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Abstract—The paper proposes a new prior model for gray-scale
images in 2D and 3D, and a pertinent algorithm for tomographic
image reconstruction. Using ideas from sparse Bayesian learning,
the proposed prior is a Markov random field with individual
unknown variances on each edge, which allows for sharp edges.
Such a prior model remarkably captures and preserves both
the edge structures and continuous regions of natural images
while being computationally attractive. The proposed reconstruc-
tion algorithm is an efficient EM (expectation maximization)
algorithm where the actual computations essentially reduce to
scalar Gaussian message passing. Simulation results show that
the proposed approach works well even with few projections, and
it yields (slightly) better results than a state-of-the art method.

I. INTRODUCTION

Tomographic reconstruction—the estimation of a 2D or
3D image from noisy projections—has been a challenge for
decades due to both the 2D (or 3D) nature of the problem
and the huge dimensions of the corresponding mathematical
objects. As of today, the filtered back projection (FBP) method
[1] is still the most widely used reconstruction algorithm
in real-world applications, mainly because of the high com-
putational complexity of more advanced methods. However,
FBP has many drawbacks including a blurred reconstruction,
the requirement of a large number of uniformly-distributed
projections, and a high sensitivity to noise in the projections.
In particular, FBP with linear pre- and/or post-filtering is
intrinsically ill-suited to reconstruct sharp edges in the image.

In order to cope with sharp edges, a number of more ad-
vanced methods have been proposed, such as [2]-[7] and many
others. Some of these methods exploit sparsity in the gradient
[4], [5] while others exploit sparsity in a wavelet transform of
the image [6]. In particular, regularization involving the image
total variation greatly improves on FBP and can reconstruct
sharp edges [4], [5]. In addition, these techniques can deal with
a small number of projections, and the projections need not be
uniformly distributed. These methods often use gradient-based
optimization algorithms of reasonable complexity.

Several authors have advocated a Bayesian approach with
a prior in form of a Markov random field (MRF) [7]-[9].
Inference in such models has often been carried out by Markov
chain Monte Carlo techniques that are too slow for most
practical applications. However, in very recent work, fast
Gaussian message passing methods have successfully been
demonstrated [7].

In this paper, we propose a new version of an (improper)
MREF prior with sparsifying NUV terms (normal with unknown
variance). NUV priors are a central idea from sparse Bayesian
learning and automatic relevance determination as in [10]-
[13], see also [14]. The proposed prior is similar to the prior in
[9] (cf. the remark at the end of Section II-C); it is effectively
(but not mathematically) similar also to the spike-and-slab
prior of [7].

We also propose an efficient reconstruction algorithm based
on expectation maximization (EM) (cf. Section III) to estimate
the unknown variances and iterative scalar Gaussian message
passing (cf. Section IV). The actual computations are some-
what similar to those in [7]. In our simulations (cf. Section V),
we obtain better reconstruction results than with the state-of-
the-art method from [4].

II. STATISTICAL MODEL

Each voxel (or pixel) is associated with a real random
variable X;,, £ € {1,..., L} with L the total number of voxels
and s; = (4,7, k) the spatial index of that voxel (in 2D, omit
the index k). For simplicity, we assume that each dimension
of the mesh has the same number of units (L% in3D or L? in
2D). We denote by X = (Xg,,..., X, ) the random vector
in R, We define an order among the spatial indices: for all
spatial indices sg = (4,7, k) and s = (7', 5/, k)

se<sp e (i<i)or((i=i)& (j<i))
or (i=i) & (j=4) & (k<k)) . (D

We say that two voxels X, and X, (with s, = (4, , k) and
ser = (i', 7', k")) are neighbors if and only if

i =i+ 1 —J |+ k—K|=1. )

Let A denote the set of index pairs (¢, £') such that the voxels
indexed by sy and sy are neighbors and s, < syr.

In the following, we use factor graphs as in [15], [16]
to represent the statistical model and (later on) to describe
Gaussian message passing computations.

A. Measurement Model

Let Q € N denote the number of pixels of the detector.
Each measurement y,, € R¥, m € {1,..., M}, is obtained
by projecting the 3D object x € R” onto the detector and is
characterized by the (sparse) projection matrix A,, € RO*E
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Fig. 1. Factor graph representations of the prior model between neighboring
voxels X, and X, , (£,20) € A.

such that y,, = A,,x. The projection matrices A,, are
obtained from a projection method such as the distance-driven
projection [17].

Assuming white Gaussian measurement noise of variance
0'% and denoting N = @ - M, the likelihood of the data is

_ 2
—exp (_llyAX) R

X)) = ——F7T=—H

where y € RY contains the stacked measurements y,, and
A € RNXL contains the stacked projection matrices A,,.

B. Prior Model in 1D

For ease of exposition we first describe the proposed prior

in 1D, i.e., for a discrete-time signal X, X5,... € R. In this
case, our model is

Xiy1 =X + Ui 4

Up = U + U ~ N(0,02 +0}) , (5)

with independent U, ~ AN(0,02) and Uy ~ N(0,02),

where o2 is fixed and known, but 0?,03,... are unknown

and estimated by maximum-likelihood. The first term, Uy ~
N(0,02), is a random-walk model that favors similar values
for neighboring variables; the NUV term U} is sparse and
allows for occasional jumps of arbitrary magnitude [14], [18].
C. Prior Model in 2D and 3D

Generalizing the 1D model of Section II-B to 2D and 3D
yields

ng/ = XSg + U&Z’ (6)

for each (¢,¢') € A (cf. Fig. 1 and Fig. 2), and we have
plx;0?)

-1 12

_ 2
o (-M) NG
(eyea \/2m(02 + 07 ,) (02 + 07 ,)
The linear transform from X to U € R can be written as
U=DX, (8)

with D € RP*L and B = 2L—2L7 in2D or B = 3L—3L5 in
3D. Unlike the 1D model, this transform is no longer surjective
in 2D and 3D.

We use p(x; o?) as prior model on X, which is (in 2D and
3D) not a probability density function but only a measure. This

N(0,0% + UZW)

FULZ/

N(0,02 + O'ZZ,)

Fig. 2. Factor graph representation of a cycle in the prior model (in 2D or
3D) with (£,0') € A, (¢,£) € A, (¢/,¢') € A and (4,0') € A.

prior model is similar in spirit to the one of Curriero & Lele
in [19] and is based on the composite likelihood of Lindsay
in [20]. It can be interpreted as

5 02) = / 5(u — Dx)p(uo?) du , ©)

by pretending that all the random variables Uy, are indepen-
dent of each other a priori, i.e.,

p(ulo?) = H N(ug e - 0,02 + O'Zg/) .
(L een

(10)

However, the term §(u — Dx) in (9) projects the random
vector U onto a subspace of linear constraints, which creates
dependencies among the variables Uy . Graphically, those
dependencies introduce cycles as illustrated in Fig. 2.

This prior model captures a basic property of natural
structures: two neighboring voxel values tend to be either
approximately equal (e.g., when the voxels belong to the same
material) or else they may be completely different (e.g., when
the voxels belong to different materials). Furthermore, for
natural structures, the number of abrupt changes should be
substantially smaller than the number of smooth transitions.

A similar prior was used in [9], but with an extra prior on
o? and, more importantly, without the random-walk terms.
In addition, we use a different estimation approach (and a
different algorithm), as described below.

D. Maximum “Likelihood” Estimation

Inference is done by maximizing the “likelihood” [21]
yio®) = [ plyitaio?) dx
= //p(y\x)é(u — Dx)p(u|o?) dx du . (12)

The local maxima of p(y;o?) (see Fig. 3a) are at sparse
solutions [10], [14]: many af’z,’s are zero, and sharp edges
in the image are introduced exactly where O'l?’ o+ 7 0. Note that
the use of p(x; o?) instead of p(x|o?) in (11) does not affect
this sparsity behavior and makes the adaptation of the proofs

(1)
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Fig. 3. Factor graph representation of p(y|x)§(u— Dx)p(u|o?). Top dashed
box (red): (x; 02). Bottom dashed box (blue): p(y|x)

in [10], [14] straightforward. As the maximization of p(y; o?)
cannot be done in closed form, we derive an EM algorithm in
the next section.

III. EM ALGORITHM

Considering U as hidden variable and starting from an
initial guess &2, the EM algorithm consists in iteratively
updating the parameters according to

6 = argmax E [lnﬁ(y, U; 0'2)] ,
0.2

(13)
where the expectation is taken with respect to the density
p(uly, &%) (62 being the previous estimate). As can be seen
from (12), this optimization problem splits for each individual
O—ZZ/’ (f,el) € A

&,?’5, = argmax E [hlp(Ug’g/ |0,?7£/)} (14)
02
N
=max (0,E [U7,] —07) . (15)
Since E[U7,] = m{;, , + oy, . the EM algorithm relies on

the ability to compute the posterior mean my, ,, and variance
0'2U€ ,, of Urer. These computations are addressed in the next
section. Note that this EM update can exactly set 67, to zero.

IV. GAUSSIAN MESSAGE PASSING ALGORITHM

For fixed o2, we want to compute the posterior mean mu, ,,
and variance (7,2]1Z ,, of the random variable Uy, (£,€') € A.
Looking at the factor graph in Fig. 3a, all random variables
are multivariate Gaussian and by elementary probability rules

T 71
my = D (DT(031+ Diag(e2))~1D + 2 2A> AT (16)
0z Oz
ATAN !
Vu =D (DT(UEIJrDiag(o-z))lDJr — ) DT .(17)
Z

These expressions involve the inversion of an L X L matrix
(where L is the total number of voxels), which is computa-
tionally unattractive.

N(yn,0%)

Fig. 4. Detailed factor graph representation of the multiplication by the
matrix A. A,, denotes the n™ row of A and an,s, the element (n, sy) of A.

Thus, in order to reduce the computational complexity, we
decompose the cycle-free factor graph in Fig. 3a into the factor
graph of Fig. 3b, where all variables are scalars. The matrix
multiplication by A is further decomposed as shown in Fig. 4.
In this scalar factor graph, we use iterative scalar Gaussian
message passing, which has very low complexity. Note that
both matrices D and A are rather sparse: in 3D, the matrix
D has only 2(3L — 3L3) non-zero elements and the matrix A
has only O(N - L3) non-zero elements (since each projection
beam crosses O(L3) voxels).

It is well known that iterative message passing in Gaussian
graphs with cycles is not guaranteed to converge, but if it
converges, then the means are correct [22]-[24]. However,
the variances do not usually converge to the correct values,
and are of doubtful quality as approximations [22], [23]. In
our specific application, non-convergence can (apparently) be
avoided by appropriately tuning the parameters o2 and o2.
More surprisingly, perhaps, the computed variances are good
enough for the EM algorithm to work well.

Each message passing iteration consists in sending a mes-
sage (i.e., an inverse variance w and a weighted mean ¢ =
wm) along each edge_,) first from top to bottom in Fig. 3.b
(downward messages & and w ) and then from bottom to top
(upward messages (E and ). Initially, all messages are set to
some values. Then, we treat each projection (y,, A, ) sequen-
tially followed by the treatment of the D node at once. XE?
denotes the replica of X, going towards the measurement
Yn.- ngl’) denotes the replica of X, going towards Up .
Specifically, one message passing iteration works as follows.

1) Process each measurement (y,, A, ) sequentially. For all
¢e{1,...,L} such that a, , # 0, update

—> — <« <«
Wy = Ux,, +wx,, — Wyt (18)
- —_ “«— «—

x(m = Ex,, + Ex,, — 5xgg) . (19)



(a) Original

(b) FBP, M=20 (RMSE=0.3481)

(e) FBP, M=30 (RMSE=0.3115)

(c) TV, M=20 (RMSE=0.0132) (d) NUV-GMP, M=20 (RMSE=0.0031)
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Fig. 5. Reconstruction results from noise-free projections for the Shepp-Logan phantom using FBP, TV [4], and the proposed method (NUV-GMP). Top:
reconstruction from M = 20 projections. Bottom: reconstruction from M = 30 projections. Also shown is the root-mean squared error (RMSE).

Then, compute

mp :

For all ¢ € {1,...,

= .
wXS/z :

-
Ex.,

w
x&

<«
gxg?)

<«

stl

-
tx.,

2) Process the D node. For each pair (¢,¢') € A, update

1\

fX(Z e’y

E an L’“’X(n) §X<n> .

L:an 070

L} such that a,, ¢ # 0, update

wx, — W
XSZ Xg?)

<« «~
= Ex., — Exom
—1
2 2 2 —=-1
T an,é (an - an,ZwX(n)>
se

R S
= (mn +anewx(n> §X<n>>

an,[

= wX + U/X<n)

= fxsl + €X§?) .

D — —
wX(l ey = WX, + wx,, — ngf;,e/)

«— — —
=&x,, T &x,, — fng,e/) ;

(20)
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(22)

(23)

(24)

(25)

(26)

27)

(28)

(29)

and similarly for the upward messages on edge X §f;“. Then,

compute

—1
— <«
wxgﬁ,z/) = 'wX(.Z ey (1 + (O’ + 02 E/) Xﬁi’,zl)> (30)

—

-1
-
§wen = & (1+(0 +0f )W <H'>> , B1)

sy Spt
and similarly for the downward messages on edge X s(f;“.
3) Foreach ¢ € {1,..., L}, compute the messages sent from
node D to node A

HJ)XW = Z X(z oy + Z _>X£’ZI’Z) (32)
e(6e)eA :0,0) ¢

=2 —

sz[ = Z §X(z oy + Z gxé(‘gl’g) . (33)
(0e)eA 00,0) ¢

When convergence is achieved, the posterior mean my, ,,
and variance U%JZ ,, can be computed with the formulae

<« <«
1 1 ’u)X(e,e/)wX(z,z') (34)
= +
2 2 2 <
UU@,E’ O_Lg/ + JE wX‘gi,l’) + 'UJX(Z e’
Wy € Wy €
U 7 el ! ’
T A
mUe’g/ - UUZ,Z/ <~ . (35)

ngi,[') + wX(z o)

Note that all loops over the voxel index ¢ and over the indices
in A can be performed in parallel.
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Fig. 6. Estimated parameters (7? o for M = 30 projections. Left: along
horizontal neighbors; right: along vertical neighbors. (= 98% of zeros)

V. SIMULATION RESULTS

We illustrate the proposed approach with 2D examples, but
our 3D simulations (not reported in this paper) support the
same conclusions. In Fig. 5, we show the reconstruction results
for the Shepp-Logan phantom [25] with 256 x 256 pixels
using M = 20 and M = 30 projections onto a line detector
with Q = 512 pixels. The projections are obtained using
the distance-driven method [17] with a fan-beam geometry.
Our algorithm (NUV-GMP) is compared with a standard FBP
method and the state-of-the-art total variation (TV) method
[4]. For our algorithm, we used 062 =104, o% =102, and
the azé,’s initialized to 0.1 - 062. We used 15 EM updates,
and 15 message passing iterations within each EM update.
The estimated image is obtained from the posterior mean of
X. For a fair comparison, we use 200 iterations for the TV
method.

The results in Fig. 5 indicate that the proposed method
greatly improves on FBP and yields slightly better reconstruc-
tions than the TV method.

In Fig. 6, we plot the estimated variances 67, from our
algorithm for the case of 30 projections. We observe that the
sparsity structure of &2 directly reflects the edge structure of
the reconstructed image. Note that both 0% and o2 can be
tuned to control the sparsity level.

VI. CONCLUSION

We have proposed a new voxel-domain (or pixel-domain)
prior for 3D images (or 2D images, respectively) that promotes
both continuity and occasional sharp transitions, and we have
also proposed a corresponding practical reconstruction algo-
rithm based on EM and scalar Gaussian message passing. In
our simulations with the Shepp-Logan phantom, the proposed
approach yields slightly better reconstructions than a state-
of-the-art method. Even better results (not reported here) are
obtained for phantoms that are not piecewise constant.

The proposed approach is most similar in spirit to [7],
of which we became aware only very recently. Preliminary
simulation results indicate that the performance is similar as
well, but a detailed comparison has not yet been carried out.
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