 0 that
Pr[A4|E§] — 0 as n — oco. O

20,1 (5 — ¢
Pr[A4|&5] <Es, s,.¢, #

Combining Lemma D.20 and Lemma D.21 with (142) gives
that for every 6 > 0 and 0.3 > € > 0 there exists an n/, (6, €)
such that for all n. > n/, (6, €)

Pr[&x, x,) NE§NEX, NE%,| < 36. O

2) Proof of Lemma D.7: The proof follows from upper
bounding Pr [g |5§(1] as a function of R;. First, note that

Pr[gl€x,] =Pr(0|U; # 0]

—Pr (Gl (S1, &) = 1] (147)

where the second equality holds because the conditional distri-
bution of the codewords conditional on uj # 0 is invariant with
respect to permutations of the indexing of the codewords. The
desired upper bound is now obtained by decomposing G into
sub-events G;, j € {2,3,...,2"1}, where

g; = {(sl,SQ,Cl,Cg,z) ccos <(w,uy(y)) > A}.

PI‘ [.A2|g§] S PI‘ [(Sl7 827 9:17 Q:Q) . |COS <I(Sl,p7V2)| > Elgg]

i
< Pr I:(Sl7 SQ, Q:l, Q:Q) R ‘5 — <I(SLP,V2)‘ > €

™
= Eshs2 [Prghgz ( ‘5 — <Z(Sl7p,V2)‘ > €

&|

(S1,82) = (s1,82), 5§>]

™
Pr [A4|€§] < Esl_rs%g1 |:PI‘¢2 < ‘5 — <(V17P7V2)‘ > €

(Sl.,Sz) = (51752)761 :Cl,€§>:|. (146)
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By (147) we now have

on i1
Pr [Q|5§(1] =Pr U Gils1(81,€1) =1
71=2
o R1
< 3 PriGla(Sn &) = 1]
=2
< onfupy [G2]s1(S1,€1) =1]
Cy(arccos A)

<onka 9
o Cn(ﬂ')

(148)

where in the third step we have used that Pr [G]s;(s;, €;) = 1]
is the same for all j € {2,3,...2"f1} because the conditional
distribution of u;(j) given ¢;(s;, €;) = 1 does not depend on
j € {2, 3,0, 2"R1} and where in the last step we have upper
bounded the density of U;(2), conditional on ¢;(S1,€;) = 1,
by Lemma D.19. Thus, combining (148) with Lemma D.17
gives

I'(2+1)(1—A%)0-D/2
T (25T) /7

2l (2 +1)

"l (251) yAAVI- A

s« 9n(R1+1/2logy (1-A%))

Pr[G|eg,] <272

Replacing the ratio of the Gamma functions by the asymptotic
series of Lemma D.18 establishes (106). O

3) Proof of Lemma D.9: The proof follows by upper
bounding Pr [g|5§(1 N 5&2] as a function of R; + R,. To this
end, define

$(s1.82,C1,Ca) = (ca(s1,C1), 2(s2,C2)) -
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By a symmetry argument, which is similar to the one in the proof
of Lemma D.7, we obtain

Pr[G|€x, N€%,] = Pr(G[<(S1, 82, €1, &) = (1,1)].
(149)
The desired upper bound is now obtained by decomposing G
into subevents G; ¢, where

gj,( = {(517527617("27Z) : COS<(U1(j)7UQ(£)) Z S
cos <(y, a1ui(j) + aguz(0)) = A
for j € {2,3,...2"%} and ¢ € {2,3,...2"F2} Hence, by
(149)

Pr [G|€%, N€x,]

9nRy gnRy
=Pr U U gj’[ G(Sl, SQ, @1, 62) = (1, 1)
j=2 (=2
gnB1 gnita
S Z Pr [gj,e|€(817827€17€2) = (1/1)]
j=2 (=2

a)
< 2Bt R2)pr(Gy 5|8(S1, Sa, €1, €2) = (1,1)] (150)

where a) follows since conditioned on {(Si,So, €1, &) =
(1,1), the laws of <(U1(j),Uz2(4)) and <(Y,a1U4(y) +
a@Us(f)) do not depend on j € {2,3,...,2"%} or
¢ € {2,3,...,2"F2}1 We now rewrite the probability
Pr[Gs2/¢(S1,S2,€1,€2) = (1,1)] as in (151), shown at
the bottom of the page, where in the last step we have used that
the probability term does not depend on z. To upper bound the
integral we now upper bound this probability term as shown in
(152) at the bottom of the next page, where in ) we have used

Pr (G2 2]¢(S1,82, €1, &s) = (1,1)]

= Pr[(S1,S2,U1(1),Ux(1), U1(2),Us(2),Z) are such that G5 » occurs |§~(Sl7 Sy, €1, &) = (1,1)]

-

(s1,52)ER™ XR™
(ul,uz)esl X Sa
zER™

f((Sl, S2,U1(1),Ux(1),Z) = (s1,82,u1, Uz, 2)

{(81,82,¢1, &) = (1, 1))

'PI‘[COS <(U1(2),U2(2)) > ®7COS <Z(y, a1U1(2) + a2U2(2)) > A‘G(SL SQ./ 0:17 Q:z) = (17 1)

(Sl7 S?aU1(1)7 Uz(l) Z) = (5175271117 UQ,Z)]d(Sl, 527u17u27z)

_ / 7((S182,U1(1), Us(1) = (1,50, 01, u)[£(81, 85, €1, €) = (1,1))

(s1,52)ER" XR™
(ul,u2)€31 X So

-PI‘[COS <(U1(2),U2(2)) > @,COS <(y,a1U1(2) + QQUQ(Z)) > A‘G(Sl SQ, @1, cg) = (1, 1)

(Sl7 SQ7U1(1)7U2(1)) = (5175271117 u2>]d(517 S2, u17u2)

(151)
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Lemma D.19 and in b) we have used that under distributions
of Uy(2) and Uy(2) that are independent of y and uniform
over S; and S, respectively, the angles <(U1(j), Uz(¥)) and
<(y,21U1(j) + a2Uz(¥)) are independent. Thus, combining
(152) with (150) gives

Pr [G|€%, N€x,]
Chp(arccos ©) -
Cr(T)

C(arccos A)
Cr ()

< or(fitia) .y (153)

and combining (153) with Lemma D.17 gives

Pr[G|€x, N€x,]
D(3+1) (1- 07D

T (252 V70
_ A2)(n=1)/2

<or(ftla) gy
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Replacing the ratios of the Gamma-functions by their asymp-
totic series in Lemma D.18 finally establishes (115). O

APPENDIX E
PROOF OF THEOREM IV.5

The high-SNR asymptotics for the multiple-access problem
without feedback can be obtained from the necessary con-
dition for the achievability of a distortion pair (Dy, D) in
Theorem IV.1, and from the sufficient conditions for the
achievability of a distortion pair (D1, D3) deriving from the
vector-quantizer scheme in Theorem IV .4.

By Theorem IV 4 it follows that any distortion pair (D1, D2)
satisfying Dy < 0%, Dy < 02 and

4 -

L(2+1) 1
nl (%1) V7 ) 01— 62AV1 - A?

.2n(R1+R2+% logz((17@2)(17A2)))‘

_ N
Dy >02— 154
120 2 (154)
_ N
Dy > 02— 155
220 P, ( )
A A N(1=7p%)
DyDy = (156)
v P+ P+ 2p/ P P
where
D D
ﬁ:p\/<l——21> (1 —22> (157)
o

Pr[cos<(U1(2),U2(2)) > 0, cos <(y, a1U1(2) + a2 Us(2)) > A’g”(Sh Sy, €1, Cs) = (1,1)

INE

b)

(11,012) €81 X Sa:
cos < (011,02)>0,
cos <(y,x101+astz)>A

P (U(2), U2(2)) = (@1, 82) |<(S1, 82, €1, €2) = (1, 1)

(81,82, U1(1), U (1)) = (51,8, u1,u2)

(81,82, Un(1), Ua(1)) = (51,52, w1, uz) ) d(dy, z)

f)\l (Ul(Z) = ﬁl‘f(slv 827 Qtlv 62) = (17 1)7 (Sh SZaUl(l)vUZ(l)) = (517 S2, 111,112))

(11,02) €Sy X Sa:
cos < (111,02)>0,
cos <(y,1 01 +aztiz) >A

-f)\2 (UQ(Z) = flg‘f(sh SQ./ 0:17 Q:z) = (17 1) (Sh 827U1(1),U2(1)) = (5175271117112))(1({11,{12)

/

(11,02) €S X Sa:
cos < (111,02)>0,
cos <(y,x11+aztin)>A

Iz (Ul(z) - ﬁl‘q(Sl, €)=1,(S1,Us(1)) = (sl,ul))

£ (Ua(2) = fz]ca(S2, €2) = 1,(S2, Ua(1)) = (s2,12) ) d(f, o)

2 2
1 Cu(m) ry " Cu(m)

d(ay,us)

(11,02) €Sy X Sa:
cos <(1i1,02)>0O,
cos <(y,1 i1 +aztiz) >A

Cy(arccos®) C,,(arccos A)

4 Co(m)  Cu(m)

(152)
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is achievable. If

=0 and lim =0

N —0 P2D2

lim
N—0 Pl

(158)

then for N sufficiently small, (154) and (155) are satisfied. Con-
sequently, for IV sufficiently small any pair satisfying (156) and
(158) is achievable. We next show that if the pair (D, D) sat-
isfies (156) and (158), then g — p as N — 0. To show this, we
note that if (D1, Dy) satisfies (156) then

_ N _ N
D,y < ”41) _ and D; < ot—— (159)

1D1 P>Dy
Combining (159) with (157) gives that if in addition to (156) the
pair (D1, D) also satisfies (159), then j — p as N — 0. Thus,
if (D1, D7) satisfies (156) and (158), then

lim P+ P+ 2p/ P Py

< —p%).
A ¥ D1Dy < o'(1-p?)

(160)

Now, let (DI<027P7 Pl*, P27N)7 D;(027 Ps Pl*, P27N)) be
a distortion pair resulting from an optimal scheme and let
(D3, D3) be the shorthand notation for this distortion pair. By
Theorem IV.1, we have that

tD5) < L Py + Py + 2p\/PiP
RS],SQ(D17D2)S§IOg2 <1+ L > + 2p\/ PPy

N
(161)
If (D3, D3) satisfies
Nh£>10 P D3 =0 and NhE>10 P,D3 =0 (162)
then for N sufficiently small
1 at(1-p?)
Rs, s,(D},D3) = Zlogs | ———— 163
s1,5. (D1, D3) 5 1082 ( DiD; (163)

by Theorem III.1 and because (D7, D3) € Ds. From (161) and
(163), we, thus, get that if (D7, D3) satisfies (162), then

Py + Py + 2p/ P Py

. * )k 4 _ 2
Nhl_r>10 N DiD3 > o%(1—p°). (164)
Combining (160) with (164) yields Theorem IV.5. O

APPENDIX F
PROOF OF THEOREM 1V.6

Our analysis of the expected distortion for the superimposed
scheme is based on a genie-aided argument, similar as in the
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Ui U3
U, l i - §§
Y Y §
QG
U, 5

Fig. 12. Genie-aided decoder.

analysis of the vector-quantizer scheme. This argument is de-
scribed more precisely now.

A) Genie-Aided Scheme: In our genie-aided argument, the
genie assists the decoder. An illustration of this decoder is given
in Fig. 12. In addition to the channel output Y that is observed
originally, the decoder is now also provided with the transmitted
codeword pair (U3, U3). Based on (U3, U3) and Y, the de-
coder then estlmates the source pair (Sl, S>) and thereby ig-
nores the guess (U1 U2) produced in the first step of the orig-
inal decoder. The estimate of this genie-aided decoder is de-
noted by (SS,8§) and is given by

S? =v11U] + 712Us + 713Y
SY =121U3 + 722 Uf + 723

(165)
(166)

where the coefficients -y;; are as defined in (44). We now show
that under certain rate constraints, the normalized asymptotic
distortion of this genie-aided scheme is the same as for the orig-
inally proposed scheme. The key argument is stated in the fol-
lowing proposition.

Proposition F.1: Forevery 6 > 0 and 0 < € < 0.3 there
exists an n/(8, €) > 0 such that for all n > n’(§, €)

1 A 1 N
CE[I81 - SulP] < —E[IS1 - SEI?] + €16 + e 167)

whenever (R, Ry) is in the rate region R'(¢) given in (168),
shown at the bottom of the page, where in (167) £ and &} de-
pend only on o2, Y13, P1, P> and N, and where in the expression
of R'(e) the terms k1, k2 and k3 depend only on Py, Py, N’,
and p, and where N’ and 3], (5 are as given in (45), (46) and
(47) respectively.

Proof: See Appendix F-B. O

From Proposition F.1, it now follows easily that the expected
distortion asymptotically achievable by the genie-aided scheme
is the same as the expected distortion achievable by the original
scheme.

/2 201 _ 2 /
e :{Rl < Lo (m UL = 32) + N' )

N1 )

1
Ry < ~log
o< e (5

CIOLP + BEI[ULP + 2661 B[ U [[[| 0] + N

I2U 21_~2 NI
LTCICT R

1
R1+R2§§10g2<

(168)

ok

N'(1— )
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Corollary F.1: If (Ry, Ry) satisfy (169)-(171), shown at
the bottom of the page, then

im e[S - 8u?] < Tm e [s -85

Proof: Corollary F.1 follows from Proposition F.1 by first
letting n. — oo and then € — 0 and 6 — 0. ]

It follows by Corollary F.1 that to analyze the distortion
achievable by our scheme it suffices to analyze the genie-aided
scheme. This is done in Appendix F-C.

B) Proof of Proposition F.1: The proof of Proposi-
tion F.1 consists of upper bounding the difference between
LE[)|S; — Su|?] and LE[||S; — S§||?]. Since the two esti-
mates S; and S§ differ only if (Uy,Us) # (U%,U3), the
main step is to upper bound the probability of a decoding error.
This is what we do now.

Let the error event & be as defined in (80)—(82) for the
vector-quantizer scheme. The probability of &£y is upper
bounded in the following lemma.

Lemma F.1: Forevery 6 > 0and 0 < e < 0.3, there exists
an n}y (6, €) € N such that for all n > n}(6,€)

Pr[€y] < 116 whenever (Ry, R2) € R (¢).

Proof: The proof follows from restating the decoding
problem for the superimposed scheme in the form of the de-
coding problem for the vector-quantizer scheme. That is, we
seek to rewrite the channel output in the form

Y =p1U + 3,05 + Z (172)
with an additive noise sequence Z’ that satisfies the properties
needed for the analysis of the vector-quantizer scheme. This

representation is obtained by first rewriting the source sequences
as

Sl = (1 - alﬁ)U*{ + alU; + Wl
S2 = (1 — azp)Us + a2 U7 + Wy

(173)
(174)

where a; and as are defined in (48), and p is defined in (37).
Combining (173) and (174) with the expressions for X; and X
in (40) and with Y = X + X5 + Z yields the desired form of
(172) with

B1 = (a1(1l — a1p) + B1 + azaz)
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and with
ZI = a1W1 + QZWZ + Z.

For the additive noise sequence Z’ it can now be verified that
forevery 6 > 0 and € > 0 there exists an n/(8, €) > 0, such that
for N’ as in (45) and for all n > n’(§, €) we have that

o]

and that for 7 € {1,2}

1
—||Z'|]> — N’ (175)
n

SN’e] >1—-90

Pr [| (U, zy| < n\/02(1 - 22Ri)N’e} >1-46. (176)

Condition (176) follows since for a; and as, given in (48), for
sufficiently large n, we have with high probability that

(U5, W)~ 0 Vi je{l2}

Conditions (175) and (176) are precisely those needed in the
proof of the achievable rates for the vector-quantizer scheme.
Hence, the upper bound on the probability of a decoding error
in the vector-quantizer scheme given in Lemma D.1 can be
adopted to the superimposed scheme. This yields Lemma F.1.
(]

To ease the upper bounding of the difference between
LE[|IS1 —S1]1?] and LE[||S1 — S§||?] we now state three
more lemmas which upper bound different norms and inner
products involving S, Si, and S? The first lemma gives an
upper bound on the squared norm of S, — S?

Lemma F.2: Let the reconstructions S; and Sf’ be as de-
fined in (42) and (165). Then, with probability one
IS1 — S§I? < 16n02.
Proof:
181 - SEII°
=[71(U1 = U7) + 72(Uz — U3)|?
=701 = UL + 292 (01 - U3, 0; - U3)
+71[ U2 — U |1°
<711 [[Us = Uil +290m:2 UL - UG || U2 - U
N——— ~ ~ -

<4no?

<4no?
+712 [|[Us — U3 |
—_————

By = (a2(1 = azp) + P2 + 1a1) <4no?
1 PlOLP(1 =) + N
Ry <=1 ! 169
153 Og2< N/(1 - p?) ) (169
1 2|Ua|I*(1 — p*) + N’
Ry <=1 2 17
¢ < om () .
1 U2 + 6210112 + 25831 851/ U4 ||| U2|| + N
R+ Ry < 51og2 < L L N1 [321) 2 ) (171)
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<4no? (i1 + 712)2
§16na2

where in the last step we have used that 0 < 11, v12 < 1. O

For the next two lemmas, we reuse the two error events s
and £z which were defined in (83) and (84) for the proof of the
vector-quantizer scheme. We then have:

Lemma F.3: For every ¢ > 0

teflsusts)

<g? (e + 17Pr [Es] + (17 + €)Pr [Sﬁ] )

Proof:

Lol )
_ %E [<sl, §G _ s1> |€s U sﬁ] Pr[€s U &g]

1 N N
o E (81,85 = 81) |es n gg]lpr 5 neg)

=0

E [IS12 + IS5 - S1]12|és U &g | Pr s U &)

Il INE
+ 3=~
=3 = m

[1S1112[€s] Pr(és]

E [IIS1]I*]€5 N &g ] Pr [€5 N &g
+E[I8F - 8ul?|es u &g | Pr [Es L £y
< o%(c + Pr[gs]) + 0(1 + )Pr €]

+1602 (Pr[€s] + Pr [£g])

<o?(e+ 17Pr[Es] + (17 + €)Pr [€] ) (177)

where in the first equality, the second expectation term equals
zero because by £ we have IS§ —S1|| = 0and by £ the norm
IS1|| is bounded. In a) we have used (119), and in b) we have

used Lemma D.10, Lemma F.2, and the fact that conditioned on
&S we have ||S1||? < no?(1 +e). O

Lemma F.4: For every ¢ > 0

e[S - 18€1°]
54(02(1 Fdmig) 4 9713(Pr + Po+ N)(1 + e))Pr (€]
36713 ((P1+P2)Pr [€s]+NPr [Sz]+(P1+P2—|—N)e).
Proof:
(I8l - 18§
= E[I8uI7 - I8P 10 Pr [€o]
+2€ I8 - 185 17)le] Pr [£5)

1 R N
< CE[I8u1” - 187120 ) Pr (0]

(178)
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where the last inequality follows since conditional on 56 we

have S; = S$ and, therefore, ||S;]|2 — ||SE||2 = 0. To upper
bound the RHS of (178), we now upper bound the difference
1S411> = IS 1>:

1S1]1* = ISF(I>
=710 + 2711712 <U17U2> + 2711713 <U1,Y>
+720211% + 2712m5 (02, Y ) + 941V
=IO 17 = 2m1m2 (U, U3) — 2911713 (U}, Y)
—10l[Us]1* = 2y12m3 (U3, Y) — 735 Y|?
= 2711712 <U1, U2> +2v11713 <U17Y>
—_————
<no?
42712713 <ﬁ2,Y> — 271712 (U7, U3)
———
>-—no?
—27117113 (U7, Y) — 2712713 (U3, Y)
< dy11viano? + 2y11713 <ﬂ1 - )1K7Y>

+2v12713 <fj2 - U3, Y>

(a) .
< dyiyeno® + 2ynmis (|0 — U1 +( Y1)
—_———

<dno?
+27v12713( |0, — U312 +HIY (%)
<dno?
< Ayi1712n0” + 2y13(711 + v12) (dno® + || Y]1?)

< Ano? + dvyi3(4no® + ||Y|?) (179)

where in a) we have used (119), and in the last inequality we
have used that 0 < 731,712 < 1. We now upper bound the
squared norm of Y on the RHS of (179) in terms of S1, So, U7,
U3 and Z

1Y]?
< a?)|S1]]* + 2 (a1S1,81U%) + 2 (a1S1, a2S2)
+ 2{(@1S1, BUs) + 2 (1S4, Z)
+ BEIU5117 + 2 (51 U3, a2S2) + 2 (51 U7, B U3)
+2(61U}, Z) + a3||Sa||* + 2 (@2Ss, f2U3)
+2 (82, Z) + B3| U3||° + 2 (5. U3, Z) + ||Z|?

9 (allSil” + a3lISalI* + BT + G311Us 1> + 11Z]1%)
9 (Oé%”Slnz + a%HSgHZ +nP; +nbPy + ||Z||2) . (180)

a

~

<

<
where a) follows from upper bounding all inner products by
(119). Thus, Combining (180) with (179) gives

IS 411* — ISF1°
< 4Ano? + 16y13n0” + 36ny13(Py + Py)

+36713 (a[IS11” + a3lISao|* + 1Z17)  (181)
and combining (181) with (178) gives

1 N N
—E {18112 - 1S 1?]
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< 40%Pr [SI:T] + 16y130°Pr [Eﬁ]
+36’713(P1 + PQ)PI‘ [Eﬁ]

1
+36713 <a%;E [||Sl||2|5ﬁ] Pr [gﬁ]
1
o3 E[ISaIP|Eo] P[]
1
FIE[IZPIE ] Prso] ). a2

It now remains to upper bound the expectations on S;, So and
Z on the RHS of (182). Since S, Sy and Z are each Gaussian,
their corresponding terms can be bounded in similar ways. We
show here the derivation for S

~E[lI8:I]€g] Pr [£o]
= %E [IIS111%|€¢ N Es] Pr [Eg N Es]
+1E [I81171Eq N €g] PrEg n 5]
< ZE[I:|P[¢s] Priés]

+0%(1+ €)Pr [Ey]

< o?(e+Pr[&s]) + o*(1 + €)Pr [Eg] (183)

where in the last step we have used Lemma D.10. For the ex-
pectations on Sy and Z, we similarly obtain

1
~E[lIS:IP|ég] Pr[€0]
<o?(e+Pr[&s]) + o*(1+€)Pr [Eg]  (184)

and

1
~E[lIzI*[é0] Pr €]

< N(e+Pr[&z]) + N(1+¢)Pr[Eg]. (185)
Thus, combining (183)—(185) with (182) gives the inequality
shown at the bottom of the page. O

Based on Lemma F.3 and Lemma F.4, the proof of Proposi-
tion F.1 now follows easily.

Proof of Proposition F.1I:
1 & 112 1 &G |2
~E[lIS1 - $1[17] - ~E [lI81 - $F?]

1 N N
= ~E[I81 - $u* - 151 - 5]
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= 2 (ElIsa1?) - 2 [(s1.8,)] + £ [18.17]
—E[I8111°] +2€ [(51,85)] - E[SE1F] )
=21 E[(51,8¢ - 8.)] + E[I8uI? - 18§ ]

ag) 20° (e + 17Pr[Es] + (17 + €)Pr [Eg])
+4(0®(1+4713) +9713( P+ Po+ N)(1+€)) Pr [€g]
+36713((P1+P2)Pr [Es]+ NPr [Ez]+ (P + P> + N)e)

=& Pr [Eﬁ] + &Pr[€s] + &3Pr[Ez] + Lae (186)

where in step a) we have used Lemma F.3 and Lemma F.4, and
where &, ¢ € {1,2,3,4}, depend only on 02, 13, P1, P, and
N.Combining (186) with Lemma D.1, Lemma D.2, and Lemma
D.3 gives that for every 6 > 0 and 0.3 > € > 0, there exists an
n/(6,€) > 0 such that forall (Ry, R2) € R'(€) andn > n'(6,¢)

T[Sy - 8P] — TE (81 - 8517) < € + ghe

where ¢} and &, depend only on 02, y13, P, Py, and N. O

C) Upper Bound on Expected Distortion: We now derive
an upper bound on the achievable distortion for the proposed
vector-quantizer scheme. By Corollary F.1, it suffices to analyze
the genie-aided scheme. Using that é? = 711Ul + 112U5 +
v13Y, we have

1 N
~[lIs: - $511°]
—E[lIs: - 89

1 * *

= —(E[IS1II”] - 291E[(S1, U5)] - 2712E[(S1, U3)]

— 2713E[(S1, Y)] + 7, E [|[U7]°]

+ 2711712E (U, U3)] + 2711713E (U1, Y)]

+ E [[U31%] +2710m15E [(US, V) +4%5E [ Y]] )-

(187)

Some of the expectation terms are bounded straightforwardly. In
particular, we have E [||S1|]?] = no?, E [||U%||?] = no*(1 —
27281) ‘and E [||U3]|?] = no?(1 — 272%2). For three further
terms we take over the bounds from the analysis of the vector-
quantizer scheme. That is, by Lemma D.14, we have that for
every 6 > 0 and 0 < € < 0.3 and every positive integer n

LE((S), U] 2 071-277) ~ 1 (5,0)

= C11—C1(57 6) (188)

%E [||Sl||2 - ||S§||2] <40?Pr [£g] + 1671302Pr [€g] + 36715(P1 + Po)Pr [€g]
+ 36713 ((P1 + Py)(e + Pr[€s]) + (Py + Py + N)(1 4 €)Pr [Eg] + N(e + Pr[£z]))
< 4(02(1 + 4v13) + 9713(P1 + Po + N)(1 + €))Pr [€g]
+ 36713 ((P1 + P2)Pr[Es] + NPr[€z] + (Py + P> + N)e).
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where (1(6,€) is such that lims. —0Ci(6,¢) = 0. By
Lemma D.15, we have that for every 6 > 0 and 0 < € < 0.3
there exists an n% (6, €) € N such that for all n > n} (6, €)

CE[(U,UR)] <o%p(1 - 277 (1 - 272 4+ (6, )

=kiz + (2(6, €) (189)

where (2(0,¢) is such that lims . — o (2(6,€) = 0, and by
Lemma D.16, we have that for every 6 > 0 and 0 < ¢ < 0.3
there exists an n'(6, €) € N such that for all n > n/(, €)

L (51, UB] 2 0%(1 - 272%) - 45,0
=c12 — (3(0,¢€)

where (3(0,€) is such that lims . — o (3(6,€) = 0. Next, re-
calling that Y = 151 + S1 U7 + a2Ss + 52U3 + Z, gives

(190)

Lefs.v)
= %(CHE [||S1||2] + BE [<S17U*1‘>] + aZE[<Sl7S2>]
+ BE[(S1,U3)] + E[<sl,z>])
~—

=0

a)
> 0% + B (c11 — C1(6, €)) + aapo? + P2 (cra—(3(6,€))
= c13 — Ca(0,€) (191)

where in a) we have used (188), (189) and (190), and where
Ca(6, €) is such that lims . — ¢ (4(6, €) = 0. For the remaining
terms in (187), it can be shown, similarly as for (188) and (190),
that for every 6 > 0 and 0 < € < 0.3 there exists an n'/ (9, €) €
N such that for all n > n'/ (6, €)

CE[(S1, U] <cun +G(5,0) (192)
CE[(S:, U] < e+ Gol5,0) (193)
CE[(81,U3)] S cia + Gr(5, ) (194)
LE[(S2,U3)] <+ Gs(5,0) (195)

where (;(0,¢),7 € {5,...8},aresuchthatlims . . ¢ (;(6,€) =
0. Using (189) and (192)—(195), we now get that for every 6 > 0
and 0 < € < 0.3 there exists an 721 (6, ¢) € N such that for all
n > n1(0,€)

CE[ULY)]
= —(mE[(UF,80] + AE [JUIP] + azE (U}, S2)]

n
+ RE[(U}, U3)] + E[(U},Z)])
=0
a1 (ki1 + ¢5(6,€)) + Bikir + as (ca1 + (s(6,€))
+ B2 (ka2 + (2(6,€))
kis + G (6, €)

IN

(196)
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where 51(6, €) is such that lims . — ¢ 51(6, €) = 0. Similarly, it
can be shown that for every 6 > 0 and 0 < e < 0.3 there exists
an 72(6, €) € N such that for all n > n2(6, €)

1 .
SE[(U3,Y)] < kas + Cal8,0) (197)

where 52(6, €) is such that lims . ¢ 52(6, €) = 0, and finally,
we have that for every 6 > 0 and 0 < € < 0.3 there exists an
n3(6, €) € N such that for all n > 73(6, €)

1 2
ey
_ %(a%E [1S112] + 201 HiE [(S1, U]
+ 2a12E [(S1, S2)]| + 201 2E [(S1, U3)]
+ 20y E[(S1, Z)] +47E [|| U]
—_———

=0
+ 2[310&2E [(UT, SZ)] + 2[31/82E [(Uiv U;)]
+ 261 E[(U}, Z)] +03E [||S2|?]
=0
+ 20(2ﬂ2E [(Sg, U;)] + 20&2 E [(Sg, Z)]
N——

=0

+ BE1031P] + 25 E U3, Z) +€ (121P] )
—_——
=0
< afo? + 20061 (ci1 + G5(6,€)) + 2a1a2p0”
+ 2a182(c12 + (7 (6,€)) + Bk
+ 2B1aa(c21 + C6(6,€)) + 201 52(ki2 + (2(6, €))
+ 30 + 2a2B(caz + (3(8,€)) + Bokaz + N
= k33 + (3(6,¢€)) (198)
where (3(8, €) is such that lims . — o (3(6,€) = 0. Thus, com-
bining (188)—(191) and (196)—(198) with (187) gives that for

every § > 0 and 0 < € < 0.3 there exists an n’(,¢) € N such
that for all n > n’(§,¢€)

e[S - 8¢1°]
< 0?2 — 2y11¢11 — 2912C12 — 27913C13 + 7%1k11
+ 2711712K12 + 2711713K13 + Yioko2
+ Y12713k23 4+ Viskas 4+ (8, €)

= 0% — 2vi1011 — 2712C12 — 2713C13

Y11
+(v1 vz 713)K | v2 | +¢(6,¢€)
713
D2 2v11€11 — 2912C12 — 2713C13
C11
+ (71 m2 m3)KK [ cia | +{(8,€)
C13
= 0" — 2711€11 — 2712€C12 — 2713C13
C11
+(v1 v12 ms) | ci2 | +(6¢€)
C13

=02 - Y11€11 — Y12C12 — Y13C13 + 41(5, €) (199)
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where we have used the shorthand notation K for K(R1, R»),
and where in a) we have used the definition of the coefficients
7vi; in (44), and where (’(6, €) satisfies lims . — ¢ (' (6,€) = 0.
Now, letting in (199) first n — oo and then §, ¢ — 0, and com-
bining the result with Corollary F.1 gives

nli_>—moo E[IS1 — S1lI”> < 0% — y11¢11 — Y12€12 — Y13€13
whenever (R;, Ro) satisfy (169)-(171).
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