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The Zero-Error Feedback Capacity of
State-Dependent Channels
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Abstract—The zero-error feedback capacity of the
Gel’fand-Pinsker channel is established. It can be positive
even if the channel’s zero-error capacity is zero in the absence
of feedback. Moreover, the error-free transmission of a single
bit may require more than one channel use. These phenomena
do not occur when the state is revealed to the transmitter
causally, a case that is solved here using Shannon strategies.
Cost constraints on the channel inputs or channel states are
also discussed, as is the scenario where—in addition to the
message—also the state sequence must be recovered.

Index Terms— Acausal, capacity, causal, cost constraints,
feedback, Gel’fand-Pinsker channel, state information, zero-error
capacity.

I. INTRODUCTION

OTIVATED by Shannon’s characterization of the

zero-error capacity of the discrete memoryless chan-
nel (DMC) with a feedback link from the channel output to
the encoder [1], we compute the corresponding capacity for
the state-dependent DMC (SD-DMC) whose state is revealed
acausally to the transmitter. This “Gel’fand-Pinsker channel,”
which was introduced by Gel’fand and Pinsker in [2], is more
general than the channel studied by Shannon, and, indeed,
when there is only one state we recover Shannon’s result.
But, more interestingly, this channel’s zero-error feedback
capacity exhibits phenomena that are not observed on the
stateless channel: it can be positive even if the zero-error
capacity is zero in the absence of feedback; the error-free
transmission of a single bit may require more than one channel
use; and Shannon’s sequential coding technique cannot be
applied naively.

Like Shannon’s, our coding scheme is a two-phase scheme
where the first phase reduces the receiver’s ambiguity to a
manageable size, and the second removes it entirely. But our
first phase differs from Shannon’s sequential approach and
draws instead on Dueck’s scheme for zero-error communi-
cation over the multiple-access channel with feedback [3],
which in turn, like [4] and [5], draws on Ahlswede’s work [6].
The second phase is tricky, because sending a single bit
reliably may require more than one channel use, so “uncoded”
transmission need not work.
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We also compute the zero-error feedback capacity of the
SD-DMC when the state is revealed to the transmitter causally.
As we show, causal state information (SI) is utilized optimally
using Shannon strategies. Consequently, when the SI is causal,
the zero-error capacity is positive with feedback if, and only
if, (iff) it is positive without it, and one channel use suffices
to transmit a single bit error-free.

The zero-error feedback capacity of state-dependent chan-
nels with causal SI at the transmitter was previously studied by
Zhao and Permuter [7]. The setting in [7] is very different from
ours: The channel is a finite-state channel, whose Time-(i + 1)
state can depend on the Time-i state, input, and output;
the state is revealed also to the receiver; and the zero-error
feedback capacity is established as the solution to a dynamic
programming problem.!

Several extensions are also discussed in this paper: we com-
pute the zero-error feedback capacity of the Gel fand-Pinsker
channel for the case where—in addition to the message—the
encoder wishes to convey error-free also the state sequence;
and we present capacity results for the Gel’ fand-Pinsker chan-
nel with cost constraints on the channel inputs or channel
states. Under channel-input constraints a naive application
of Shannon’s sequential coding technique turns out to be
suboptimal even on the stateless channel.

The rest of this paper is structured as follows. We conclude
this section by introducing some notation; by recalling the
zero-error feedback capacity of the stateless DMC; and by
exploring connections with the m-capacity of an arbitrarily-
varying channel (AVC). Section II contains the problem
formulation and the results. The main results for the Gel fand-
Pinsker channel are proved in Section III, and the paper
concludes with a brief summary.

A. Notation and Terminology

We consider an SD-DMC of transition law W (y|x, s), which
is governed by an IID ~ Q state process. The channel-input
alphabet X, the channel-state alphabet S, and the channel-
output alphabet ) are all finite. By possibly redefining S,
we can assume without loss of generality that

Subject to (1), the exact nature of the PMF Q is immaterial.

seS. (1

IFor the case where the channel-state is reavealed also to the decoder,
the zero-error feedback capacity of the SD-DMC with causal state-information
at the encoder can be deduced from [7].
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By default log(-) denotes base-2 logarithm, and In(-) denotes
natural logarithm. We denote by Ay (-) the binary entropy
function. If & is a real number, then [¢]T denotes the maximum
of ¢ and zero. Chance variables are denoted by upper-case
letters and their realizations or the elements of their support
sets by lower-case letters, e.g., Y denotes the random channel
output and y € ) a value it may take. Sets are denoted
by calligraphic letters and in boldface if they are random,
e.g., M denotes the set of all messages and M the set
of messages of positive posterior probability given a first
subblock of (random) channel outputs. Sequences are in bold
lower- or upper-case letters depending on whether they are
deterministic or random, e.g., Y is the length-n channel-output
sequence, and y is an n-tuple from )". The positive integer
n € N stands for the blocklength, and, unless otherwise
specified, sequences are of length 7.

Variables pertaining to Time i have the subscript i, so S;
denotes the Time-i channel-state. Sequences of variables that
occur in the time-range j to i bear a subscript j and a
superscript i, where the subscript j = 1 may be dropped,
e.g., Sf denotes the fourth and fifth state, and S” denotes all
the states through Time n. We also use a similar notation for
sequences whose indices need not coincide with time, e.g., if' s
is a 5-tuple from 85, then s3 denotes its third component, sf
its fourth and fifth component, and s> the entire 5-tuple.

If the input X to the channel W(y|x) is of PMF P, then
P x W denotes the joint distribution of X and the channel
output Y

(P xW)(x,y) =Px)WQHlx), (x,y)ed x),

and PW denotes the corresponding Y-marginal

(PW)(y) = D (P x W)(x,y)
xeX
=D P@WWO), yel.
xeX

Given two PMFs P and P, on some finite set Z, we say
that P, is absolutely continuous w.r.t. P; and write

P, <L P,

if Py(z) is zero whenever Pj(z) is. If P, is absolutely
continuous w.r.t. Py, then the events that have probability zero
w.r.t. P; must also have probability zero w.r.t. P>. Likewise
for events of probability one.

For an SD-DMC W (y|x, s) we denote by & (W) the set of
transition laws Py|x s from X x S to ) for which for every
pair (x,s) € X xS

Pyx,s(|x,s) < W(|x,s).

For a stateless DMC W (y|x) we drop s, and &2(W) denotes
the set of transition laws Py|x from X to ) for which for
every x € X

Pyx (-]x) < W(|x).

The empirical type of an n-tuple x € X" is denoted Py,

N
Px (x) = (im, xeX,
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where N(x|x) is the number of components of the n-tuple x
that equal x. For a PMF P on X, the type class ngn) comprises
the elements of A" whose empirical type is P. If ngn) is
nonempty, then we say that P is an n-type. For an n-type P
on X, a transition law W from X to ), and an element x
of 7, }S”) the W-shell Té,") (x) comprises the n-tuples y € 7, }%),
that satisfy (x,y) € ’Tf(,"x)w.

B. Stateless Channels
Shannon showed in [1] that the zero-error capacity of the
stateless DMC W (y|x) (with or without feedback) is positive
iff
Ix,x € X st (W(ylx) W) =0, Vy e y). )

When (2) holds, the error-free transmission of a single bit
requires one channel use. He also showed that, when positive,
the zero-error feedback capacity of W(y|x) is

> Px). 3)

xeX: W(ylx)=>0

max min — log
Px ye)Y

Ahlswede [6] proved that (3) can be alternatively expressed as

max min I(X;Y), 4)

Px PyixeZ(W)
where the mutual information is w.r.t. the joint PMF
Px x Py|x. He also provided an alternative coding scheme.
Unlike (2), Expressions (3) and (4) are only valid for channels
with feedback. Indeed, feedback can increase the zero-error
capacity of a DMC [1].

C. Connection to the AVC

There are interesting connections between the problem of
computing the zero-error capacity of a DMC and that of
computing the m-capacity (the capacity under the maximal-
probability-of-error criterion) of an AVC [8]. Indeed, given
a (stateless) DMC W (y|x) with input alphabet X and output
alphabet ), the following construction produces an AVC
W (y|x, o) whose m-capacity is equal to the zero-error capac-
ity of the channel W(y|x) [8, Sec. 2], [9, Problem 12.3].
To construct the AVC we consider the functions ¢: X — Y
that satisfy that W (o (x)|x) is positive for all x € X'. With each
such function o (-) we associate a state ¢ and the transition
law

~ 1 if y=0(),

Wil o) = [0 otherwise. )
The constructed AVC has two important properties. The first
is that to every pair of input and output sequences xi, ..., X,
and y1, ..., y, for which [, W(yk|xx) is positive, there corre-
sponds a sequence of states o1, ..., g, such that y = ox (xk)
fork =1, ...,n. The second is that V~V(y|x, o) is {0, 1}-valued
in the sense that

W(ylx,o) € (0,1}, Yy, x, .

This latter property guarantees that the conditional probability
of error over the AVC (conditional on the transmitted message
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Fig. 1. An SD-DMC with acausal SI and feedback.

and the state sequence) is {0, 1}-valued and thus small (say,
smaller than 1/2) only if it is zero.

This relationship between the zero-error capacity and the
m-capacity fails when the original channel whose zero-error
capacity we seek is state-dependent and the state is revealed to
the encoder: in this case, we cannot construct an AVC whose
m-capaciy when the state is revealed to the encoder is equal
to the zero-error capacity we seek. To see why, let us denote
by W(y|x, s) the transition law of the state-dependent channel
whose zero-error capacity we seek when the state is revealed
to the encoder, and suppose we want to construct an AVC
W(y|x,a) whose m-capacity when the state o is revealed
to the encoder is equal to the zero-error capacity we seek.
We have intentionally used different letters s and o for the
state of the original channel and of the AVC because the two
need not prima facie be the same. For example, if there is only
one state s*, then we are back to the stateless case and the
construction we described above in (5) results in the number of
AVC states being equal to the number of functionso : X' — )
that satisfy that W(o (x)|x, s*) is positive for all x € X.
However, in this case the m-capacity of the AVC V~V(y|x, o)
is equal to the zero-error capacity we seek only if the state ¢
is not revealed to the encoder. In attempting to construct the
AVC we are faced with two conflicting requirements. For the
state information (SI) that is revealed to the encoder in the
two scenarios to be identical, the states s and o should be
identical. But for the AVC to have a {0, 1}-law, the number of
AVC states o should typically be larger than the number of
states s.

The construction does go through in the special case where
the original state-dependent transition law W (y|x, s) happens
to be {0, 1}-valued. In this special case we can choose &
to equal s, and the m-capacity equals the zero-error capac-
ity. In this case feedback is superfluous, because from the
state (which is revealed to the encoder) and from the input (that
it produces) the encoder can compute the channel output.
We thus see that, when W(y|x, s) is {0, 1}-valued, the zero-
error feedback capacity with acausal SI can be inferred from
Ahlswede’s results on the feedback-less AVC with SI at the
encoder [10]; but in general it cannot.

II. PROBLEM FORMULATION AND RESULTS

We consider an SD-DMC W(y|x,s) with feedback
whose encoder is furnished with the state sequence either
acausally (Figure 1), causally (Figure 2), or strictly-causally
(Figure 4). Using n channel uses, the encoder wishes to convey
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Fig. 2. An SD-DMC with causal SI and feedback.

to the receiver error-free a message m from some finite set M.
To this end it uses an (n, M) zero-error code:

Definition 1: Given a finite set M and a positive integer
n €N, an (n, M) zero-error feedback code for the SD-DMC
W(yl|x,s) with acausal SI to the encoder consists of n
encoding mappings

firMxS"xY~' 5 x, ie[l:n] (6)
and | M| disjoint decoding sets

Dmgyna mGM

such that, for every m € M and every realization s € S" of
the state sequence, the probability of a decoding error is zero,

PY" ¢ DylM =m,S" =s]1=0, Yme M, sc§",
where

P[Y" ¢ DulM =m, S" =s]

= 2. [IwGilfiom.s.y™N.s).

yeY"\D,, i=1

A rate R is achievable if, for every sufficiently-large block-
length n, there exists an (n, M) zero-error feedback code with

log | M| > nR.

The zero-error feedback capacity with acausal SI is the
supremum of all achievable rates and is denoted Cr.

The zero-error feedback capacities with causal and strictly-
causal SI are denoted CE%“S and CE‘S“S. They are defined like
Cr,0, except that the encoding mappings (6) are replaced by

firMxS xY~' 5 X, iell:n] (8)
in the causal case and by
firMxS I x Y=t x, iell:n) 9)

in the strictly-causal case.

Note that the PMF Q governing the state does not appear in
Definition 1 and therefore does not affect the different zero-
error feedback capacities. Also note that our definition assumes
deterministic encoders. This assumption is not restrictive:

Remark 2: Allowing stochastic encoders does not increase
the zero-error feedback capacities with acausal, causal, and
strictly-causal SI.

Proof: A proof for the case where the encoder observes
the SI acausally is provided in Appendix A. The proof goes
through also when the SI is causal or strictly-causal. 0
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A. Acausal SI

In this section we assume that the encoder observes the SI
acausally (see Figure 1). Our main result is presented in the
following two theorems, which together provide a single-letter
characterization of Cy. The first characterizes the channels
for which it is positive, and the second provides a formula for
Cr,0 when it is positive.

Theorem 3: A necessary and sufficient condition for Ct to
be positive is

Vs,s'eS 3x,x e X st
(WOl WOlr.s) =0, Yyey). 0

Proof: See Section III-A. O
Theorem 4: If Cy is positive, then
min
Pyiux,s:
Py|u=u,x,s€ P (W), Yueld

Cr,0 = min max I(U;Y)—1(U;YS),

Ps Pyxs

(1)

where U is an auxiliary chance variable taking values in a
finite set U, and the mutual informations are w.r.t. the joint
PMF Ps x Py x|s < Pyjy,x,s. Restricting X to be a function
of U and S, ie., Py x|s to have the form

PU,X\S(M,XIS) = PUIS(M|S) lx:g(u,s), (12)

does not change the RHS of (11), nor does restricting the
cardinality of U to

| < 1x|'S" (13)

Proof: See Section III-B. O
Remark 5: The hypothesis in Theorem 4 that Cy, is positive
is essential: the RHS of (11) may be positive even when Cy,
is zero.
In fact, as we prove in Appendix B,
Remark 6: The RHS of (11) is positive iff

V(s,y) €S x)Y Jx € X st. W(ylx,s) =0.

Theorems 3 and 4 generalize to the SD-DMC with feedback
and acausal SI Shannon’s characterization [1, Th. 7] of the
zero-error feedback capacity of the (stateless) DMC W (y|x)
(see (2) and (3) in Section I-B). That (10) reduces to (2)
when |S| = 1 is evident. That (11) reduces to (3) when
|S| = 1 becomes evident when we recall from [6] Ahlswede’s
alternative form (4) for (3): clearly, (11) specializes to (4)
and thus to (3) when |S| = 1. The way in which (11)
generalizes (4) is reminiscent of the way the Gel’fand-Pinsker
capacity generalizes the ordinary capacity of the stateless
DMC (cf. [2], [11]).

In the remainder of this section we discuss how feedback
affects the zero-error capacity with acausal SI. By considering
the case of a single state, i.e., |S| = 1 (whence SI is
inconsequential), and by invoking Shannon’s result [1] that
feedback can increase the zero-error capacity of a DMC,
we readily obtain that feedback can also increase the zero-error
capacity of an SD-DMC with acausal SI. But, in the presence
of acausal SI, more is true. Unlike the stateless channel, here
feedback can increase the capacity from zero:

(14)
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Theorem 7: The zero-error capacity of an SD-DMC with

acausal SI can be positive with feedback yet zero without it.
Proof: See Section III-C. O

Condition (10) is thus only for channels with feedback: the
no-feedback zero-error capacity of the SD-DMC W (y|x, s)
with acausal SI can be zero also when the channel satis-
fies (10). (See Section III-C for more on this issue.) Because
feedback can help only if the encoder uses the channel more
than once, we obtain the following corollary, which marks
another difference to the stateless case:

Corollary 8: On an SD-DMC with acausal SI and feedback,
the error-free transmission of a single bit may require more
than one channel use.

In fact, as we show in Section II-B, the error-free transmis-
sion of a single bit may require more than one channel use
also in the absence of feedback (Corollary 15).

As we have seen in Section I-C, if the transition law
W(y|x,s) of the SD-DMC happens to be {0, 1}-valued, then
Cr,o is related to Ahlswede’s AVC with acausal SI. As we
show in Appendix C, in this case Theorems 3 and 4 can be
greatly simplified:

Corollary 9: If the transition law W (y|x, s) of an SD-DMC
is {0, 1}-valued, then

Cro :miglog|{y €Y:3Ax € X sit. W(ylx,s) > 0}| (15)
se

Remark 5 not withstanding, if W(y|x,s) is {0, 1}-valued,
then the RHS of (11)—which in this case is equal to the
RHS of (15)—is positive iff Cro is positive. This agrees
with Ahlswede’s observation [10] that the formula for the
(a- and m-) capacity of the general AVC W(y|x,s) whose
state sequence is revealed acausally to the encoder applies not
only when the capacity is positive, but also determines whether
it is positive.

B. Causal SI

In this section we assume that the encoder observes the SI
causally (see Figure 2). The following two theorems together
provide a single-letter characterization of the capacity C{{".
The first characterizes the channels for which it is positive,
and the second provides a formula for it when it is positive.

Theorem 10: A necessary and sufficient condition for CE%“S
to be positive is that there exist a partition Y = Yo U Y for
which

Vs eS8 3x,x e X st. WQhlx,s)=WQh|x',s) =1.
(16)
If CF3® is positive, then one channel use suffices to transmit
a single bit error-free. Consequently, the zero-error capacity

with causal SI is positive with feedback iff it is positive
without it.

Proof: See Appendix F. 0
Theorem 11: If C{%® is positive, then
CA =max min [(U;Y 17
f,0 Py Py|UE,QZ(W/) ( ) ( )
= max min — log Z Py (u), (18)
Py y
u: W (ylu)=0
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where U is an auxiliary chance variable taking values in a
finite set U of cardinality \U| = \X|1S1; the mutual information
is w.r.t. the joint PMF Py x Py\y; and

W (plu) =D 0s(s) W(y|g,s),s), (u,y)elU x,
seS
(19)

where {g(u, Jiu € L{} is the set of functions from S to X,

ie., XS. Because

(W’(ylu) > O) —= (Eis €S st W(y|g(u,s),s) > O),
(20)

Pyiy € Z(W') holds iff

(W(y|g(u,s),s) —0, VSES) — (PY\U(y|u):0).
2D

Proof: The proof draws on Shannon’s results [1], [12]
(see Appendix G). (]
Remark 12: The hypothesis in Theorem 4 that CE%“S is
positive is essential: the RHS of (17) may be positive even
when CE%“S is zero.
In fact, as we prove in Appendix H,>
Remark 13: The RHS of (17) is positive iff

V(s,y) €S x)Y Jx e X st. W(ylx,s) =0. (22)

Theorems 10 and 11 generalize to the SD-DMC with
feedback and causal SI Shannon’s characterization [1, Th. 7]
of the zero-error feedback capacity of the (stateless) DMC
W(y|x) (see (2) and (3) in Section I-B). The way in which
(16) and (18) generalize (2) and (3) is reminiscent of the way
the ordinary capacity with causal SI generalizes the ordinary
capacity of the stateless DMC (cf. [11], [12]): in both cases
causal SI is utilized optimally by using Shannon strategies.
To see this, recall that by using Shannon strategies the encoder
transforms the SD-DMC W (y|x, s) with causal SI into the
stateless DMC

W(ylu) =" 0s(s) W(y|gu, ), s)

seS

with input alphabet U/ of cardinality |[U| = |&X ||S|, where
{g(u, Jiu € L{} equals XS: an encoder with causal SI is
said to use Shannon strategies if it performs the encoding
over the set U and obtains the Time-i channel-input by
evaluating the function g(-,-): U4 x § — X for the i-th
codeword-symbol u; € U and the Time-i channel-state S; (see
Figure 3 and [13, Remark 7.6]). By comparing (16) and (18)
to (2) and (3), respectively, we see that, indeed, the zero-error
feedback capacity of the SD-DMC W(y|x, s) with causal SI
equals the zero-error feedback capacity of the stateless DMC
W’ (y|u). Causal Sl is thus utilized optimally by using Shannon
strategies.

2Remarks 6 and 13 imply that—like the ordinary capacities with causal and
acausal SI [2], [12]—the RHS of (11) is positive iff that of (17) is positive.
However, as we shall see, this does not hold for the zero-error capacities: the
zero-error capacity can be positive with acausal SI yet zero with causal SI
(see Theorem 14 ahead).

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 64, NO. 5, MAY 2018

S,
1 Q(s)
Y A\ Sz

U X; Y; M

—» Encoder —* g(u, s) — W(y|z, s) Decoder —>

Y'ifl

Fig. 3. Shannon strategies.

In the remainder of this section we briefly contrast how
feedback affects the zero-error capacities with acausal and
causal SI. As in the acausal case, by considering the case of a
single state, i.e., |S| = 1 (whence SI is inconsequential), and
by invoking Shannon’s result [1] that feedback can increase the
zero-error capacity of a DMC, we readily obtain that feedback
can also increase the zero-error capacity in the causal case.
However, unlike the acausal case, the zero-error capacity with
causal SI is positive with feedback iff it is positive without
it (Theorem 10).

Since acausal SI is better than causal SI, and since the zero-
error capacity with causal SI is positive with feedback iff it
is positive without it, the condition in Theorem 10 is suffi-
cient for the no-feedback zero-error capacity of the SD-DMC
W (y|x, s) with acausal SI to be positive.3 By Theorem 7 the
zero-error capacity with acausal SI can be positive with feed-
back yet zero without it. Consequently—unlike the ordinary
capacities with causal and acausal SI (see [2], [12]) or the
RHSs of (11) and (17) (see Remarks 6 and 13)—the zero-
error feedback capacity can be positive when the SI is acausal
yet zero when it is causal. In fact, more is true:

Theorem 14: The zero-error capacity can be positive with
acausal SI yet zero with causal SI even when feedback is
available in the latter setting and absent in the former.

Because acausal SI can be better than causal SI only if
the encoder uses the channel more than once, we obtain the
following corollary, which strengthens Corollary 8:

Corollary 15: On the SD-DMC with acausal SI, the error-
free transmission of a single bit may require more than one
channel use even in the absence of feedback.

To prove Theorem 14, we provide an example where the
zero-error capacity (with and without feedback) is positive
with acausal SI and is yet zero with causal SI:

Example 16: Consider a deterministic SD-DMC W (y|x, s)
over the alphabets X = {0,1} and S = Y = {1,2,3}. Let
the output corresponding to the input x and the state s be the
single element of the set )y s that is given in Table 1

[yeY: Whlx,s) > 0} =V, Vx,s) eX xS (23)

Since this channel violates (16), its zero-error capacity (both
with and without feedback) is zero with causal SI. Its zero-error
capacity (both with and without feedback) is positive with

3Alternatively, this is obtained by noting that (16) of Theorem 10 implies
(149) of Lemma 30 ahead, which is a sufficient condition for the no-feedback
zero-error capacity of the SD-DMC with acausal SI to be positive. As we
shall see in Example 16 ahead, the reverse implication need not hold.
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TABLE I
NONZERO TRANSITIONS OF THE SD-DMC IN EXAMPLE 16

S
Vo0 ‘ 1 2 3
L, 0 ‘ {2y {1}y {1}
{3} {3}y {2}
S'ifl
—{2}—Q(s)
M Y X VSi M\
——{ Encoder * | W (y|z, s) —e— Decoder —>

—]
o

Yz'fl

Fig. 4. An SD-DMC with strictly-causal SI and feedback.

acausal SI, because the encoder can transmit a bit error-free
in two channel uses by forcing the output to satisfy Y1 = Y»
if the bit is 0 and Yy # Y» if it is 1.*

C. Strictly-Causal SI

We next consider the case where the SI is revealed to the
encoder strictly-causally (see Figure 4) and show that such SI
does not increase the zero-error feedback capacity.

Remark 17: Shannon’s proof of (2) and (3) in [1] goes
through also when the channel is state-dependent and the SI
is revealed strictly-causally to the encoder. Consequently, such
SI cannot increase the zero-error feedback capacity. That is,
if we define

Wyl =D ) Wylx,s), (x,y) € x,
seS

(24)

then a necessary and sufficient condition for CS S to be
positive is that (2) hold for the channel W (y|x), and lfCS saus
is positive, then it can be computed by substituting W(ylx)
for W(ylx) in (3) or (4).5

D. Zero-Error Rate-and-State

In this section we consider a scenario where—in addition
to the message m—the encoder wishes to convey to the
receiver (error-free) also the state sequence S”, which it
observes acausally. For the standard setting where the proba-
bility of a message error need not be zero but can be arbitrarily
small, Kim et al. [14] introduced and solved a related problem
with list decoding of state sequences. Choudhuri et al. [15]

4Alternatively, that the zero-error capacity without feedback is positive with
acausal SI follows from Lemma 30 ahead, because the channel satisfies (149)
for k =1 =23,

(5, k) = 0 ifk=1or (s,k)=
|1 otherwise,

G2 kel 2,3 x

{1,2,3},
and Yy = {{}, € € {1, 2,3} (cf. Remark 32 ahead).

5Note that, by (1), W(y|x) is positive iff there exists some state for which
W (y|x, s) is positive.
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studied the causal and strictly-causal settings subject to a
constraint on the distortion between the state sequence and its
receiver-side estimate. Analogous results in the presence of
feedback were recently reported by Bross and Lapidoth [16].

Definition 18: Given a finite set M and a positive integer
n € N, an (n, M) zero-error state-conveying feedback code
for the SD-DMC W (y|x,s) with acausal SI to the encoder
consists of n encoding mappings

firMxS"xY ' 5 x, iell:n]

and |M||S|" disjoint decoding sets
Dm,sgyna (m,S)EMXSn

such that, for every (m,s) € M x 8", the probability of a
decoding error is zero,

PY" ¢ DpysIM =m,S" =s] =0, V(m,s) e M x8§",
where

P[Y" ¢ DyslM = m, " =s]

_ S [IWOilsens s, @)

yeyn \Dm,s i=1

A positive rate R is achievable if, for every sufficiently-
large blocklength n, there exists an (n, M) zero-error state-
conveying feedback code satisfying

1
—log | M| = R.
n

The zero-error state-conveying feedback capacity is the supre-
mum of all achievable rates and is denoted C; m+s . If no positive
rate is achievable, then we say that Cm+S 0, regardless
of whether or not it is possible to convey the state sequence
error-free.

Our definition of an (n, M) zero-error state-conveying code
does not depend on the PMF (Q governing the state and
assumes a deterministic encoder. As when the encoder need
not convey the state, Cro ™+ does not depend on @, and
allowing stochastic encoders does not increase it (cf. the proof
of Remark 2).

The following theorem characterizes Cy m+s.

Theorem 19: A necessary condition for C m+s to be positive
is (10), and if (10) holds, then

+
cm+“=[minmax min  I(X,S; Y)—H(S)] , (26)

Ps Px|s Py|x,seZ(W)
where the mutual information and the entropy are w.r.t. the
Jjoint PMF Ps x Px|s X Py|x,s.

Proof: See Appendix 1. 0

E. Constrained Inputs

In this section we establish the zero-error feedback capacity
of the SD-DMC W (y|x, s) with acausal SI subject to a cost
constraint on the channel inputs. Consider some nonnegative
“cost-function” y : X — R, and define

Ymin = ,{21;? y(x) and ymax = max 7(x).
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Let the set X’ € X’ comprise all the minimizers of y(-)
X' ={xeX:y(x)=ymin}-

The cost constraint we study is that, at every blocklength n
and for every transmitted message m € M, the channel inputs’
average cost

1 n
XN & =D (X

i=1

satisfy the cost constraint

y (X" =T 27)
for some given I' satisfying
Ymin < I' < Ymax- (28)

The zero-error feedback capacity with acausal SI subject to
(27) is denoted Cr,o(I'). We restrict I" to (28), because all other
values of T' are uninteresting: if I' < ymin, then (27) cannot
hold; if T' = pmin, then the encoder can only use inputs in X”,
and the zero-error feedback capacity is thus that of the channel
with input alphabet X’ and without a cost constraint; and if
I' > ymax, then (27) always holds, and the cost constraint can
be ignored.
As we argue next,
I' — ymin Cro.

Ymax — Ymin

Cro(T) = (29)
In fact, Ct () is nondecreasing and concave on [Ymin, Ymaxl-
Indeed, we can divide the blocklength-n transmission into two
frames, Frame 1 and Frame 2, with the former of an channel
uses and the latter of (1 — a)n channel uses, where

Ymax — I’
o =——

Ymax — Ymin

If in Frame 1 the encoder repeatedly transmits an element of
X', then the cost constraint will be satisfied irrespective of the
inputs in Frame 2. Those can thus be chosen to achieve the
unconstrained capacity Cy o, with the resulting rate being the
RHS of (29). This proves (29).

It follows from (29) that Cro(I') is positive iff Cyg is
positive. By adapting the proof of Theorem 4 to account for the
cost constraint (27) (see Appendix J), we obtain the following
generalization of Theorems 3 and 4:

Theorem 20: Given any T satisfying (28), Cy (") is posi-
tive iff (10) holds. If positive, then

Cro(I') = min max min
Ps  Pyx|s: Pyu,x,s:
Ely(X)I<T Pyju=u,x,s€Z (W), Yueld

I(U;Y)—1(U;S), @30

where U is an auxiliary chance variable taking values in a
finite set U, the expectation is w.r.t the joint PMF Ps x Py x|s,
and the mutual informations are w.rt. the joint PMF Ps X
Py x|s < Py|u,x,s. Restricting X to be a function of U and S,
i.e., Py x|s to have the form (12), does not change the RHS
of (30), nor does restricting the cardinality of U to (13).
Specializing Theorem 20 to the stateless case, we obtain:
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Corollary 21: For a stateless DMC W(y|x) and any T
satisfying (28), Cro(I') is positive iff (2) holds. If Cro(I')
is positive, then

min

Cro(I) =
ij( ) Py|x€32(W)

r})lax 1(X;7), 31

X

E[y(X)1<r

where the expectation is w.r.t. the PMF Px and the mutual
information w.r.t. the joint PMF Px x Py |x.

Proof of Corollary 21: This follows from Theorem 20

when we consider an SD-DMC W (y|x, s) with a single state,
i.e., |S| = 1, whose transition law is

Wylx,s) = W(ylx), V(x,s,y)e X xSx), (32

because on this channel SI is inconsequential, (10) is equiva-
lent to (2), and the RHS of (30) equals that of (31). ]
The RHS of (31) is a natural generalization of Ahlswede’s
capacity formula (4) to the setting with the cost constraint (27).
Since Ahlswede’s capacity formula (4) is an alternative form
for Shannon’s capacity formula (3), one might wonder whether
the RHS of (31) can also be expressed as the “natural”
generalization of Shannon’s formula (3), namely as

max [E [min —log E Px (x):| , (33)
Px: yey
E[y(X)]<I xeX: W(ylx)>0

where the expectations are w.r.t. the PMF Px. The answer is
“no”: while (33) is achievable and is thus a lower bound to
Ct,0(T"), it can be strictly smaller. One way to improve on (33)
is to note that the minimum over y need not be concave in Py,
so time-sharing between different costs may be advantageous.
Introducing such time-sharing yields the expression

max ]E[néig—log Z PXlU(x|U):|, (34)
JE[yf%]vsr g xeX: W(y|x)>0

where the expectations are w.r.t. the PMF Py x, and where U
is a time-sharing chance variable.® But this too can be strictly
smaller than Cy o(I"):

Remark 22: For any I' > ymin and every stateless DMC

W(ylx)

max E|:min —log Z PX|U(x|U):|
Py x: yey
E[y(0)]<r x€X: W(ylx)>0
< max min  I(X;Y), (35)
Px: Py‘xey(W)
E[y(x)1<r

where the expectations are w.r.t. the PMF Px and the mutual
information w.r.t. the joint PMF Px x Py|x. The inequality
can be strict.

Inequality (35) follows from the inequality

max min— log Z Px (x)
Px:  yey .
E[y(X)1<T xeX: W(ylx)>0
< max min  I(X;Y), (36)
Py : Py‘xegz(W)
Ely(X)]<r

0The time-sharing chance variable U renders (34) concave in I'.
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which we prove in Appendix K. Indeed, the LHS of (35) is
obtained from that of (36) via time-sharing, and the RHS of
(35) is equal to that of (36) and is concave in I'.

That the inequality (35) can be strict is demonstrated by the
following example:

Example 23: Consider a binary noiseless channel

X =Yy={0,1}, (37)
W(ylx) = ]l{y=x}, (38)

with the cost function
y(x) =x, x€{0,1} (39)

and maximal-allowed cost 0 < I' < 1/2. The RHS of (35)
evaluates to

max min  1(X;Y) = hy(D); (40)
Py : Py‘xey(W)
Efy(x)]<r

the LHS of (36) evaluates to

max min — log E Px(x) = —log(1 —I');
Px:  ye)y
E[y(X)]<l xeX: W(ylx)>0

(41)

and—Dby allowing for a time-sharing chance variable U in
(41) and observing that the RHS of (41) is convex in I'—we
find that the LHS of (35) evaluates to

max E[min —log Z PX|U(X|U):| —2r.
Py, x: yey
E[y(X)]<T xeX: W(ylx)>0
(42)
Since
2I' < hp(T), 0<T <1/2, (43)

the LHS of (35) is strictly smaller than its RHS.

The following may explain why the inequality (36) can be
strict. Recall Shannon’s sequential coding scheme [1], which
achieves the zero-error feedback capacity (3) of the stateless
DMC: The encoder selects some PMF Py, and, before every
channel use, it maps a fraction of approximately Py (x) of the
survivor set to the input symbol x. If the channel output is
y € ), then the survivor set is reduced by a factor of nearly

(¥ no)

xeX: W(ylx)>0

(44)

The generalization (33) of Shannon’s capacity formula (3) is
obtained when Py is restricted to satisfy E[y(X)] < TI. The
shortcoming of this generalization is that at Time-i it assigns
all the messages in the survivor set a Time-i channel input
without considering the running costs with which the messages
are associated: it only requires that the empirical distribution
of the assigned symbols be roughly Py. This may result in
an inefficient use of the allowed resources with some of the
messages using up less than the maximally-allowed cost.
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TABLE 11
NONZERO TRANSITIONS OF THE SD-DMC IN EXAMPLE 25

s

|
7T

{1}
{1}

F. Constrained States

This section provides some insight into how cost constraints
on the channel states affect the zero-error feedback capacity
of the SD-DMC W (y|x,s) with acausal SI. Consider some
nonnegative “cost-function” 1: § — Rar , define

Amin = min A(s) and Apax = max A(s),
seS seS
and let

Amin < A < Amax. 45)

As in (28), we restrict A to (45), because all other values of
A are uninteresting. Given such A, we consider two different
kinds of cost constraints on the channel states.

The first is that, at every blocklength 7, the channel states’
average cost

1 n
A & =T AS)
n
i=1

satisfy

AW (8™ < A. (46)

Let CEIO)(A) denote the zero-error feedback capacity with
acausal SI subject to (46). Unlike the cost constraint on the
channel inputs (27), the cost constraint on the channel states
(46) affects not only the formula for Crfy when it is positive
but also whether Cf g is positive. The reason for this is that the
time-sharing argument of Section II-E does not work for the
adversarial state selector: since the state is revealed acausally
to the encoder, if the state selector chooses only “benign”
states of low cost during Frame 1 and only “hurtful” states
of high cost during Frame 2, then the encoder can concen-
trate its transmission in the first frame, where the states are
“benign.”

Indeed, the cost constraint (46) can increase the zero-error
feedback capacity with acausal SI from zero:

Remark 24: Even when A satisfies (45), the zero-error
feedback capacity of an SD-DMC with acausal SI can be zero
in the absence of a state cost-constraint yet be positive in its
presence.

We prove Remark 24 by means of the following example:

Example 25: Consider a deterministic SD-DMC W (y|x, s)
over the binary alphabets X = S =Y = {0, 1} with the state
cost-function

i(s)=s, se8. 47)

Let the output corresponding to the input x and the state s be
the single element of the set )y s that is given in Table 11

{y e)y: W(ylx,s) > O} =Vrs, Y(x,5) e X xS. (48)
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Since (10) does not hold for this channel, Theorem 3 implies

that Cy,o is zero. However, as shown in Appendix L, Cf(lo) (A)
is positive when A > 0 is sufficiently small so that

A+ hp(A) < 1. (49)

This holds also in the absence of feedback: because W(y|x, s)
is {0, 1}-valued, the encoder can compute the channel output
from the state (which is revealed to it acausally) and from
the input (which it produces), and feedback is therefore
inconsequential.

If W(y|x,s) satisfies (10), i.e., if Cro is positive in the
absence of a state cost-constraint, then we can adapt the proof
of Theorem 4 to account for the cost constraint (46) and to
thus express Cf(lo) (A) as the “natural” generalization of (11),
i.e., as the RHS of (54) ahead. However, by Remark 24 the
capacity can be positive also when (10) does not hold; and for
this case we do not have a generalization of Theorems 3 and
4. The difficulty in extending Theorems 3 and 4 to this case is
that the cost constraint (46) allows the adversarial state selector
to choose whichever states it likes in fn epochs, where

,B _ AA — Amin
max
and these epochs are not revealed to the receiver. This is
problematic, because the coding schemes by which we prove
the direct parts of Theorems 3 and 4 comprise multiple short
transmission phases. For example, the last subblock of the
coding scheme by which we prove the direct part of Theorem 4
is of negligible length compared to n and consequently also
compared to fn, and hence the adversarial state selector is free

to choose whichever states it likes during the last subblock.

The second type of cost constraint we consider is that, for
some fixed / € N and at every blocklength n, the channel
states satisfy the cost constraint

; (50)

jvmin

Jjl
! > s <A, (Vj €N st. jlgn). (51)
! i=(j—1Di+1
Note that (51) is more stringent than (46), because it constrains
the average cost of prespecified /-blocks of consecutive chan-
nel states and consequently also the channel states’ average
over the entire blocklength. The zero-error capacity subject
to (51), Cf(jzo)(/\,l), depends on [. We define the zero-error
feedback capacity of the SD-DMC W (y|x, s) with acausal SI
under this type of constraint as
liminf C{3) (A, 1), (52)
[—00 K
and we denote it Cf(,zo)(/\). By adapting the proofs of The-
orems 3 and 4 to account for the cost constraint (51) (see
Appendix M), we obtain the following single-letter character-

ization of Cf(zo) (A):
Theorem 26: Given any A satisfying (45), a necessary
condition for C (20) (A) to be positive is that

Als) + A(s")
2

Vs, s’ €S st <A Tx,x € X st

(WO WO, s) =0, Yyed). (3)
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If this condition holds, then

Cf(20) (A) = min max min
i Ps: Py, x|s Pyu,x,s:
E[1(S)]=A Py‘U=u,x,se£z(W), Yueld

IU;Y)—1(U;S), (54)

where U is an auxiliary chance variable taking values in a
finite set U, the expectation is w.r.t the PMF Ps, and the mutual
informations are w.r.t. the joint PMF Ps x Py x|s x Py|u,x,s-
Restricting X to be a function of U and S, i.e., Py x|s to
have the form (12), does not change the RHS of (54), nor
does restricting the cardinality of U to (13).

We do not know whether (53) guarantees that the
RHS of (54) be positive, and hence we do not know whether
(53) is also sufficient for Cro(A) to be positive.

For the deterministic SD-DMC of Example 25, Theorem 26
yields the following:

Example 27: For
Example 25

the channel and cost-function of

ClyM)=1-A, 0<A<1. (55)

Proof: Here (53) holds iff A < 1, so the capacity is zero
if A = 1. (This could have also been established by noting
that the all-one state-sequence results in the output being one
irrespective of the input.) If 0 < A < 1, then the capacity is

CH(A) = min max [(U;Y)—I(U;S) (56)
’ Ps:  Pyxs
Ps(1)<A
= min ZPS(S)logHy eY:3x e X st
Psi
Ps(1)<As€S
W(ylx,s) > 0} (57)
=1-A, (58)
where the mutual informations are w.r.t. the joint PMF

Ps x Py x|s x W, and the first two equalities can be proved
similarly as in Appendix C. 0

III. SELECTED PROOFS

This section contains the proofs of the results
in Section II-A: Theorem 3 is proved in Section III-A;
Theorem 4 in Section III-B; and Theorem 7 in Section III-C.

A. A Proof of Theorem 3

The proof consists of a direct and a converse part. We first
establish the direct part. In fact, we prove the following
stronger result:

Proposition 28: Consider an SD-DMC with feedback
whose encoder is furnished with acausal SI. If (10) holds,
then npix channel uses suffice for the error-free transmission
of a bit, where npy is 1 if |S| = 1, and is otherwise
upper-bounded by’

|| log |S]
log|Y| —log(|Y] - 1)

+ VI + 1. (59)

TThe logarithms in (59) are nonnegative, because (10) implies that |Y| > 2.
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The direct part of Theorem 3 follows from Proposition 28,
because if (10) is satisfied, then, by Proposition 28,

Cro > 1/npit > 0. (60)

Before we prove Proposition 28, we briefly describe the
coding scheme that we propose. To send a bit, our scheme uses
the channel more than once. This is to be expected, because
feedback is useless in schemes that use the channel only once,
and we know that feedback is crucial in our setting: the zero-
error capacity of an SD-DMC with acausal SI can be zero
without feedback but positive with feedback (Theorem 7).

The scheme has two phases. Phase 1 is not used to convey
the bit but rather to reduce the decoder’s ambiguity about
the Phase-2 state-sequence. This is attained with an adaptive
feedback code reminiscent of the one used in the first phase of
Shannon’s coding scheme for the stateless DMC [1]. But in our
Phase 1, the encoder utilizes the Phase-1 state-sequence (albeit
only causally). After Phase 1 the decoder computes the set
of Phase-2 state-sequences of positive posterior probability
given the Phase-1 outputs. This set can also be computed by
the encoder thanks to the Phase-1 feedback. This enables the
encoder to transmit the bit error-free in Phase 2. The feedback
link is not used in Phase 2.

The condition in Theorem 3 ensures that Phases 1 and 2
are feasible. As we shall see, Phase 1 is feasible iff (14)
holds, whereas Phase 2 is feasible iff (10) holds, where by
Remarks 5 and 6

(10) = (14) and (10) <= (14),

so feasibility is easier to attain in Phase 1 than in Phase 2.

Proof of Proposition 28: The case |S| = 1 follows from
Shannon [1] (because in this case (10) is equivalent to (2)), and
we hence assume that |S| > 2. To transmit the bit m € {0, 1},
we divide the blocklength-np;; transmission into Phase 1 and
Phase 2 of n; and ny channel uses, where

Npit = N1 + na. (61)

For now, (npi, n1, n2) could be any triple of positive integers
satisfying (61). At the end of the proof, we shall exhibit a
choice of the triple for which the transmission is error-free and
npic 1S upper-bounded by (59). Before we do that, we describe
Phase 1 and Phase 2, beginning with Phase 1.

Let 8M*" denote the set of possible length-(n; + ny)
state-sequences, and let S denote the set of possible state
sequences occurring during Phase 2. Before the transmission
begins, the encoder observes the entire state sequence S"17"2,
The goal of Phase 1 is to produce a random subset S, C &2
with the following three properties: 1) S,, is determined by
the Phase-1 outputs Yy, ..., Yy, so both encoder and decoder
know S,, before Phase 2 begins; 2) with probability one

Sy, contains the Phase-2 state-sequence S, [{?; and 3) the
cardinality of &), is upper-bound by
VI =1\"
1Sl = (W ISI" + V1. (62)

To that end we partition the set So £ S™ into || different
subsets of sizes between L|80|/|y|J and |_|S()|/|y|-|. We index
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the |)| subsets by the output alphabet ) and reveal the result
to the encoder and decoder. To every pair (s, y) € S x ) we
assign an input x(s, y) € X for which
W(y|x(s, y), s) =0. (63)
Such an x (s, y) exists, because substituting s for both s and s’
in (10) demonstrates that (10) implies that there exists a pair
of inputs x’, x” € X for which
Wlx',s) W(ylx",s) =0, Yyel, (64)
i.e., for which for every y € Y either W(y|x', s) or W(y|x", s)
is zero. We can thus choose x(s, y) to be x” when W(y|x’, s)
is zero and to be x” when it is not.3 If, thanks to its acausal
SI, the encoder knows that the Time-1 state Sy is s and that
SZIII{’Z is in the subset of S indexed by y, then at Time 1 it
transmits x(s, y). This choice guarantees by (63) that, upon
observing the Time-1 output Y, the decoder will know that
the Phase-2 state-sequence is not an element of the subset of
Sy indexed by Y7, and that it is thus in the Sp-complement of
this subset, which we denote &;. Note that: 1) both encoder
and decoder know & after Channel-Use 1; 2) & contains

S, 11]:;’2; and 3) the cardinality of S is upper-bounded by
|Sol
IS1] < S0l — L— (65)
[V
VI —1 —‘
= |Sol (66)
’7 |V
VI —1
< [Sol + 1. (67)
IV

Phase 1 continues in the same fashion: Let i € [2 : n1], and
assume that the first i —1 channel uses have produced a random
subset §;_1 of §"2 with the following three properties: 1) both
encoder and decoder know S;_; after Channel-Use (i — 1);
2) S;_; contains S:Z’I‘:['fz; and 3) the cardinality of S; 1 is
upper-bounded by

Vi—1
N%

After i — 1 channel uses, we partition §;_1 into |)| different
subsets of sizes between ||S;_1|/|V|] and [|Si—1|/IVI].
We index the subsets by the elements of the output alphabet )
and reveal the result to the encoder and decoder. If, thanks
to its acausal SI, the encoder knows that the Time-i state
S; is s and that SZ}‘I{Q is an element of the subset of S;_;
indexed by y, then it transmits x (s, y) at Time i. This choice
guarantees by (63) that, upon observing the Time-i output Y;,
the decoder will know that the Phase-2 state-sequence is not an
element of the subset indexed by Y;, and that it is thus in the
Si_j-complement of this subset, which we denote S;. Note
that: 1) both encoder and decoder know &; after Channel-

Use i; 2) S; contains S:Z’I‘:['fz; and 3) the cardinality of S; is

|Si—1] < |Si—2] + 1. (68)

8This is nothing else but (10) = (14), which follows from Remarks 5
and 6.
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upper-bounded by

|Si—1]

Sil < 18| —| 2=l 69

ISi| < 1Si-1] LIJ’IJ (69)
V-1

S - 70

[ ! I'W 70
V-1

Si_ 1. 71

< N |Si—1| + (71)

Since this holds for every i € [1 : ny], the goal of Phase 1 is
attained, and the first n; channel uses produce a random subset
S, of §" with the following three properties: 1) both encoder
and decoder know S, before Phase 2 begins; 2) S, contains
the Phase-2 state-sequence SZ 11]:;’2; and 3) the cardinality of
S, is upper-bound by

|y|—1)”1 "“(m—l)"
S, | < Syl +
| "<( o) Sl 25
V| — 1)"1 m = (1= 1)"
= SI" +
( ) P e e

IJ’I—l)"1 n
S+ 1Y)
S( M S| VI

We next turn to Phase 2 whose goal is to transmit the bit
error-free. To that end the encoder allocates to every bit value
m € {0,1} and every state sequence s in S,, a length-n
codeword x(m, s), where the codewords are chosen so that

(72)

(73)

Vs, s €8y, iell:ny]st
(W(y|xi(0,5),si) W(y|xi(1,8),5) =0, Vye y>~ (74)

(We will shortly show how this can be done.) If the value of the
bit to be sent is m € {0, 1} and if the Phase-2 state-sequence is
s, then the encoder transmits in Phase 2 the codeword x(m, s).
Condition (74) implies that, upon observing the realization

ni+ny
Yn1+1 4

who knows S, and the codewords {x(7,§)}, can determine
the value of m error-free, because for the true realization
s € §,, of the Phase-2 state-sequence

y € V™ of the Phase-2 output-sequence the decoder,

)
H W (yilxi(m,s), i) > 0,

(75)
i=1
whereas (74) implies for m’ # m
na
[TWGilxin'.8).5) =0, VeS8, (76)

i=1
The decoder can thus calculate Hi W(y,- |x,~ (m, S), 5,-) for each
m € {0,1} and § € S, and produce the m for which this
product is positive for some § € Sj,.
One (inefficient) way to achieve (74) is the following. Let
x* be an arbitrary fixed element of X, and for every pair
s, s’ € 8 choose a pair x(s, s’), x'(s,s’) € X for which

W (y|x(s,s"),s) W(y[x'(s,s"),s") =0, Yyed. (T7)
By (10) such a pair x(s, s"), x'(s, s") exists. Now choose

n > |18y, 1% (78)
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allocate to every ordered pair (s,s') € S,, x Sy, a different
index i € [1 |Sn1?]; and for the allocated index i
choose x;(0,s) = x(s;,s]) and x;(1,s") = x(s;, s]), and thus
guarantee, by (77), that

(W(r[xi0,9),55) W (sl (1,8, 57) =0, ¥y € V). (79)

The above specifies |S,,| out of ny > |S,,1|2 symbols of
each codeword x(m, s). How we choose the other ny — |S,, |
symbols is immaterial. To be explicit, we choose each of them
to be x*. The described choice of the codewords {x(m,s)}
clearly satisfies (74). Hence, it would only remain to exhibit
some choice of the triple (nit, 1, n2) satisfying (61) and (78).
This can be done using (62), but the resulting value of np;
need not be upper-bounded by (59). To fix this, we allocate
the indices more efficiently. Note that for every i € [1 :
|Sn, |2] the above choice of the codewords {x (m, s)} allocates
meaningful values to the i-th symbols of only two codewords,
namely x(0,s) and x(1,s’), where (s,s") is the ordered pair
to which Index i has been allocated. More efficiently, we can
allocate the same index i to several distinct pairs (s, ). (Still,
we let x;(0,s) = x(s;,s/) and x;(1,8") = x'(s;,s]) when
Index i has been allocated to the ordered pair (s, s’), and we
choose each codeword symbol that has not been assigned a
value to be x*.) This works whenever any two distinct pairs
(s,8), (8,8) that are allocated the same index i satisfy s # §
and s # §, because then every codeword symbol x;(im, s)
is assigned exactly one value. An efficient way to allocate
the indices and guarantee that this requirement is met is the
following. Instead of (78), choose any integer n; that satisfies

ny = |Spl. (80)

(An explicit choice for which npi is upper-bounded by (59)
will be given in (83).) Index the elements of S,, by [l :
|Sn, I], where s (j) denotes the element of S, indexed by j.
Allocate to every ordered pair (s(k), s(()), where k, ¢ € [1:
|Sh, I], the index

i(k,0)=(¢—k mod |8, ])+1, 81
which clearly satisfies
i€ [1 : |8n1|] C [1:nal. (82)

By (81) any two distinct pairs (s(k),s(¢)), (s(k’),s((')) that
are allocated the same index i satisfy k # k' and ¢ # (,
so s(k) # s(k’) and s(€) # s(¢').

To conclude the proof of Proposition 28, it remains to
exhibit some choice of the triple (npi, n1, n2) satisfying (61)
and (80). By (62) these are satisfied if

log |S

. ={ [Vl log S| J“’ 0

log |Y| —log(|¥] - 1)
ny = Y, (83b)

|Vllog|S| J

Npit = +|VI+1, (83

) Logm —log(1¥] - 1)
and for this choice nyp;; is upper-bounded by (59). O

We next prove the converse part of Theorem 3.
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Converse Part: To show that (10) is necessary for Cr to
be positive, we need to prove that if (10) does not hold, i.e., if
there exists a pair of states s, s € S such that

hx, x' € X st (W(ylx,s) W(ylx',s)=0, Vy e y), (84)

then it is impossible to transmit a single bit error-free.
Condition (84) can be alternatively expressed as

Vx,x' eX dyeY: W(lx,s) WH|x',s') >0, (85)

which makes the claim almost obvious. Indeed, (85) implies
that, if the state sequence is all s or all s’, then—during
every channel use and irrespective of the inputs x, x’ that
we choose—the pairs (x,s) and (x’,s’) can produce the
same output. This implies that for every pair of messages
m, m" € M and every encoding mappings there exists an
output sequence of positive probability conditional on each
of the following two events: 1) the message is m, and the
state sequence is all s; or 2) the message is m’, and the state
sequence is all s’.

To prove this formally, let the bit take values in the set
M = {0, 1}, and fix a blocklength n and n encoding mappings

firMxS"x YV x, iell:nl.

Denote by s € S" the all-s and by s € S" the all-s’
state-sequence, SO

si=sands; =s', Viel[l:n]. (86)

To show that the mappings do not achieve error-free transmis-
sion, we will exhibit an output sequence y € )" that for every
i €[1:n] satisfies

W (il £:00, 8,y 1), si) W(ni| fi (18, ¥, s0) > 0. (87)

This will rule out error-free transmission, because if the state
sequence is either s or §', then the decoder, not knowing which,
cannot recover the bit.

Our construction of y € )" is inductive, i.e., we first exhibit
a Time-1 output y; € ) that satisfies (87) for i = 1, and
we then repeatedly increment i by one (until it reaches n)
and exhibit a Time-i output y; € ) that—together with the
previously constructed {y;};e(1:i—1j—satisfies (87).

We start by exhibiting a Time-1 output y; € ) that satisfies
(87) for i = 1. To this end we observe from (85) and (86) that

Ay € Y s.t. W(y|f1(0,8),s1) W(y|fi(1,8),5]) > 0. (88)

If y is as promised in (88), then we choose y; = y with the
result that (87) holds for i = 1.

For the inductive step, suppose £ € [2 : n], and that we
have already constructed {y;};e[1:¢—1] for which (87) holds for
every i € [1: ¢ — 1]. We construct a Time-{ output y, € Y
that—together with the previously constructed {y;}ic[1:0—11—
satisfies (87) when we substitute £ for i in (87), i.e., we show
that

Jy, € ) st
W (ve| £2(0, 5, "1, 50) W (ye| fe(1, 8",y 1), 57) > 0.
(89)

In fact, (89) follows from (85) and (86).
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Since the construction goes through for every ¢ € [1 : n],
when ¢ reaches n we have constructed an output sequence
y € V" that for every i € [1 : n] satisfies (87). ]

B. A Proof of Theorem 4

As we prove in Appendix D, restricting X to be a function of
U and S, i.e., Py x|s to have the form (12), does not change
the RHS of (11), nor does restricting the cardinality of U/
to (13) (Lemma 36). To prove Theorem 4 it thus suffices to
establish a direct part for the case where the cardinality of U/
is restricted to (13) and a converse part for the case where U/
is any finite set. We first establish the direct part.

Direct Part: Our coding scheme can be roughly described
as follows. We partition the blocklength-n transmission into
B + 1 subblocks, with each of the first B subblocks being of
length k. Each of these subblocks is guaranteed to reduce the
“survivor set’—i.e., the set of messages of positive posterior
probability given the channel outputs—by at least a factor of

nearly

min 2k(1(U;Y)*’(U;S)),
Privx.s:

PY\U=14,X,S€%(W), Yueld

min max
Ps Py xs

where U is an auxiliary chance variable taking values in a
finite set U/, and where the mutual informations are w.r.t. the
joint PMF Ps x Py x|s X< Py|u,x,s. The parameter B is chosen
so that the post-Subblock-B survivor-set be “small.” The last
subblock further reduces the survivor-set from a small set to
a singleton containing the transmitted message. The coding
scheme asymptotically achieves the rate on the RHS of (11),
because, when B and k are large, the last subblock is of
negligible length compared to Bk and therefore does not affect
the code’s asymptotic rate.

In the first B subblocks our scheme draws on Dueck’s
scheme for zero-error communication over the multiple-
access channel with feedback [3]. Dueck’s scheme in turn—
like [4] and [5]—draws on Ahlswede’s work [6], which was
originally motivated by the AVC with feedback, and which on
the (stateless) DMC W (y|x) achieves the zero-error feedback
capacity (4) [6]. We next describe Subblocks 1 through B of
Ahlswede’s scheme and then show how to adapt them to the
present setting.

Fix positive integers B, k and a k-type Px on X. Let M =
M be the set of possible messages, and for every b € [1 : B]
let M, be the post-Subblock-b survivor-set, i.e., the (random)
set of messages of positive posterior probability given the
channel outputs Yok during the first b subblocks. Thus, M,
is the (random) subset of M_| comprising the messages in
M1 of positive posterior probability given the Subblock-b
outputs y») £ Y(l;;k—l)k+1~ Ahlswede’s scheme is designed so
as to guarantee that

max (90)

M| < (
Py|x€32(W)

2“()”)) |IMp_1l,

where the mutual information is w.r.t. the joint PMF Py x

Py x.
For every b € [1 : B] Ahlswede’s Subblock-b transmis-
sion can be described as follows. Thanks to the feedback
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link, the set Mj_; can be computed by both transmitter
and receiver after Subblock (b — 1) They can thus agree
on a partition of M;_; into |’T )| message sets of sizes
between LIMb—1|/|T(k) | and |_|Mb—1|/|T( ) |, and they
can agree on a way to associate with each message set a
different k-tuple from Tg?. To transmit Message m € M_1,

the encoder transmits the k-tuple x() ¢ ngk) associated
with the message set containing m. Based on the Subblock-
b outputs y®, the encoder and decoder compute M, as
follows: they identify all the k-tuples in ’T ") that could have
produced the Subblock-b outputs y®), and they compute M,
as the union of the message sets with which these k-tuples are
associated.
We next establish (90), or more precisely that

M| < (P nel%(w)zk(’(“’““)|Mb1|, (91a)
Y|X E!
whenever
(Mp_1] = (91b)

where the mutual information is w.r.t.
Px x Py|x, and where ay is given by

_ log(1+K)|X|(1+|V]) + 1
N k
and hence converges to zero as k tends to infinity. To this end
assume that (91b) holds and note that, with probability one,

the empirical type of the pair of Subblock-b inputs and outputs
(x(b), y(b)) satisfies

the joint PMF

92)

Pyw»y = Px,
(W(ylx) = 0) = (Px(w,y(b) (x,y)= 0).

This allows us to upper-bound the number of k-tuples in
’T(k) that could have produced the observed Subblock-b out-
puts y®: For every fixed k-type Px.y on X x ), the number
of k-tuples x that satisfy (x,y®)) e 7, (k)Y cannot exceed
2KH(XIY) * where the conditional entropy is w.rt. the joint
PMF Py y [9, Lemma 2.5]. This, combined with (93) and
the fact that the number of k-types on & x ) cannot exceed
(14 k)!*1Y1 implies that the number of k-tuples in T that
could have produced the observed Subblock-b outputs y(b) is
upper-bounded by

Hlog(1+0)|X] 1Y)

(93a)
(93b)

max  2KH(XIY)

) (94)
Py‘xe%(W)

where the conditional entropy is w.r.t. the joint PMF
Px x Py|x. Every k-tuple from ngi) is associated with a

message set of size at most [|Mb—1|/’7—;£§) —|; and, by the
assumption that (91b) holds,
(a)
1Mo/ T[] = 21Mo1/|T) 95)

(b)
S |Mb—l| 2—kH(X)+10g(1+k)‘X‘+1, (96)

where (a) follows from (91b); and (b) follows from the
inequality ‘T ’ > (1 4 k)" I¥2kHX) where the entropy
is w.r.t. Py [9 Lemma 2.3]. From (96) and the fact that the
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number of k-tuples in 7, }S)]? that could have produced y® is
upper-bounded by (94) we obtain (91).

We next sketch our adaption of Ahlswede’s scheme to the
present setting. For every b € [1 : B] the Subblock-b trans-
mission can be described as follows. Before the transmission
begins, the encoder is revealed the realization s £ Sf’lf 1kt1
of the Subblock-b state-sequence. Assume for now that the
decoder—while incognizant of s¢”’—knows its empirical type
Pyw: the latter will be conveyed to the decoder error-free
in Subblock B + 1. Let My £ M be the set of possible
messages, and let M, be the post-Subblock-b survivor-set,
i.e., the (random) subset of M_| comprising the messages in
M1 of positive posterior probability given the Subblock-b
outputs y”) and the empirical type P, ). Choose some k-type

P I(Jb) x,s Whose S-marginal Pg ") equals P - In the following,
unless otherwise specified, all entropies and mutual infor-

Pl(jb)x g Unlike Ahlswede’s

Subblock b, which partitions M_1 into ]T ((,,)] message sets

mations are w.r.t. the joint PMF

and associates with each a different k-tuple from ’T((,z), we fix

some € > 0 and partition M_ into

message sets of sizes between |_|./\/117 1/ @J and
|_|./\/tl7 1/ ®-| and we associate with each message set
a different bin from the bins

B C T(’(‘,}), tell:ol

where the bins {B¢}¢c[1.0] are pairwise disjoint subsets of T(]f,?)

By N By =0, (ve, ¢ ell:0]

st £ £ 5), (98a)

and where each bin “covers” T[EI(% in the sense that
N

V(s{’)eT()x[l ]HueBgst(us)eT((,,) (98b)
US

(Lemma 29 ahead guarantees the existence of such bins when-
ever k is sufficiently large.) To transmit Message m € M_1,
the encoder picks from the bin that is associated with the mes-
sage set containing m a k-tuple u® satisfying (u®,s®) e
T (18) (By (98b) such a k-tuple u® exists.) It then chooses

U N
as the Subblock-b channel-inputs some k-tuple x(®) satisfying

(u®, x® @) ¢ 7<k>

UXS

. (This is possible, because 7° ((b)
U X.S

is not empty since P( _x.s 1s a k-type, and because, by (98b),
( ) s(b)) 7(18) .) Based on the Subblock-b outputs y®) and

the empirical type (), the encoder and decoder compute M,,
as follows. First, they identify all the k-tuples in ’T((,,) that

could have produced the observed Subblock-b outputs y®.
Then, they determine all the bins that contain at least one
of the identified k-tuples. Finally, they compute M, as
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the union of the message sets with which these bins are
associated.’

Using arguments similar to those for the stateless DMC,
we next show that

2=k (U;Y)=1(U;S)—(e+pr))

M| < max
Pyw.,x,s:
Py|U=u’xysegz(W), Yueld
X | Mp-1l, (99a)
whenever
|Mp_y| = 2KHWISH=O, (99b)

where the mutual informations are w.r.t.
P((Jlj)x,s x Py|u,x,s, and where S is given by

log(I +B)IUIYVI+1
k

and hence converges to zero as k tends to infinity. To this end
assume that (99b) holds and note that, with probability one,
the empirical type of the tuple (u®,x® s® y®)) satisfies

(W) =0)
= (Pur 500y (0, %,5,3) =0, Yu €U). (101a)

the joint PMF

k= (100)

(b)
Py x) 500 = Py x g5

(9]
This allows us to upper-bound the number of k-tuples in 7° PO

that could have produced the observed Subblock-b outputs
y®: For every fixed k-type Pyy on U x Y, the number
of k-tuples u that satisfy (u, y(b)) € T(k)y cannot exceed
2KHWIY) " \where the conditional entropy is w.r.t. the joint PMF
Pyy [9, Lemma 2.5]. This, combined with (101) and the
fact that the number of k-types on U x ) cannot exceed
(14 k)Yl implies that the number of k-tuples in 7% P that

could have produced the observed Subblock-b outputs y(b) is
upper-bounded by

log(1+b) U] || max

Privx.s:
Pylu=u,x,s€Z (W), Yueld

QKHUIY) — (102)

where the conditional entropy is w.r.t. the joint PMF
P( )x s X Priu,x.s- Since the bins are pairwise disjoint (98a),
no k tuple is contained in more than one bin, and (102) is thus
also an upper bound on the number of bins that contain at least
one k-tuple that could have produced the observed Subblock-
b outputs. Every bin is associated with a message set of size

90ur Subblocks 1 through B are reminiscent of Merhav and Weissman’s
e-error scheme for the state-dependent DMC with acausal SI and feedback to
the encoder [5, Sec. III], which also draws on [4] and [6]. Unlike the e-error
scheme, our Subblock b must, however, reduce My,_| with probability one
and hence differs from Subblock b of the e-error scheme in the following
three aspects: 1) it can deal with every possible Subblock-b state-sequence,
regardless of whether or not its empirical type is close to the PMF Q of the
state; 2) for every fixed k-type Pl(/}j)s on U x S, every Subblock-b state-

sequence s(”) of empirical type P(b), and every message m in My_1,
the bin allocated to the message set containing m contains some k-tuple
u® that satisfies (u(b) s(b)) e ’T( )s and 3) our Subblock b can deal with
every possible Subblock-b output-sequence, regardless of whether or not the
sequence is typical according to W(y|x, s).
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at most [|Mp_1|/@]; and, by (97) and the assumption that
(99b) holds,

[IMy-11/©] = [275HCD=0 1A,y ] - (103)
E 2—k(H(U‘S)—E)+1 Ibell- (104)

From (102), (104), and the fact that
HWU|S)—HWU|Y)=1U;Y)—1(U;YS) (105)

we obtain (99).
Since H(U|S) < log|U| and € > 0, it follows from (99)
that

7 —k(I(U:Y)~1(U:8)~(e+5k))

M| < max
Pyw,x,s:
Py|U:u’X’SE,QZ(W), Yueld
X |[Mp_1], (106a)
whenever
|My_y| = 2kloe I, (106b)

where the mutual informations are w.r.t. the joint PMF
Pl(}f)xjs x Py\u,x,s, and where f is defined in (100).

From (106), which holds for every b € [1 : B], we infer
that we can choose B to be the smallest integer for which

M| < 2Kloeltd], (107)

In Subblock (B + 1) we resolve the post-Subblock-B
survivor-set Mp, and we transmit the empirical types
Py, ..., Pys of the state sequences pertaining to Sub-
blocks 1 through B.10 1t follows from (107) that, when B
is large, the number of bits that are needed to resolve Mp
is negligible compared to Bk. Moreover, when k is large,
Blog(1+4k)|S|, which upper-bounds the number of bits needed
to represent Py, ..., Pys), is small compared to Bk. If we
thus choose B and k sufficiently large, then—compared to
Bk—the encoder will only need to transmit few bits error-
free in Subblock (B + 1), and by Proposition 28 this can
be achieved with the length of the last subblock negligible
compared to Bk.

We next describe and analyze our coding scheme in detail,
beginning with Subblocks 1 through B and ending with the
last subblock. Throughout, we assume that Cy is positive,
which (by Theorem 3) is equivalent to the assumption that (10)
holds.

For Subblocks 1 through B we only provide the missing
details. Fix positive integers B, k, some finite set U of
cardinality

) < x|, (108)

and some € > 0. Assume for now that the decoder knows
the empirical types { (b)}b cl1:B] of the state sequences
{ ®) } bell:B]' : those will be Conveyed to the decoder error-free
in Subblock B + 1. Let My £ M be the set of possible
messages, and for every b € [l : B] let M, be the post-

Subblock-b survivor-set, i.e., the (random) set of messages of

1OAltematively, since the states are known acausally, we could convey these
types in a preamble of negligible rate.
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positive posterior probability given the channel outputs Y2
and the empirical types { P, } pei:) Thus, My is the subset
of My_ comprising the messages in M;_; of positive
posterior probability given the Subblock-b outputs y”) and
the empirical type Py of the Subblock-b state-sequence s®).
We already described the Subblock-b transmission for every
b € [1 : B]; it only remains to show that we can find bins

Bec T\, (ell:0]
U

such that (98) holds. This follows from the following lemma:

Lemma 29: Let U and S be finite sets. For every ¢ > 0
we can find a positive integer 1y = 170(|U|, |S|,€) that will
guarantee that, for every k > no and every k-type Py s, there
exist a partition {Br}re(i.0] of the type class T}Sllj) with the
property that

V(s,0) e Tp) x [1:0] JueBr st (ws) ey, (109)

Py’
where @ = [Zk(H(U‘S)_‘)] with H(U|S) being computed w.r.t.
the joint PMF Py s.
Proof: See Appendix E. (]
By Lemma 29 and (108) we can find a positive integer
no = no(IX|, S|, €) that guarantees that, for every k > no
and k-type pY , there exist bins

Bec Ty, (ell:0]
U
satisfying (98).
Henceforth, assume that &k > 9 and that the

bins are as above. We next conclude the analysis of

Subblocks 1 through B by showing that each of these sub-

blocks can reduce the survivor set by at least a factor of nearly

min QKU U:V)—-1(U:S))
Pyu.x,s:

PY\U:u,X,Se@(W), Yueld

min max
Ps Py xis

where the mutual informations are w.r.t. the joint PMF
Ps x Py x|s < Py|u,x,s. To that end recall that if (106b) holds,
then |Mp| can be upper-bounded in terms of |M_1| using
(106a), where the mutual informations are w.r.t. the joint PMF
P’y s % Prju.x.s. and where f is defined in (100). Since
we can choose any k-type Pl(/b)x ¢ Whose S-marginal Ps(b) is
Py, we can choose Pl(]b)X s = Psw x P;}?Xl 5» Where P[(]lj))(l g is
the conditional k-type that—among all conditional k-types—
maximizes

min I1(U;Y)—I1(U;YS),

Pyiux,s:

Py|u=u,x,s€ P (W), Yueld

(110)

where the mutual informations are w.r.t. the joint PMF
Ps(b) X Pl(jb)x‘ ¢ X Priu.x,s. Every conditional PMF can be
approximatjed in the total variation distance by a condi-
tional k-type when k is sufficiently large; and, because
entropy and mutual information are continuous in this dis-
tance [9, Lemma 2.7], it follows that—for the above choice
of the conditional k-type and some y; = yk(|l/{|, | X1, 1S], |y|),

which converges to zero as k tends to infinity—(106) implies
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that when |M,,_;| > 2KleglU]

|Mp| < |max min max kU U:Y)—1(U:8)—€—1)

Ps Py xs Pyu,x,s:
Py|y=u,x,s€P(W),Yueld

x [Mp_1], (111)

where the mutual informations are w.r.t. the joint PMF
Ps x Py x|s x Pyuy,x,s. Because our scheme works for any
€ > 0, it follows that for every € > 0 and positive integer k >
770(|X I, 1S, e) each of Subblocks 1 through B is guaranteed

to reduce the survivor set by a factor of at least

min KUV =1(U:8)=3(e.k)
Pyiu,x,s:

Py|u=u,x,s€ P (W), Yueld

min max
Ps Py xs

(112)

until |Mp| is smaller than 251°21|, Here the mutual infor-
mations are w.r.t. the joint PMF Pg x Py x|s x Pyju,x,s, and

(e, k) = € + yk (113)

and hence converges to zero as € tends to zero and k to infinity.

Since Cr, is positive, so is the RHS of (11); and, because
0 (€, k) converges to zero as € | 0 and k — oo, it follows that
we can choose € sufficiently small and B and k sufficiently
large so that

k= no(l1X1,1S],€) (114a)
and
max min max 9= Bk(I(U:Y)—1(U:5)—d(e.k))
Ps Py x|s Pyiu.x,s:

Py|U=u!x!5€,@(W), Yueld
x |M| < 2klogldl - (114b)

This guarantees that

|Mp| < 2kloeltl] (115)

because each subblock reduces the survivor set by the factor
in (112) until | Mp| is smaller than 2~1g !,

We now deal with Subblock B + 1. In Subblock (B + 1) we
resolve the post-Subblock-B survivor-set M g, and we trans-
mit the empirical types Py, ..., Pys of the state sequences
pertaining to Subblocks 1 through B. By (115) the resolution
of M p requires at most k log |//| bits. And since the empirical
type of each s) can take on at most (1 +k)15! values, we need

at most B log(14k) |S] bits to describe Py, ..., Pys). In the
last subblock we thus need to transmit at most
[klog |U| + Blog(l + k) |S]] (116)

bits error-free. Proposition 28 and the assumption that Cy,g is
positive guarantee that this can be achieved by choosing the
length of the last subblock to be

[klog|U| + Blog(l + k) IS |mpi,

where npit = npic(IS|, 1V1).
We are now ready to join the dots and conclude that the
coding scheme asymptotically achieves any rate smaller than

(117)
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the RHS of (11). More precisely, we will show that, for every
rate R smaller than the RHS of (11) and every sufficiently-
large blocklength n, our coding scheme can convey nR bits
error-free in n channel uses. It follows from (114) and (117)
that if the positive integers n, B, k and € > 0 are such that

k= no(lX1,1S], €) (118a)
and
nR < Bk | min max min
Ps Py xis Pyiu,x,s:
Py\u=u,x,s€ P (W), Yueld
I(U;Y)—1(S;Y)—6(e, k)|, (118b)

then our coding scheme can convey nR bits error-free in

Bk + [klog [U| + Blog(l + k) |S| | nvit (119)

channel uses. It thus remains to exhibit positive integers B,
k and some € > 0 such that, for every sufficiently-large
blocklength 7, (118) holds and

Bk + [klog [U| + Blog(1 + k) |S||npic <n.  (120)

As we argue next, when n is sufficiently large we can
choose

B = |V/n] — [log|U] +log(1 + /n) |S[|nbit,  (121a)
k = |v/n], (121b)
and we can choose any € > 0 for which

min
Pyw,x,s:
Py‘U=,4,X,segz(W), Yueld

R + € < min max
Ps Py x|s

1(U:;Y) = I(S;Y).

(122)

Note that, whenever n is sufficiently large, B is positive and
(120) is satisfied. To see that also (118) holds whenever n is
sufficiently large, we first observe from (121b) that k tends to
infinity as n tends to infinity. This implies that (118a) holds
whenever n is sufficiently large, and that d(e, k) (which is
defined in (113), where y; = yk(|l/{|, | X1, |S], |y|) converges
to zero as k tends to infinity) converges to € as n tends
to infinity. We next observe that (121) implies that Bk/n
converges to one as n tends to infinity. This, combined with
the fact that (e, k) converges to € as n tends to infinity and
with (122), implies that (118b) holds whenever 7 is sufficiently
large. (]

We next prove the converse part of Theorem 4.

Converse Part: Fix a finite set M, a blocklength 7, and an
(n, M) zero-error code with n encoding mappings

firMxS"xY ' 5 x, ie[l:n] (123)

and | M| disjoint decoding sets D,, € V", m € M. We will
show that, for some chance variable U of finite support I/,
the rate %log M| of the code is upper-bounded by the RHS
of (11).
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Draw M uniformly over M, and denote its distribution Py;.
Since the code is a zero-error code,

P[Y" € Dyl = 1, (124)

where P is the distribution of (M, S", X", Y") induced by
Py, the state distribution Q, the encoding mappings (123),
and the channel law W (y|x, s), so for every (m,s,X,y) €
M xS x X" x Y

P[(M,S", X", Y") = (m,s,x,y)]

= Pu(m) Q") [ |

i=1

(PXilM,S”,Y"*I (xilm, s,y YW (yilxi, Si)>, (125)

where

1 if x; = fi(m,s, y'™ 1),

i—1
Py iy gn yi-t(xilm,s, y' ™) = )
XilM,S".¥ T 0 otherwise.

(126)

Fix any PMF Ps on S and any collection of n conditional
PMFs {PYZ‘|M,Y'.71,S,-"+1,X,',S,' }iE[ltn] that satisfy

1

Py,-\M,Yifl,s’."H,x,-,s,-(‘|ma YU Xis si) K< W(Ixi, i),

i-1 .n
V(m’y 9si+1axiasi)

EMxY xS xx xS (127)
These PMFs induce the PMF on M x §" x X" x )"
n
PM,S",X",Y" = Py x ﬁgz X H
i=1
(Px, p,5n yi-1 X PY;|M,Y"*1,S;1+1,X,v,S;)-
(128)

It follows from (1) and (127) that Py gn xnyn < P and

consequently that (124) implies
Py.sn xn yn[Y" € Dyl = 1. (129)

We upper-bound %log [IM| by carrying out the following
calculation as in [13, Sec. 7.6] but under Py, s xn» y» of (128):

1
— log | M| @
n

®)

Lo (130)
n

[I(M; Y") — I(M; s")] (131)

1
n

1 < -
QS [rns vy - 1o siisty)| (32)
i=1

1 — . .
oS [,y s Y — 1 )
n
i=1

— IS s YIM Y'Y — 1M, Y SRS
F IS S+ 1Y S M, S?H)] (133)

(e) 1 " i
< ;;[I(M,Yl L SPLY)
=

— 1M, Y 75, (134)
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where (a) holds because under ﬁM, sn xn,yn M is uniform over
M; (b) holds by (129) and because under ﬁMananjyn M is
independent of S”; (¢) and (d) follow from the chain rule;
and (e) follows from Csiszar’s sum-identity [9, Lemma 17.12],
[13, Sec. 2.3], the nonnegativity of mutual information, and
the independence of S; and S, , under I;Mjsn, Xn,yn.

i+1
For every i € [1 : n] define the chance variable

U= M, Y™ 8. (135)

From (134) it then follows that every choice of Ps and
{PYiIM,Y"’l,STQI,Xi,Si}ie[I:n] satisfying (127) gives rise to an
upper bound

1 1 «

—log|M| = — Z[I(Ui; Yi) = 1(Us; Si)],

n n

=

(136)

where the mutual informations in the i-th summand are w.r.t.
the joint PMF Py, x; s, v, induced by Py sn xn yn.

We will conclude the proof by exhibiting a PMF Pg and
a collection of conditional PMFs {Pyi‘ij[—ljSl{l pxiasi}ie[l:n]
satisfying (127) for which each summand on the RHS of (136)
is upper-bounded by the RHS of (11).

We begin with the choice of {PY’_‘M,Yi—l,sl{1+l,xi,si}ie[lzn].
In view of the definition of U; ~in (135), there is a
one-to-one correspondence between Py, yi-1 SI XS and

};yi‘Uij x;,5;- This implies that choosing a conditional PMF
Py, im,yi=1 51, x;,s, that satisfies (127) is tantamount to choos-
i > L NS EE R

ing a conditional PMF Py, |y, x,.s; that satisfies

ISY,-\U,-:u,-,X,-,S,- € ‘@(W)9 Vui € Ui’ (137)

and consequently choosing a collection of conditional PMFs
{ISY;IM,Yi‘l,S§’+.,X;,S;}ie[lzn] that satisfy (127) is tantamount to
choosing a collection of conditional PMFs { Py, u,.x,, S ieqton]
that satisfy (137). We shall choose the latter collection, and
we shall do so as follows.

We first choose ﬁyi\yi’xijsi for i = 1, and we then
repeatedly increment i by one until it reaches n. Key to our
choice is the observation, which will be justified shortly, that
f’s and {ISYj\Uj,Xj’Sj}je[lzi—l] determine ISU,»,X,-,S,»- Our choice
of ﬁyi\yij x;,5; can thus depend not only on our choice of
Ps and our previous choices of {I;)/j\yj’ X;.8;} but
also on Py, x,.s. This will allow us to choose Py, \u.,x;,s;
as one that—among all conditional PMFs satisfying (137)—
minimizes

jelli—1]

I(U;; Vi) = 1(Ui; S)), (138)

where the mutual informations are w.rt. the joint PMF
Py, x;,s; %< Py, ju;,x;.s;- Since (128) implies that
Ps, = Ps, ic[l:n], (139)
we will then find that, for our choice of {15)/,.‘[],., Xi,5: }
1(Ui; Yi) — I(Ui; Si)
< max
Pu; x;1s;

ie[l:n]’

_ min
) Py, \u; x;,8;
Py, \U;=u;,x;,5; €L (W), Yuell;

I(U;; Yi) — 1(U;s Si),

ie[l:n], (140)
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where the mutual informations are w.r.t. the joint PMF
Ps, x Py, x;1s; X Py, ju;,x;,s;- The chosen conditional PMFs
{ﬁYi|Ui>Xi>Si}iE[1;n] satisfy (137), and hence (136) and (140)
will imply that

_ min
) Pyju; x;.8;: ¢
Py;\U; =u;, x;.5; e P (W), Yu;el;

1(U;; Yi) = 1(U;3 S)),

1 1
—1 M| < —
nog| |_nz~max

i=1 Puix;1s;
(141)

where the mutual informations in the i-th summand are w.r.t.
Ps; x Pu;,xi15: X Py;\v;.xi.5;-

We now Izrove that Pg and {PYJ\UJ',XjaSj}je[lzifl] indeed
determine Py, x; ;- In fact, we will show that the two
determine Py gn xi yi-1. The latter determines Py, x;.s;,

because, by (135), the tuple (U;, X;, S;) is determined by
(M, $", X', Y=1) and consequently its PMF Py, x, s, is deter-
mined by ﬁMan’xijyi—l.

We use mathematical induction, but first we note that the
PMF f’M’sn, xn,yn is constructed inductively: by (128)

Pu.snx, = Py x P§ x Px,|p.sn (142)

and, for every ¢ € [2 : n], Py ¢n x¢ ye—1 is constructed from
Py gn xt-1yt-2 by

Py sn xt yt=1 = Py gn xe-1 ye2 X Py, pye-2 50 x, 5,

X PXf\M,S”,Yf_I' (143)

In describing the proof we shall make the dependence on
Py, our choice of 155, and {ijlM’Sn’yj—l}jE[ltn], whose
components are determined by the encoding mappings (123)
via (126), implicit.
1) Basis £ = 1: It follows from (142) that Py sn x, is
determined.
2) Inductive Step: Fix ¢ € [2 :
}N’M, sn xt-1,yt-2 is determined by

i], and suppose that

{ﬁYﬂUj’Xj’Sj}je[l:{’—Z]'

Since PY[,l|M,Y[72,S?,X[,1,S[,1 NIS by (135) m a one-
to-one correspondence with Py, v, ,,x,,.5,_;, this
implies that Py, ¢n yx¢-1 ye—2 and

Py, M ye2,8m X0 1,80

are determined by { Py, u;.x,.s; } Consequently,

jell:0—1]"
it follows from (143) that Py, S‘)Izj )[(ljyl—]l is determined
by {PY./"U./"X./"S.i}je[lszl]'
This proves that, for every i € [I nj, };M,Sn,xi,yi—l
and consequently also Py, x, s, are determined by Ps and
{Py,10;.x,.5;} jeg14-1) and hence (141) holds.
Having established (141), we are now ready to conclude

the proof. By the definition of U; (135) the cardinality of the
support U; of U; satisfies

;| < |IM|max{|Y,|SI}", iel[l:n]. (144)
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Consequently, (139) and (141) imply that

1
—log | M]|
n
< max _min 1(U;Y)—1(U;S), (145)
Py xis Pyw,x,s:

i’y|U=l‘,x’5€'@(W), Yueld

where U is an auxiliary chance variable taking values in a
finite set U/, and the mutual informations are w.r.t. the joint
PMF 155 X 15U,X|S X 15y|U,X,S. Since we can choose any PMF
f’s on S, we can choose one that—among all PMFs on S—

yields the tightest bound, i.e., minimizes
max _min (146)
Py, x|s } Pyu,x,s:

PY\U:M,X,SE'@(W)’ Yueld

I(U;Y)—-1(U;S),

where U is an auxiliary chance variable taking values in a
finite set U, and the mutual informations are w.r.t. the joint
PMF ﬁs X 15U,X|S X ISY\U,X,S- For this choice of ﬁg (145)
implies that

1 . .

—log |M] < min max _min

n Ps Py x|s } Pyu,x,s:
Py‘U=,4,X,segz(W), Yueld

I(U;Y)—-1(U;S), (147

where U is an auxiliary chance variable taking values in a
finite set U, and the mutual informations are w.r.t. the joint
PMF Ps x Py, x|s x Pyiu,x,s- ]

C. A Proof of Theorem 7

We use the following lemma to establish Theorem 7:

Lemma 30 (Acausal SI, No Feedback): In the absence of
feedback, a sufficient condition for the zero-error capacity of
the SD-DMC W (y|x, s) with acausal SI to be zero is

JseS VxeX 35'eS Vx'eX dye)st

W(ylx,s) W(ylx',s") > 0. (148)

A sufficient condition for this capacity to be positive is that
for some k € [2 : |y|] and 1 € [2 ‘K |X|] there exist channel
inputs

x (s,k), (s,k)eSx[l:k]
and ) pairwise-disjoint nonempty subsets Yi,..., Yy C YV
such that the following two conditions hold:
V(s,k) e Sx[l:x] I€e[l:A]s.t.
W(Ve|x(s,k),s) =1 (149a)

and

Veel[l:A] 3k e[l :k] st
(Wrle(s', k), 8') =0, ¥s' €S).  (149b)

Proof: We prove the first part of the lemma by showing
that if (148) holds, then without feedback it is impossible to
transmit a single bit error-free. The second part is proved in
Appendix N. Let the bit take values in the set M = {0, 1}, and
fix a blocklength n, an encoding mapping f: M x S" — X",
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TABLE III
NONZERO TRANSITIONS OF THE SD-DMC IN EXAMPLE 31

‘ 1 2 3 4 5

0] {23) {15} {12} {23} {12}
T {45 {34} {45} {15} {34}

and two disjoint decoding sets D,, € )", m € M. By (148)
there exists some state s* € S for which

VxeX 35eS Vx¥'eX Tyelst

W(ylx,s") W(ylx',s") > 0. (150)

Let s* € S" be the all-s* state-sequence, so s = s*,

i €[1:n], and let x = f(0,s*). Choosing x in (150) to be
the i-th component x; of f(0,s), it follows from (150) that
for every i € [1 : n] there exists some s’ € S, say s (i), for
which

Vi'e X Jyel st Wylx,s) W(y|x',s'()) > 0. (151)

Let 8" € S" be the state sequence whose i-th component s/ is
s'(i), i €[l:n], and let X' = f(1,s). By (151)

n
Iy e )" st H(W(yilxi,sf) W(yi|x;,s;)) > 0. (152)
i=1
This makes it impossible for the decoder to determine with
certainty whether the transmitted bit is O or 1 even if it is told
that the state sequence is s* or 8. This concludes the proof of
the first part of the lemma. 0
Theorem 7 follows from Theorem 3, Lemma 30, and the
following example:
Example 31: Suppose X = {0,1} and § = Y =
{1,2,3,4,5}). For every x € X and s € S define Yy
according to Table IIl, and let W(y|x, s) be such that

{y e)y: W(ylx,s) > O} = Vs, V(x,5) e X xS, (153)

Then, the SD-DMC W (y|x, s) satisfies both (10) and (148).

Remark 32: Lemma 30 does not fully characterize the
SD-DMCs whose zero-error capacity with acausal SI is pos-
itive in the absence of feedback. For example the SD-DMC
of Example 31 but with state alphabet S = {1,2,4} satisfies
neither the necessary nor the sufficient condition of the lemma.
However, when W(y|x,s) is {0, 1}-valued (cf. Corollary 9),
Lemma 30 implies that the capacity is positive iff

{yeV: Ix e X st. W(ylx,s) > 0} =2, VseS. (154)

(To see this, choose the sets {Y,} in Lemma 30 to be the sin-
gletons containing the outputs y € Y for which W(y|x,s) > 0
holds for some (x,s) € X x S.)

IV. SUMMARY

We now know the zero-error feedback capacity of the state-
dependent channel in all three cases: when the state is revealed
to the encoder strictly-causally, causally, or acausally. In each
case the capacity result comprises two parts: a characterization
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of the channels for which the capacity is positive, and a
formula for the capacity when it is.

« Revealing the state to the encoder stictly-causally does
not increase capacity (Remark 17), and the problem
reduces to the stateless channel, which was solved by
Shannon [1], with Ahlswede [6] later providing an alter-
native form and an alternative subblocks-based coding
scheme.

« When the state is revealed to the encoder causally, the SI
is utilized optimally by using Shannon strategies, and the
zero-error feedback capacity is thus that of the stateless
channel into which the state-dependent channel is trans-
formed when the encoder uses Shannon strategies (The-
orems 10 and 11).

o For the case where the state is revealed to the encoder
acausally, our positivity characterization (Theorem 3) is
reminiscent of Shannon’s, and our formula (Theorem 4)
is reminiscent of Ahlswede’s.

The acausal case exhibits phenomena that are not observed
in the strictly-causal and causal cases: The zero-error feedback
capacity can be positive even if in the absence of feedback
the zero-error capacity is zero (Theorem 7), and the error-free
transmission of a single bit may require more than one channel
use (Corollary 8).

Our coding scheme for the acausal case builds on
Ahlswede’s subblocks-based scheme [6] and to a lesser degree
on Shannon’s sequential approach [1]. In contrast to Shannon’s
sequential scheme, in Ahlswede’s scheme the encoder codes
over subblocks, and it can therefore take advantage of the
acausal SI in a more natural way.

Ahlswede’s scheme also seems to be more natural in the
stateless case in the presence of input constraints: his expres-
sion remains valid provided we replace the maximization
over the input distribution with a constrained maximization
(Corollary 21). This is not the case for Shannon’s expression,
irrespective of whether or not we allow for a time-sharing
chance variable (Remark 22).

For the acausal case we also established the zero-error
feedback capacity for a scenario where—in addition to
the message—also the state sequence must be recovered
(Theorem 19), i.e., the zero-error state-conveying feedback
capacity; for a scenario with an average-cost constraint on
the channel inputs (Theorem 20); and for a scenario with an
average-cost constraint on prespecified /-blocks of consecutive
channel states (Theorem 26).

A recurring theme in our coding schemes is that, as of the
beginning of the transmission, the encoder attempts to convey
not only the message but also the state sequence governing the
last subblock, a state sequence of which it is cognizant because
the entire state sequence is revealed to it acausally. Once the
ambiguity about the last-subblock’s state sequence and the
message has been sufficiently reduced, the last subblock is
used to resolve it, or rather to decode the message.

Another recurring theme in our coding schemes is that—
to reduce the decoder’s ambiguity about the message and the
last-subblock’s state sequence—each subblock uses pairwise
disjoint bins that “completely cover” the set of possible state
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sequences in the sense that all the state sequences pertaining
to the subblock can be accommodated.

A recurring theme in the converse parts is to select
the “worst possible” joint distribution of the message, state
sequence, input sequence, and output sequence. By “possible”
we mean here that the distribution is compatible with the
encoding mappings and absolutely continuous w.r.t. the dis-
tribution that is induced by the uniform message distribution,
the state distribution, the encoding mappings, and the channel
law. By “worst” we mean that the distribution yields—among
all “possible” distributions—the tightest bound.

A remaining problem is to characterize the family of
channels whose zero-error capacity with acausal SI is zero
in the absence of feedback. We provided a sufficient condi-
tion (Lemma 30), which we then used to show that some
members of this family have positive zero-error capacity in the
presence of feedback (Theorem 7). We also showed that some
channels outside this family have zero zero-error capacity
when the state is revealed causally (Theorem 14). On such
channels with acausal SI the error-free transmission of a single
bit requires more than one channel use also in the absence of
feedback (Corollary 15). (Recall that in the causal case the
zero-error capacity—both in the presence and in the absence
of feedback—is positive iff it is possible to transmit a single
bit error-free in one channel use.) One way to characterize
the family might be to upper-bound the maximal number of
channel uses that could be necessary to transmit a single bit
error-free.

Other remaining problems are to find an explicit necessary
and sufficient condition for the zero-error state-conveying
feedback capacity to be positive; to characterize all the chan-
nels whose zero-error state-conveying feedback capacity is
zero but for which it is nevertheless possible to convey the
state sequence error-free; to establish the zero-error feedback
capacity with acuasal SI subject to a type-one (46) average-
cost constraint on the channel states; and to find an explicit
necessary and sufficient condition for the zero-error feedback
capacity with acausal SI subject to a type-two (51) average-
cost constraint on the channel states to be positive.

APPENDIX A
A PROOF OF REMARK 2

Definition 33: For any finite set M and positive integer
n €N, an (n, M) zero-error feedback code with acausal SI
and a stochastic encoder is defined like its deterministic coun-
terpart (Definition 1) except that the encoding may depend on
some chance variable Y that is drawn from some finite set U
according to some PMF Py.'! The code thus consists of a
finite set U, a PMF Py on U, n encoding mappings

firMxUxS"xY ' > x, iell:n], (155)
and | M| disjoint decoding sets
Duw CY', meM (156)

HThe assumption that Y takes values in a finite set is not restrictive, because
the channel-input, -state, and -output alphabets are finite (see Remark 35 at
the end of this section).
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such that for every m € M the probability of a decoding error
is zero,

P[Y" ¢ DM =m,S" =s] =0, Vme M, seS",
(157)

where
PY" ¢ DM =m, S* =s]

ZZPT(D) z Hw(yl|fl(m’ D’S»yi_l)»si)~
veld yeV"\D,, i=1
(158)

Proof of Remark 2: Given an (n, M) zero-error feedback
code with a stochastic encoder (155) and decoding sets (156),
we can construct an (n, M) zero-error feedback code with a
deterministic encoder (6) as follows. We fix some element v*
of U for which Py (v*) > 0 and consider the n deterministic
encoding mappings

g,-:/\/le”xy"_1 - X
(m,s, "N > fim, v*,s, '), ie[l:nl

It then follows from (157) that for every m € M and s € §"

n
> [T wGilsitm,s,y=h,s:) =0,

yeY"\Dy, i=1

(159)

so the encoding mappings {g;}ic[1:n] and the decoding sets
(156) constitute an (n, M) zero-error feedback code with
acausal SI and a deterministic encoder (6). O

To conclude this section, we show that allowing for any (not
necessarily discrete) random variable Y in Definition 33 does
not lead to a more general notion of an (n, M) zero-error
feedback code with acausal SI and a stochastic encoder. To this
end we shall use the following lemma [17]:

Lemma 34 (Functional Representation Lemma): Given two
chance variables X and Y of finite support, there exist a
chance variable S of finite support S that is independent of X
and a function g: X x § — Y such that Y = g(X, S).

Remark 35: An (n, M) zero-error feedback code with
acausal SI and a stochastic encoder can also be viewed as
a collection of n conditional PMFs

PX’_‘M,Sn,X[—I,Yi—l, ie[l:n] (160)
and | M| disjoint decoding sets (156) for which (157) holds,
where

P[Y" ¢ DM = m, S" = s]

= > D> JIPGilm.s,x "y

yeYV"\D,, xe X" i=1

x W(yilxi, si)]- (161)

Indeed, for every (not necessarily discrete) random variable
Y of support U, encoding mappings (155), and decoding
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sets (156), there exist n conditional PMFs (160) for which

n
> > [T PGilm. s, x Ly = Wyilxi, si)

yey”\D,,, xeX"m i=1

n
:ET Z HW()’i|fi(m,TaS, yiil)’si) 5
yeY"\D,, i=1

VmeM,seS". (162)

Conversely, for every collection of conditional PMFs (160)
and decoding sets (156), there exist a random variable Y
of support U and encoding mappings (155) for which (162)
holds. Since the channel-input, -state, and -output alphabets
are finite, repeated application of the Functional Representa-
tion lemma, Lemma 34, yields, moreover, that we can choose
the support U of Y finite as in Definition 33.

APPENDIX B
A PROOF OF REMARKS 5 AND 6

Proof: We begin with Remark 6. We first show that
Condition (14) implies that the RHS of (11) is positive. To this
end assume that (14) holds, pick &4/ = ), and let U be
independent of S and uniform over U, so

Pyjs = Py = Unif ). (163)

Fix some conditional PMF Px|y s that satisfies

((W(u|x,s) > o) — (PX|U,S(x|u,s) :0)),
V(u,x,s) el x X¥ x8§. (164)

(Such a Pxy,s exists, because (14) says that for every pair
(u,s) € U x S there exists some x = x(u,s) € X for
which W (u|x, s) is zero, and we can thus choose Px|y, s to
assign X (u, s) probability one.) For Py x|s = Py x Px|u,s, for
every PMF Ps on S, and for every conditional PMF Py |y x s
satisfying

Py\y=u,x,s € PW), Yuel, (165)

we obtain w.r.t. the joint PMF Ps x Py x|s X Pyju,x,s

(@)

1U:Y) - 1U;S) 2 1U; Y) (166)
Diog v - HWUIY) (167
(c
2 log [V — log(¥ 1) (168)
-0, (169)

where (a) holds because U is independent of S; (b) holds
because U is uniform over its support ); and (c¢) holds
because (164) and (165) imply that (Ps x Px|u,s X Py|u,x,s)-
almost-surely U # Y, and because the uniform distribution
maximizes entropy. From this we conclude that Condition (14)
is sufficient for the RHS of (11) to be positive.

We next turn to proving that if the RHS of (11) is positive,
then (14) holds. We prove the contrapositive: we show that if
for some (s*,y*) € S x Y

W(H*x,s*) >0, Vxelk, (170)
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then the RHS of (11) must be zero. Suppose s* and y* are as
above, introduce the PMF on S

1 ifs=s*
Ps(s) = ’ 171
5() [O otherwise, (17D
and choose Py|y,x,s = Py|x,s, where
1 if s =s%, y=y"
Pyix,s(ylx,s) =10 if s =s*, y#y, 172

W(y|x,s) otherwise.

Note that the conditional PMF Py |y x s satisfies Pyjy—y, x,s €
P (W), Yu € U, because (170) and (172) imply that Py|x s €
Z(W). For every conditional PMF Py xs, (171) and (172)
imply that (Ps % Py, x|s X Py|u,x,s)-almost-surely ¥ = y*, and
hence we obtain w.r.t. the joint PMF Pg x Py x|s X Pyu,x,s

[(U;Y)— I(U;S) <0. (173)

Since this holds for every conditional PMF Py x|s, we con-

clude that

min I1U;Y)—-1I(U;S)=0,
Pyu,x,s

Py|y=u,x,s€ P (W), Yueld

min max
Ps Py xs

(174)

where the mutual informations are w.r.t. the joint PMF
Ps x Py,x|s X Pyu,x,s-

Having established Remark 6, we next prove Remark 5
by providing an example for which Theorem 3 implies that
Cro = 0, and yet (14) holds. Such an example is the
SD-DMC W (y|x, s) for which X =) = {0, 1, 2} and

1

= if x @32,
W(y|x,s)=[2 7

. (175)
0 otherwise.

O

APPENDIX C
A PROOF OF COROLLARY 9 WHERE
W(y|x,s)1s {0, 1}-VALUED
Proof: 1In this appendix we assume that W(y|x,s) is
{0, 1}-valued, and we derive (15) from Theorems 3 and 4.
We first show that Theorem 3 implies that Cy,o is positive
iff the RHS of (15) is positive. The latter is positive iff

|{y €)Y:dx e X st. W(ylx,s) > O}| >2, Vses8,
(176)
i.e., iff for every state there exists a pair of inputs that the

deterministic channel maps to different outputs. By Theorem 3
Cr,o is positive iff (10) holds, and we thus have to show that

(10) < (176). (177)

The assumption that W(y|x, s) is {0, 1}-valued implies that
for every pair of states s, s’ € S (not necessarily distinct) and
every pair of inputs x, x’ € X
1 ifw =WQlx',s) =1
W(ylx,s) W(y|.x/,s/) — 1 (y.|'x’s) (y|'x 5S) >
0 otherwise.

(178)
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Using this we prove (177), beginning with

(10) = (176). (179)

If we let s = s, then (10) and (178) imply that for every state
s € S there exists a pair of inputs x, x’ € X’ that the channel
maps to different outputs y, y’ € Y, so

y#y and W(ylx,s) = W(Q/'|x',s) =1,  (180)
and hence
{yeY:3x e X st W(ylx,s) >0} =2, (181)
This proves (179). It remains to show that
(10) <= (176). (182)

From (176) and (178) it follows that for every state s € S
there exists a pair of inputs x, x’ € X that the deterministic
channel maps to different outputs y, y’' € ), so

y#y and W(ylx,s) = WO/'|x',s) = 1. (183)

This implies that for every pair of states s, s’ € S (not
necessarily distinct) there exists a pair of inputs x, x’ € X
that the deterministic channel maps to different outputs y,
y €)Y, so

y#y and W(ylx,s) = WO'|x',s") = L, (184)

and hence we conclude that (182) holds.

It remains to show that when Cy g is positive, then the RHS
of (11) coincides with the RHS of (15). We first show that

Cro = n}’in max [(U;Y)—1(U;S), (185)
N

Py,x|s
where the mutual informations are w.r.t. the joint PMF
Ps x Py x|s x W. Note that for every u € U the condition
that Py|y—u,x,s € (W) is satisfied iff for every pair (x, s) €
X x & the outputs that have probability zero w.r.t. W(|x, s)
have probability zero w.r.t. Py|y x,s(:|u, x, s). By the assump-
tion that W(y|x, s) is {0, 1}-valued, this holds iff

Pyiv=u,x,s =W, Yuecl, (186)

and therefore (185) follows from Theorem 4.

With (185) at hand, we are now ready to show that the RHS
of (11) is upper-bounded by the RHS of (15): w.r.t. the joint
PMF Ps x Py xis x W

Cro ¥ min max 1(U; Y) — I(U; S) (187)
Ps Py xs
(b
5) min max I (U;Y,S)—I1(U;S) (188)
Ps Py xs
9 min max 1(U; Y|S) (189)
Ps Py xs
d
(5) min max H(Y|S) (190)

Ps Py xs

>

(e) .
< m%llog|{y €Y:3x € X st. W(ylx,s) > 0}
se

where (a) holds by (185); (b) holds because conditioning
cannot increase entropy; (c) follows from the chain rule;
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(d) holds because conditional entropy is nonnegative;
and (e) holds because the uniform distribution maximizes
entropy, and because we can choose Ps to assign probability
one to some s € S that minimizes

log|{y € Y:3x € X s.t. W(ylx,s) > 0}|.

Having shown that the RHS of (11) is upper-bounded by the
RHS of (15), we now conclude by showing that the reverse
also holds, i.e., that the RHS of (11) is lower-bounded by
the RHS of (15). Take & = ), and for every s € S choose
Py)s(-|s) to be the uniform distribution on the set

{yeY:3Ix e X st. W(ylx,s) > 0}.

By the assumption that W(y|x, s) is {0, 1}-valued, this choice
of Py|s guarantees that for every pair (u,s) € U x S for
which Pys(uls) > O there exists some x = x(u,s) € X for
which W (u|x,s) = 1. Now choose Px|y, s to assign x(u, s)
probability one. For Py x|s = Py|s < Pxju,s and for every
PMF Pg on &, we obtain (Ps x Py|s x Pxju,s x W)-almost-
surely U = Y and w.r.t. the joint PMF Pg x Py|s x Pxju,s x W

1U;Y) - 1(U; )
@

H(U|S) (191)

@ ZPS(S)logHy €Y:3Ax e X st. W(ylx,s) > 0}|
seS

(0)

< minlog|{y € Y: 3x € X s WOylr.5) > 0}, (192)
sE

where (a) holds because (Ps x Py|s x Pxju,s x W)-almost-
surely U = Y; (b) holds because Py s(:|s) is for every s € S
the uniform distribution on

{yeY:3Ix e X st W(ylx,s) > 0};
and (c) holds because the minimum of
log|{y € Y: 3x € X s.t. W(ylx,s) > 0}

over s € S cannot be larger than its weighted average over
s € § with weights Ps(s), s € S. From (185) and (192) we
conclude that the RHS of (11) is lower-bounded by the RHS
of (15). O

APPENDIX D
A CARDINALITY BOUND ON U/

Lemma 36: Given an SD-DMC W (y|x, s) and a PMF Pg

on S, consider

min 1(U;Y)—-1(U;YS),
Pyu.x,s:

PY\U:u,X,Se@(W), Yueld

max
Py, x|s

(193)

where the maximization is over all chance variables U of finite
support, and the mutual informations are w.r.t. the joint PMF
Ps x Py x|s x Pyju,x,s. Restricting X to be a function of U
and S, i.e., Py x|s to have the form

PU,X\S(M,XIS) = PUIS(M|S) lx:g(u,s), (194)

does not change (193). Nor does requiring that U take values
in a set U whose cardinality \U| satisfies

| < x50, (195)
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Proof: We first show that restricting X to be a function
of U and S does not change (193). By the Functional Rep-
resentation lemma (Lemma 34), for every conditional PMF
Py x|s, there exists a chance variable V of finite support V
and a function 4: U x V x § — X such that

Py xis(u, x|s) = D Pyisuls) Py (0) Lich(uo,s-  (196)
veV

Consequently, (193) is equal to

min I(U;Y)-1U;S), (197)
Pyw,x,s:
Py|U:u’X’SE,QZ(W), Yueld

max
Py,h(-),Puis

where the maximization is over all chance variables V of finite
support V, functions A: U x V x § — X, and conditional
PMFs over a finite set /; and where the mutual informations
are w.r.t. the joint PMF Pg x Py x Py x|v.s < Py|y,x,s, where
Py xv,s is

Py, xv,s(, x|v, s) = Py;s@ls) Lizpu,v,s)-  (198)
Fix some PMF Py on V, a function h: U x V x S — X, and
a conditional PMF Py g, and let (U, V, X, S) ~ Ps x Py x
Py x|v,s, where Py x|v, s is given in (198). Let ﬁy\U’v’ij be
some conditional PMF satisfying

Pyiv—uv—sx.s € PW), Y@,0)elUxV, (199)
and note that this implies that
Pyiu=ux.s € Z(W), VYuecl, (200)
where
B Pyvxs(u,v,x,s)
Pyiu,x,s(ylu, x,s) = Vo X
| z > ey Puv.x,su, v, x,s)

veV
x Pyyu,v,x,s(ylu,v,x,s). (201)

W.r.t. the joint PMF Py v x 5 X PY\U,V,X,S,

(@)

U, V;Y)—1(U,V;8) L 1(U; Y) = I(U; S) +1(V; Y|U)

Yivin-1wss), o

where (a) follows from the chain rule and the independence
of V and (U, S) under Py, v, x,s (198); and (b) holds because
mutual information is nonnegative. Since Py, x,s X PY‘U, X,S
is obtained from Py v x,s X ﬁy‘U,v, x,s by integrating V
out (201),

I(U;Y) = I(U;S) wrt Pyyv.x.s ¥ Priuv.x.s
=I1(U;Y)—1(U;S) wrt. Pyx.sx Pyux.s
=I1U;Y)—-I1(U;S) wrt. Pyy,xs X ISY\U,X,S~

This and (202) imply that

(U, V;Y)—I(U,V;S) wrt Pyy.x.s X Priuv.x.s
>I1(U;Y)—I1(U;S) wurt. Py,v.x,s X 15Y\U,X,S~ (203)
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Since (199) implies (200), it follows from (203) that

max min I(U,v;Y)—1(U,V;S)
PV:h('):PU\S i’Y|U,V,X,S:
Pyiu=u,v=v,x,s€P(W), ¥ (u,0)elxV
>  max min I1(U;Y) - I(U;S),
Pv,h('),Pws I;y‘y’x’s:

i’YlU:u,X,segz(W), Yueld
(204)

where the mutual informations are w.r.t. Ps x Py x Py x|v,s X
ﬁy‘U’V’ij in the first line and w.r.t. Ps x Py x Py x|v,s X
ﬁy‘U’ij in the second line, where Py x|v,s is given in (198).
The RHS of (204) is (197), which, as we have noted, is equal
to (193). Consequently, the LHS of (204) upper-bounds (193).
But the LHS of (204) corresponds to choosing the auxiliary
chance variable U = (U, V), with the result that X is a
deterministic function of (U, S).

It remains to show that restricting the cardinality of
U to (195) does not change (193) when the maximization in
(193) is over all conditional PMFs Py, x|s of the form (194).
To this end we show that (193) does not change when we
require that for every distinct uy, ua € U the mappings g(u1, -)
and g(uz, -) differ. Since there are |X|'S! different mappings
with domain S and co-domain X, this implies that restricting
the cardinality of ¢/ to (195) does not change (193).

Fix some finite set ¢/ and some conditional PMF Py x|s of
the form (194), and let (U, X, S) ~ Ps x Py, x|s. Suppose that
there exist distinct u1, up € U for which

g(ui,s) = g(uz,s), VseS. (205)
Define the chance variable
if
T:{U if U £, 06)
uy; otherwise

of support 7 = U \ {uz}, and denote by Py r.x s the joint
PMF of (U, T, X, S). By (205)

Pxir.5(x]t,8) = Lig(r.0), (207)
where
ZMEM PU,T,X,S(M’ ta X, S)

2w oyeuxx Purxs@ 1, x',s)

Pxir,s(x|t,s) = (208)

We will show that replacing U with T does not decrease our
payoft, i.e., that

_min I(U;Y)—I1(U;S)
Pyu.x,s:
ﬁy‘yzu’x’sez@(W), Yueld
< min I(T;Y)—I(T;S), (209)

Pyir.x.s:
PY\T:t,X,Se@(W), VieT

where the mutual informations are w.r.t. Py x s X PY‘U, X,S
in the first line and w.r.t. Pr x s X 13Y|T,X,s in the second
line. By repeating this process we can repeatedly reduce the
cardinality of the support set of the auxiliary chance variable
until u| # up implies that g(uq, ) and g(uo, -) differ.

Let 15y|T, x,s be some conditional PMF satisfying

Pyir=1.x.s € P2(W), VteT, (210)
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and define the conditional PMF

P Pyir x.s(ylu, x,5) if u #us,
Pyiu,x,s(ylu,x,s) =1 ~ .
Pyir,x,s(ylu1, x,s) otherwise,
Q11)
so Pyjy.x.s(ylu,x,s) = Pyir.x.s(y|t,x,s) when u = ¢ or

when u = us and t = u1. From this and (206), which implies
that Py 7 x.s(u,t,x,s) is positive only when u =t or when
u =uy and t = uy, it follows that

Py, x.s X Priux,s = Pur,x,s X Pyir,x,s- (212)

From (210) and the definition of Py|y x.s (211) we see that

Pyjy=ux.s € P(W), Yuel. (213)

Wert. the joint PMF Pyrx.s X Pyjyx.s (which equals
Py,r,x,s X Pyir,x,s by (212))

1(U;Y)—-1(U;9)

(@)

2 [(T,U;Y) - I(T,U; S) (214)
®)

2 (T Y)— I(T;S)+ I(U; Y|T)— I(U; S|IT)  (215)
QD (1Y)~ I(T; S)+ HUI|T, S) — H(UIT, Y), (216)

where (a) holds because under Py 7, x,s T is determined by U
(206); (b) follows from the chain rule; and (c) holds by defi-
n~iti0n of mutual informationN. W.r.t. the joint PMF Py 1 x s X
Pyw,x,s = Purxs X Pyrxs the term H(UI|T,S) —
H(U|T,Y) is not positive, because

H(UIT,S)— HUIT,Y)
@

YD HW|T, X, S) - HU|T, Y) 17)
(b

2 1(v: UIT, X, 5) 218)
9, (219)

where (a) holds because under Py 7. x,s X is determined by
(T, S) (207); (b) holds because conditioning cannot increase
entropy and by definition of mutual information; and (c) holds
because under Py 7 x5 X }N)y‘U’ij = Pyr,xs X f)y|T’ij U
and Y are conditionally independent given (7, X, S). From
(216) and (219) we obtain

[(U;Y) = I(U;S) wrt. Pyr.x.s X Priux.s
<I(T;Y)—I(T;S) wrt Pyrxsx Pyrxs, (220)

which is equivalent to

I(U;Y)—-I(U;S) wrt. Py x.s x ﬁY|U,X,S
< I(T;Y)—I(T;S) wrt. Prxsx Pyr.xs. (221)

Since (210) and (211) imply (213), we obtain from (221)
that (209) holds, i.e., that replacing U with T does not
decrease our payoff.

We can repeat the above process until we are left with a
chance variable U of finite support 4/ C I/ that satisfies that for
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every distinct i1, ity € U the mappings g(it1, -) and g(ii2, -)
differ, and, by (209), that

min I(U;Y)—-1(U;S)

Pyiux.s:
PY‘U:u’X’sEgz(W), Yueld

< min I(U;Y)—I1(U;S). (222)

. P Y|0.X,8" )
PYW:L-[’X’SE,@(W), Yueld
From (222) we obtain the claim that (193)—with the maxi-
mization being over all conditional PMFs Py x|s of the form
(194)—does not change when we require that for every distinct
uy, up € U the mappings g(uy, -) and g(us, -) differ. O

APPENDIX E
A PROOF OF LEMMA 29

Proof: Recall that © = [2KHWUIH=T 1f € > H(U|S),
then ® = 1. The only size-1 partition of T}Sl]j) is T}Sl]j) itself,

and, because Tf(’z]j)s is not empty (since Py, s is a k-type), this
partition satisfies (109), i.e.,

Vs e Tigf) Ju e T}gj) s.t. (u,s) € T}SZ?S. (223)

Consider now the more interesting case where € < H (U|S).
We will show that if k exceeds some 7o(|U], |S|, €) (to be
specified later), then the desired partition {B/},c[1:0] of 7, }Sl]j)
exists. We shall do so using the probabilistic method. Fix
k € N and a k-type Py,s with corresponding conditional
entropy H(U|S). Generate a random partition {B¢}sc[1:07 of
Tigﬁ), where {B} is short for {B¢},c[1.0], by placing each

k-tuple u € ngz]? in a uniformly-drawn bin. We show that
the probability that {13} violates (109) is smaller than one
whenever k > 5o (||, |S|, €). From this it will follow that the
desired partition exists.
To upper-bound the probability that {3} violates (109),
we first upper-bound
P[ﬂu e By st (u,s) e TP ]

Py.s

for any fixed pair (s, {) € T[SIS() x [1:0O]:

P[ﬂu € By st (u,8) € T}Slkf?s]

= P[B, N T} () = 1] (224)
@ (1 _ g-1) T (225)
< (1 - 2—k(H(US)—e)+1)‘T’§?S(S)’ (226)
(i<) exp{_zke—log(l+k)\lxl| \S\+1}’ (227)

where (a) holds because each k-tuple u € ’Té{?s

in B, with probability ®!; (b) holds because
o= {2k(H(U|S)7e)—‘ < QKHWISH—)+1

(s) is placed

(228)

where the last inequality holds by assumption that € <
H(U|S); and (c) holds because 1 — & < e, & € R, and
because ]T}Sk) ®)| = (1+k)~UISIKAWUIS [9 T emma 2.5].

UlSs
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Having obtained (227) for every fixed (s,f) € 7, }SIS‘) X
[1 : ®], we use the Union-of-Events bound to upper-bound
the probability that {B,} violates (109):

P[36s.0) e T x [1: 0] st BN TS = 1]
(a)
=

(229)

T}gk)‘ ) exp{_zkeflog(lJrk)lZ/{\ |3|+1}
S

(g) exp{_2k5710g(l+k)|u\ ISI+1

T k(n|S] +In U] — eln2)}, (230)

where (a) follows from the Union-of-Events bound and (227);
and (b) holds because |TFE§)| < |S|¥ and ® < |U[*. The
exponent on the RHS of (230),

—ke=log(IH+MUIIS| | k(1n |S| + In|U| — € In2),

depends only on k, ||, |S|, and €, and it tends to —oo
as k tends to infinity. Consequently, there exists some
770(|Z/{ [,|S |,e) that guarantees that the exponent is negative
whenever k > 770(|Z/{|,|S|,e). For such values of k the
RHS of (230) is smaller than one, and the desired partition
exists. ]

APPENDIX F
A PROOF OF THEOREM 10

The proof consists of a direct and a converse part. We first
establish the direct part.

Direct Part: If there exists a partition Y = YUY satisfying
(16), then the encoder can transmit a bit m € {0, 1} error-free
in one channel use: If m = 0 and the Time-1 channel-state is
s € S, then it sends some x € X for which W(Q)\lx,s) = 1,
and if m = 1 and the Time-1 channel-state is s € S, then it
sends some x” € X for which W ()1 |x’, s) = 1. This allows the
decoder to recover the transmitted bit error-free by declaring
“m = 0” if the Time-1 channel-output is in )y and “m = 17
if the Time-1 channel-output is in ). OJ

We next prove the converse part of Theorem 10.

Converse Part: To prove that (16) is necessary for ij)“s to
be positive, we will show that if no partition ) = Yy U )
satisfies (16), then it is impossible to transmit a bit error-free.
Assume then that no such partition exists, and let the bit take
values in the set M = {0, 1}. Fix a blocklength n and n
encoding mappings

f,-:/\/le’-xy"_l—>X, iell:n].

To show that the mappings do not achieve error-free transmis-
sion, we will exhibit a pair of state sequences s, § € §" and
an output sequence y € V" that for every i € [1 : n] satisfy

W (yil £i0,s", 1), s0) W(yi] i (1,55, 71, 5) > 0. (231)

This will rule out error-free transmission, because if the state
sequence is either s or §, then the decoder, not knowing which,
cannot recover the bit.

Our construction of s, § € §"” and y € )" is inductive,
i.e., we first exhibit Time-1 components s1, 5 € S and y; € YV
that satisfy (231) for i = 1, and we then repeatedly increment i
by one (until it reaches n) and exhibit Time-i components
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si, 5; € S and y; € )Y that—together with the previously
constructed {s;, S;}jer1:i—1 and {y;}je1:i—1—satisty (231).
We start by exhibiting Time-1 components s1, 51 € S and
y1 € Y that satisfy (231) for i = 1. To this end we show that
ds,5€S8,ye ) st
W (y]£1(0,5),5) W(y|f1(1,5),5) > 0.

Our proof of (232) is by contradiction. To reach a contradic-
tion, suppose that (232) does not hold, so

(WO110.9).5) W3] 1(1,5),5) =0, Yy € V),
Vs, s eS.

(232)

(233)
Define the set
o ={y eY:3seS st WA, s5),s) > 0} (234)

and its Y-complement Y} = V \ ). By the definition of ))

W (| f1(0,5),5) =1, VseS, (235)
and by (233)
W(do|f1(1,5),5) =0, V5esS, (236)
SO
Wl fi(l,5),s) = 1= W fi(1,5),5)
=1, VseS. (237)

This contradicts our assumption that no partition )V = Yy U
satisfies (16) and thus establishes (232). If s, 5, and y are as
promised in (232), then we choose s1 =5, 51 =5, and y; =y
with the result that (231) holds for i = 1.

For the inductive step, suppose ¢ € [2 : n], and that we have
already constructed {s;, §;}ie[1:¢—1] and {y;}ie1:c—1; for which
(231) holds for every i € [1 : € — 1]. We construct Time-
¢ components s¢, ¢ € S and y; € ) that—together with
the previously constructed {s;, 5;}ic[1:6—1] and {yi}ie(1:0—11—
satisfy (231) when we substitute £ for i in (231), i.e., we show
that

dsp, S5 €S, yp €Y st

W (ve| ££0, s, "1, s¢) W (ve| f(1, 55, 1), 5¢) > 0.
(238)

Our proof of (238) is by contradiction. To reach a contradic-
tion, suppose that (238) does not hold, so

(W(y€|f€(0, sy, s0) Wve| fe (1,50, y7h), 5)
—0, Yy e y), Vs, 5ceS. (239)
Define the set
Yo ={yg € Vi Asr €S st W(ye| 0,55,y 1), 50) > 0}
(240)

and its Y-complement )} = ) \ ). By the definition of the
set Vo

W (Dol £20,s5, v 1), 50) =1, VsceS,  (241)
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and by (239)

W (ol fe(1,55,y71,5) =0, Vi eS,  (242)
SO
W] fe (1,55 7N, 50) = 1= w (| fe(1,5, 7Y, &)
=1, Vs eS. (243)

This contradicts our assumption that no partition ) = Yy UV
satisfies (16).

Since the construction goes through for every ¢ € [1 : n],
when ¢ reaches n we have constructed a pair of state sequences
s, § € S" and an output sequence y € V" that for every
i €[1:n] satisfy (231). O

APPENDIX G
A PROOF OF THEOREM 11

Suppose W (y|x,s) satisfies the condition in Theorem 10
for CE‘J(‘)“S to be positive. In this case the RHS of (17) and
the RHS of (18) are equal, because the latter is the zero-
error feedback capacity of the (stateless) DMC W’ (y|u) (3)
and thus—using Ahlswede’s alternative form (4)—can be
alternatively expressed as (17). It thus suffices to prove (18),
ie.,

Ciy" =maxmin—log >
v u: W (ylu)>0

Py (u). (244)

The proof consists of a direct and a converse part. We first
establish the direct part.

Direct Part: That the RHS of (244) is achievable follows
from Shannon’s results on the zero-error capacity [1, Th. 7]
and on channels with states [12]. Indeed, the encoder can
convert the channel to a stateless channel whose inputs are
Shannon strategies [12]. That is, it can perform the encoding
over the set U, where {g(u,): u € U} equals X, and
transmit at Time i the channel input g(u,-(m),S,-), where
u;i(m) is the i-th component of the codeword u(m) corre-
sponding to the message m to be transmitted (see Figure 3
and [13, Remark 7.6]). In doing so, the encoder transforms
the SD-DMC W (y|x, s) with causal SI and feedback into the
stateless DMC

W (plu) =D 0s(s) W(y|g, 5).s)

seS

with feedback. Because the zero-error feedback capacity
of the DMC W’(y|u) is equal to the RHS of (244) (see
[1, Th. 7] or (3)), the RHS of (244) is achievable. ]

We next establish the converse part.

Converse Fart: To establish that C{5" cannot be larger than
the RHS of (244), we adapt Shannon’s converse of [1, Th. 7]
to the present setting. Let

)

u: W (ylu)>0

¢ = max min — log Py (u), (245)
Py y

and fix a finite set M, a blocklength n, and n encoding
mappings

f,-:/\/le’-xy"_l—>X, iell:n].
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We will exhibit an output sequence y € V" for which the
corresponding post-n survivor-set

M, = [meM:EISES” s.t.

[TWilfitm,s', v, s1) > 0F (246)

i=1

is of size at least
M| =27 |M|. (247)

From (246) and (247) it will then follow that the probability
of a decoding error can only be zero if |[M]| < 21¢ | because
otherwise |M,,| > 2 and none of the messages in M, can be
ruled out by the decoder.

To conclude the proof, we show by mathematical induction
over i € [0 : n] that for every i € [0 : n]

Iyed st (M| =275 1M)),  @480)

where M, (y) is the post-i survivor-set corresponding to y, so

Mi(y) = {m eM:3Ise S st

[Twilfiem. s/ y7 =, s;) > o]. (248b)
j=1

In (248b) we use the convention that the empty product is 1,
so Mo(@) = M for i =0.
1) Basis i = 0: Because M) = M, (248) holds for
i =0.
2) Inductive Step: Fix ¢ € [1 : n], and assume that (248)
holds for i = ¢ — 1, i.e., that there exists some y‘)’l IS
Vi1 for which

(M1 (h] = 27D M. (249)

Suppose y‘~! is as above. By the definition of

the set M,_1(y‘~1) (248b), there exists a collection
{1} epn,_ o1y Of (€= D)-tuples from S for
which

-1

H W(yi

i=1

film, st m). 1), 51(m)) > 0,
Vme Me1('h. (250)
To prove that (248a) holds for i = ¢, we show that
Jy € Vst (Hm € M1 (") Ise(m) € S sit.
W (o[ fe(m, 5" ), y "), se(my) > 0}
> 2 \Me_l(y“)\). (251)

Setting y, to be the y € ) promised in (251) will prove
(248) fori = ¢.

Because {g(u,-): u € U} equals XS, for every
m e M¢_1(y™") there exists a u € U, call it ug(m),
satisfying that
felm,s"om), y=') = g(u, se(m)), Vse(m) € S.
(252)
This and (20) imply that (251) is equivalent to

Jy e Vst (Hm € Mo (' W (y|ue(m)) > OH

>27 |Mm(y‘")|). (253)

It thus suffices to establish (253). The proof is essentially
the converse of [1, Th. 7]. For every u € U denote by
F, the fraction of all the messages m € Mf—l(yg_l)
for which uy(m) equals u, so

[{m € M () ue(m) = ul|
| M1 ()|

(1>

u . uel.

(254)
The construction of the collection {F),},cs guarantees
that for every y € Y
[{m e Mt W (v fueom) > o}
= > FJMeath] 259
u: W(ylu)>0

Moreover, the collection {F,},c is like a PMF on U,
ie.,

Fy
2 F
ueld
Choose y as one that—among all elements of

Y—maximizes
> R (257)
u: W (ylu)>0

v

0, Yuel, (256a)
. (256b)

For this choice of y we obtain the lower bound

[{m € M1 61 W (v]ueom) > o}

QS R Meofh) (258)
u: W (ylu)=0

b _

max > R MeGh) (259)
yey u: W (ylu)=0

© . _

= minmax Z Py(u) (M1 H] (260)

v yey u: Wylu)>0

ot Mo 60, (261)
where (a) holds by (255); (b) holds because y max-
imizes (257) and consequently also (255) among all
elements of ); (¢) holds by (256); and (d) holds by
(245). This proves (253) and consequently also (251).
If y is as promised in (251) and we choose y, to be y,
then it follows from (249) and (250) that for i = ¢ the
post-¢ survivor-set M, (y?) of (248b) is of size at least
2~ | M|, and hence that (248) holds for i = ¢. O
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APPENDIX H
A PROOF OF REMARKS 12 AND 13

Proof: We begin with Remark 13. We first show that
Condition (22) implies that the RHS of (17) is positive. To this
end assume that (22) holds. Recall that {g(u, Jiu € L{}
equals XS, This, combined with (22), implies that for every
y € Y there must exist a u € U, call it uy, that satisfies

W(y|g(uy,s),5) =0, VseS. (262)

The mapping y — u, need not be one-to-one, but it follows
from (262) that the cardinality of its range must exceed one.
Let U be uniform over the set {uy: y € V},

Py = Unif ({uy: y € V}). (263)
For every Py € Z(W') we obtain w.r.t. Py x Pyy

10:Y) Qloglluy: y € V)| - HUIY)  (264)

()

> logl{uy:y € Y}

— log(|{uy: y € Y} = 1) (265)

©
> log|Y| —log(|Y] — 1), (266)

where (a) holds because U is uniform over {u,:y € V};
(b) holds because U # uy and because the uniform distribu-
tion maximizes entropy; and (c¢) holds because |)| > 2 (which
follows from (22)), and because the function

s £

-1
is strictly monotonically decreasing in ¢. This implies that the
RHS of (17) is positive:

E>1

max min [(U;Y)

Py PyyeZ (W)
> log |Y| —log(|1Y] — 1)
> 0,

(267)
(268)

where the mutual information is w.rt. the joint PMF
Py x Pyy.

We next turn to proving that if the RHS of (17) is positive,
then (22) holds. We prove the contrapositive: we show that if

for some (s*,y*) € S x Y
WG x,s%) >0, Vxelk, (269)

then the RHS of (17) must be zero. Suppose s* and y* are as
above, and introduce the conditional PMF

1ify =y,
P = 270
riv (1) [0 otherwise. (270)
Note that Py;y € Z(W'), because (269) implies that
W(y*|g(u,s*),s*) >0, VYuel. 271)

For every PMF Py on U, (270) implies that (Py X Pyv)-
almost-surely ¥ = y*, and hence we obtain w.r.t. the joint
PMF PU X Py|U

IU;Y)=0. (272)
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Because this holds for every PMF Py on U, we conclude that
the RHS of (17) is zero:

max min I(U;Y) =0,

I (273)
Py Pyjye2(W')

where the mutual information is w.rt. the joint PMF
Py x Pyy.

Having established Remark 13, we next prove Remark 12
by providing an example for which Theorem 10 implies that

Cio® = 0, and yet (22) holds. Such an example is the
SD-DMC W (y|x, 5) for which X =Y = {0, 1,2} and
1 .
~ if 2
Wil sy =12 Ty A& 274)
0 otherwise.
O
APPENDIX I

A PROOF OF THEOREM 19

The proof consists of a direct and a converse part. We first
establish the direct part.

Direct Part: We assume that (10) holds and show that the
RHS of (26) is achievable. If the RHS of (26) is zero, then
there is nothing to prove, so we assume that it is positive.
The proof builds on the proofs of Proposition 28 and the
direct part of Theorem 4, adapting both to the case where—
in addition to the message—the encoder wants to convey to
the receiver error-free also the state sequence. We partition
the blocklength-n transmission into B + 1 subblocks, with
each of the first B subblocks being of length k, and with
subblock (B + 1) being of length k. The choice we shall
later make for kK’ will be such that the last subblock be of
negligible length compared to Bk and therefore not affect the
code’s asymptotic rate.

Before the transmission begins, the encoder is revealed the
realization s £ S" of the state sequence, from which it can
compute the realization s £ S?If—l)k 41 of the Subblock-
b state-sequence for every b € [1 : B] and the realization
sBHD 2 ¢ g,’;j[lf/ of the Subblock-(B+ 1) state-sequence. In the
first B subblocks our scheme draws on the scheme we used
in the direct part of Theorem 4 but with the following two
modifications: 1) to guarantee that the decoder can recover the
Subblock-(B+ 1) state-sequence sB+1) the encoder transmits
the pair (m,s®*1) € M x S¥ comprising the message to
be sent and the Subblock-(B + 1) state-sequence; and 2) to
guarantee that the decoder can recover the state sequences
{s(b)}b c[1:B] during the first B subblocks, we choose the
auxiliary chance variable U to comprise the channel state S
and consequently to be (X, S) (because we can w.l.g. restrict
X to be a function of U and S§). The last subblock draws
on Phase 2 of the scheme we used to prove Proposition 28.
We next describe the proposed coding scheme in detail,
beginning with the first B subblocks and ending with the last
subblock.

For every b € [l B] we adapt the Subblock b
transmission of the scheme we used in the direct part of
Theorem 4 as follows. Assume for now that the decoder—
while incognizant of sV, . . ., s®) —knows the empirical types
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Pyuy, ..., Pys: the encoder will transmit these types error-
free in Subblock (B + 1). Let Zgp = M x S¥ be the set of
all possible pairs of message m’ € M and Subblock-(B + 1)
state-sequence s’ € S¥' and for every b € [1 : Bl let Z;, C
M x 8% x S¥ be the (random) set comprising all the triples
of message m’ € M, state sequence § € S’ pertaining to the
first b subblocks, and Subblock-(B + 1) state-sequence s’ € S¥
that have a positive posterior probability given the channel

outputs ¥?% and the empirical types { ) } be[lb] during the
first b subblocks. Choose some k-type P( )s whose S-marginal
Pg ®) equals Pgw). In the following, unless otherwise specified,

all entropies and mutual informations are w.r.t. the joint
PMF Py’).

For any k-length state-sequence s’ € 7 (1(‘2), let L(k()b) denote
X\S
the size of the P)((b|)s (s")-shell ’T((,,) (s, ie.,
XlS
(k) k) / (k)
LP)((,,‘)S = ‘TP)((b?S‘ (sH|, s e TPS(,,). (275)

This size does not depend on 8" € T((g), and by [9, Lemma 2.5]

(k)
L p®
Pyis

> (1 4 k)~ IS QkH(XIS) (276)

We partition Z_1 into L* (),,)

Pyis

bzb /L Zh)J and [m, 1|/L‘k2,,)1-

X|S XIS

subsets of sizes between

and we associate with each set a different bin from the bins

k
{ e |: : L (),,)}
x|s

where the bins {B,} are pairwise disjoint subsets of 7 (](c,?)
X S

k
Bg C T((g) s

By N By =0, (w, (e [ L(’?b)} 0+ 5), (277a)

Pxis

and where each bin “covers” TIEI& exactly in the sense that
N

Vs, {) e ’T((,,) X |: L(k(),,)i| dlx e ’T((,,) s.t.
Pyis

(x, s) € B;.  (277b)

(Unlike the direct part of Theorem 4, here we need not invoke
Lemma 29 to guarantee the existence of such bins. Indeed that
such bins exist follows from the definition of L ) (275):

Pyis
for every s € ’T((,?) there exist L;(),,) different sequences x
Py XS

for which (x,s) € 7 (](‘,3) (275), and hence we can choose
some collection {B} satlsfylng that for every s € 7 ((b) each

of the L ()b) pairs in T((g)
Pyis
is contained in a different bin from the Lg((),,) bins {B¢}.)
X|S
, S(B_H)), the encoder picks from

whose second component is s

To transmit the triple (m, sbk
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the bin that is associated with the subset of Zj;_; contain-
ing (m, s®=Dk sBD) the pair (x,s') satisfying s' = s®)
(277b) and chooses as the Subblock-b channel-inputs x®) the
k-tuple x'.

Based on the Subblock-b outputs y(b) (b o and the
empirical type Pyw), the encoder and decoder compute 7y as
follows. First, they identify all the pairs (X,S) € 7® PO that

could have produced the observed Subblock-b outputs y(b). For
each such pair (X, §) they identify the unique bin that contains
it, and they include in Z}, all the triples (m’, §,8") € M x SP* x
S¥ satisfying that §Zf71)k+l = § and that (m’, §¢~D¥ §') is an
element of the subset of Zj;_; with which this bin is associated.

Using arguments similar to those in the direct part of
Theorem 4, we next show that

o] < ( i 2—k(1<x,s;Y)—H(S)—ﬂk>) < Ty,
Py|x,s€ Z(W)

(278a)
whenever
I Zp-1 = LY, . (278b)
X\S
and that otherwise, if (278b) does not hold,
|Zp| < 2KHXHB0 (278¢)

where the mutual information is Ww.r.t.
P)((lj)s x Py|x,s, and where f is given by

log(1 + k) [X]ISI (14 YD) +1
A= k
and hence converges to zero as k tends to infinity. To this end
note that, with probability one, the empirical type of the tuple
(x®),s®), y®) satisfies

b
Py g = ;(( )s»

the joint PMF

(279)

(280a)
(WOl 9) =0) = (Parso,y0(x,5,3) = 0). (280b)

This allows us to upper-bound the number of pairs in ’T((,,) that

could have produced the observed Subblock-b outputs y(b)
For every ﬁxed k-type Px s,y on X xS x ) the number of pairs

(x,8) € 7® ) that satisfy (x S, y(b)) € ’T(k) s, cannot exceed

X S
2KH(X.SY) " \where the conditional entropy is w.r.t. the joint
PMF Px sy [9, Lemma 2.5]. This, combined with (280) and
the fact that the number of k-types on X' xS x ) cannot exceed

(1+ k) XISVl implies that the number of pairs in 7 %) Lo that
X

could have produced the observed Subblock-b outputs y(b) is
upper-bounded by

nlog(1+k) |X|S] V] 2kH(X,S|Y),

max (281)

Py|x,s€ P (W)
where the conditional entropy is w.r.t. the joint PMF
P)((b)s x Py|x,s. Since the bins are pairwise disjoint (277a),
no pair is contained in more than one bin. Every bin is asso-

ciated with a subset of Z;_; of size at most Pl'b 1|/L( 0 —I
Pyis
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and by (276)

’V|Ib1|/L(k()b)—‘ < 2 kHX|S)Hog(1+R) [ XIS+ o 1Zp_1l,

Pxis

(282)

whenever (278b) holds, and otherwise, if (278b) does not hold,

’7|Ib1|/L(k()b)—‘ =1. (283)
X\S
From (281)—(283), the fact that
H(X|S) - H(X,S|Y) = 1(X,S;Y) — H(S), (284)
and the inequality
H(X,S|Y) < H(X, ), (285)

which holds because conditioning cannot increase entropy,
we obtain (278).

We next use (278) to show that—for some choice of the
k-type P)((ZZ)S and some yx = yx(|X1, S|, |V]), which converges
to zero as k tends to infinity—we can guarantee that

|Zp| < énax min 2" k“(XJS:Y)”(S)M) x| Zp1l,

max
Ps  Px|s Pyjx,s€ Z(W)
(286a)
whenever
|Zp—| > 2KToelt], (286b)
and that otherwise, if (286b) does not hold,
|Zp| < 2k(10g\X\+10g\3\+7k), (286¢)

where the mutual information and the entropy are w.r.t. the
joint PMF Ps x Px|s x Py|x,s. To this end we will first infer
from (278) that

Tyl < | max 2 KUESDH=HEOI) s\, ),
Py|x,segz(W)

(287a)
whenever
|Zp1| = 2kloelX, (287b)
and that otherwise, if (287b) does not hold,
|Zy| < 2k(10g\X\+10g\$\+ﬁk), (287¢)

where the mutual information is w.r.t. the joint PMF
P)(( )S x Py|x,s, and where fy is defined in (279). The following
three observations show that (278) — (287):

1) By (275) L(k(),,) < |X|K, so whenever Condition (287b)

holds so does (278b). Consequently, we obtain from
(278) that whenever Condition (287b) holds the inequal-
ity (287a) holds.

2) Since

log |X| — (1(X,S;Y) — H(S) — fx)

< log|X| +log|S|+ S, (288)
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it follows from (278) that the inequality (287c) holds
whenever

(k)
L p) —
Pyis

3) Since H(X, S) < log|X|+log|S]|, it follows from (278)
that the inequality (287c) holds whenever

<|Zp_1| < 2KloelX], (289)

[Zp-1] < L( ()h)

Pyis

(290)

Having established (287), we are now ready to prove (286).
Since we can choose any k-type P)(( 5 Whose S-marginal P(b)

= Ps» X P?((Ié’ where P)((b‘?g is
the conditional k-type that—among all conditional k-types—
maximizes

is Py»), we can choose P)(()s =

min

I1(X,8;Y) -
Py|x,s€ (W)

H(S), 291)
where the mutual information and the entropy are w.r.t.
the joint PMF P)((IT)S x Py|x,s. Every conditional PMF can
be approximated in the total variation distance by a con-
ditional k-type when k is sufficiently large; and, because
entropy and mutual information are continuous in this dis-
tance [9, Lemma 2.7], it follows that—for the above choice of
the conditional k-type and some y; = yk(|X|, |S], |y|), which
converges to zero as k tends to infinity—(287) implies (286).

Since we assume that the RHS of (26) is positive, we can
choose B and k sufficiently large so that

maxmin  max 2 BKUIX.S:V)—H(S)=y) IMIISIk/
Ps  Px|s Py|x,s€ P (W)

< pk(log | X|+log|S|+7k). (292)
and by (286) this guarantees that, with probability one,
|Z5| < pk(log|X|+log|S|+yk) (293)

We now deal with Subblock (B + 1). Because the decoder
is incognizant of the empirical types { P } pefi:p)s it cannot
compute the post-Subblock-B ambiguity-set Zp comprising
the pairs of message and length-n state-sequence of positive
posterior probability given the channel outputs {y® }bE 18]
and the k-types { (b)}be[l BT The uncertainty that needs
to be addressed is about the message, the length-n state-
sequence, as well as the B empirical types of s, ..., s(B),
Let Jp € M x 8" denote the union of the post-Subblock-B
ambiguity-sets corresponding to all the different B-tuples of
k-types on S, i.e., J p is the set of pairs of messages and state
sequences that have a positive posterior probability given only
the outputs {y®} c(1:5) (and not the k-types {P. (I;)}bell )
Because the post- Su block B ambiguity-set corresponding to
any given B-tuple of k-types on S satisfies (293), and because
there are at most (1 + &)/ B-tuples of k-types on S,

T 5| < 2k(10g|X|+log|8|+yk)+Blog(1+k) |S|. (294)

In Subblock (B+1) we resolve the set J g. This will guarantee
that the decoder can recover the transmitted message m and
the length-n state-sequence s error-free.

Subblock (B + 1) is similar to Phase 2 of the scheme we
used to prove Proposition 28: the encoder allocates to every
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pair (m’,s") € Jp a length-k’ codeword x(m’, s"), where the
codewords are chosen so that

(v m',s), (m",s") € Tp st.m' # m”) 3ie[1:K] st
(W(y}-xl (m/’ S/)’ S/Bk-H') W(y’xl (m//’ S//)a sgk.ﬂ') = Oa
Vye y). (295)

(We shall shortly use a random coding argument to show
that this can be done.) To convey the message m and the
state sequence s, the encoder transmits in Subblock (B + 1)
the codeword x(m,s). Condition (295) implies that, upon
observing the Subblock-(B + 1) outputs y(B+D) £ Yg,fﬂ‘/,
the decoder, who knows J 5 and the codewords {X(m’, s’)},
can determine the transmitted message m and the state

sequence s error-free, because

k/
[TW (500, ). smesi) = 0, (296)
i=1

whereas (295) implies for every other pair (m’,s’) € Jp

k/

B+1
[Tw (™"
i=1

The decoder can thus calculate []; W(yi( (m, s), §Bk+,-)
for each (m,S) € Jp and produce the pair (m, ) for which
this product is positive.

We next show that, for some choice of k', there exist
codewords {x(m’,s")} satisfying (295). To this end we
use a random coding argument. Draw the length-k’ code-
words {X(m/ ,s’)} independently, each uniformly over X K
From (10) it then follows that for any fixed distinct
(m’,s’), (m”,s”) e JTs

P[Vi ell:K]3yed st
W (y |Xi(m',s), sgps) W | Xi(m”, "), s5i) > 0]

1\~
<{1l-—-
_( IXIZ)

— oK (2log|X|—log(|X*~1))

xi(m',s"), sng) =0. (297)

B+1”xi

(298)

(299)

This, the Union-of-Events bound, and (294) imply that the
probability that the randomly drawn length-k’ codewords do
not satisfy (295) is upper-bounded by
| T B|? 9K (2log |X|~log(|X|*~1))
< 9K (2log|X|—log(IX|*~1))

x 22(k(log | X|+log |S|+yk)+ B log(1+k) \S\), (300)
which is smaller than one whenever
k(log|X| + log|S| + + Blog(l +k)|S
. (log|X| +1og |S| + 7x) g +h) IS 301

log | X| — S log(|X|2 — 1)

Consequently, if we choose some k' that satisfies (301), then

there exist length-k” codewords {x(m’,s")} satisfying (295).
We are now ready to join the dots and conclude that the

coding scheme asymptotically achieves any rate smaller than
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the RHS of (26). More precisely, we will show that, for every
rate R smaller than the RHS of (26) and every sufficiently-
large blocklength n, our coding scheme can convey nR bits
and the length-n state-sequence error-free in n channel uses.

It follows from (292) and (301) that if the positive integers
n, B, k, k" are such that (301) holds,

n=Bk+k, (302)

and
nR + k' log|S|

< Bk (min max min

I(X,S;Y)—H(S) =y ),
Ps Pxis Pyix,s€ (W) ( ) S Vk)

(303)

then our coding scheme can convey nR bits and the length-n
state-sequence error-free in n channel uses. It thus remains
to exhibit positive integers B, k, k' such that for every
sufficiently-large blocklength n (301)—(303) hold. As we argue
next, when n is sufficiently large we can choose

B = Vi)

B (Llogk’fl + log |S| 4 yx + log(1 + /n) |S|J N 1)
log | X| — 3 log(|X|2 — 1) ’

(304a)
k= |Jal, (304b)
k' = n — Bk. (304c¢)

Note that, whenever n is sufficiently large, B, k, and k’ are
positive, and (301) and (302) are satisfied. To see that (303)
holds whenever n is sufficiently large, we first observe from
(304b) that k tends to infinity as n tends to infinity. Because
7k = 7k (1X1, IS1, |V]) converges to zero as k tends to infinity,
this implies that y; converges to zero as n tends to infinity.
We next observe that (304) implies that Bk/n converges to one
as n tends to infinity and consequently that k' /n = 1 — Bk/n
converges to zero as n tends to infinity. This, combined with
the facts that yx converges to zero as n tends to infinity and
that R is smaller than the RHS of (26), implies that (303)
holds whenever »n is sufficiently large. 0

We next establish the converse part of Theorem 19.

Converse Part: That (10) is a necessary condition for
Cg(;“ $ to be positive follows from Theorem 3, because CE‘OJr s
is upper-bounded by Cro. We next show that—irrespective
of whether or not (10) holds—Cglo+ * is upper-bounded by
the RHS of (26). The proof is similar to the converse of
Theorem 4. Fix a finite set M, a blocklength 2, and an (n, M)
zero-error state-conveying code with n encoding mappings

firMxS"xY ' 5 x, ie[l:n] (305)

and |[M]|S|" disjoint decoding sets D, s S V", (m,s) €
M x 8™, We will show that the rate %log | M| of the code is
upper-bounded by the RHS of (26).

Draw M uniformly over M, and denote its distribution Py;.
Since the code is a zero-error state-conveying code,

P[Y" € Dyr.sn] = 1, (306)
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where P is the distribution (125) of (M, S, X", Y"™) induced
by Py, the state distribution Q, the encoding mappings
(305), and the channel law W (y|x, s). As in the converse of
Theorem 4, fix any PMF Pg on S and any collection of n
conditional PMFs {ﬁm Xf,Si},- cl1: that satisfy

Py, |x,.5;, € P(W). (307)

These PMFs induce the PMF on M x 8" x X" x )"
n

PM,S”,X”,Y” = Py X P; X H(PXilM,S”,Y"’I X PY;|X,',S;)-
i=1

(308)

It follows from (1) and (307) that PM,Sn,Xn,Yn <« P and
consequently that (306) implies

Pyg sn xn yn[Y" € Dygsn] = 1. (309)

We upper-bound %logIMl by carrying out the following
calculation under Py gn x» y» of (309):

llOgIMI
n
@ %[H(M)vLH(S")—H(S")] (310)
® 1[1(3",M; Y~ H(S")] @1
n
(c)ln‘ noag. vvi-ly _ 15i-1
n;_z(s M YY) — H(SiIS )] (312)
@ 1T, e -1, vy _ F(Q
;l;_[(s C M, YY) H(S,)] (313)
© 1 <1
< ;l;_l(xi,si, Yi)—H(Si)]a (314)

where (a) holds because M is uniform over M under
I;M, sn.xn.yn; (b) holds by (309) and because M is independent
of S" under ISM sn.xnyn; (c) follows from the chain rule;
(d) holds because condmonmg cannot increase entropy and
by the independence of S, and S*~! under PM s, xn yn; and
(¢) holds because under Py gn xn yn(S™, M, Y~ 1) (Xl,Sl)
and Y; form a Markov chain in that order.

We will conclude the proof by exhibiting a PMF Ps and
a collection of conditional PMFs {Py 1X;,S: }l ellm satisfying
(307) for which each summand on the RHS of (314) is
upper-bounded by the RHS of (26).

We begin with the choice of {f’mxijsi}ie[l:n]. We first
choose Py, x, s, for i = 1, and we then repeatedly increment i
by one until it reaches n. Key to our choice is the observation,
which will be justified shortly, that 155 and {ISYH X;.8; }j eli1]
determine Py, s,. Our choice of Py, x, s, can thus depend
not only on our choice of Pg and our previous choices of
{ISYf‘Xf’SZ }je[lzi_u but also on i)Xi,Si' This will allow us to
choose Py,|x;,s; as one that—among all conditional PMFs
satisfying (307)—minimizes

1(Xi, Siz Yi) — H(S)), (315)
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where the mutual information and the entropy are w.r.t. the
joint PMF Py, s, x Py, x;,s;. Since (308) implies that

Ps, = Ps, ic[l:n], (316)
we will then find that, for our choice of {ﬁm X5}
I(Xi, Sis Yi) — H(S)
< max _ min I1(X;,Si;Y)—H(S;), i€[l:n],
Px;is; Py;1x;,5,€ 7 (W)
(317)

where the mutual information and the entropy are w.r.t. the
joint PMF Pg, x Px;|s5; X Py,|x;,s5;- The chosen conditional
PMFs {PYi\Xi,Si}ie 1] satisfy (307), and hence (314), (316),
and (317) will imp[y that

1
log IM]| < max min (318)

Pxis Py|x,se 2(W)

where the mutual information and the entropy in the i-th
summand are w.r.t. the ]Olnt PMF PS X PX|S X Py|x s.

We now prove that PS and {Py IX; 5} indeed

jell:i—1]
determine PX .s;- In fact, we will show that the two determine
PM sn.xi yi-1 (and hence also its marginal le Si)-

We use mathematical induction, but first we note that the
PMF ISM,Sn, xn,yn is constructed inductively: by (308)

Py osn.x, = Py x P§ x Py, m.sm, (319)

and, for every ¢ € [2 : n], Py ¢n x¢ ye—1 is constructed from
PM,S”,Xf—',Yf—Z by

Py sn xt,yt=1 = Py gn xe=1 ye=2 X Py, 1X, 1.8

X PXZlM,Sn,Y[—l. (320)

In describing the proof we shall make the dependence on
Py, our choice of Pg, and {PX IM,S"Yi- 1}]E [1:n]" whose
components are determined by the encodlng mappings (305)
via (126), implicit.

1) Basis £ = 1: It follows from (319) that ﬁM,sn,xl is

determined.

2) Inductive Step: Fix ¢ € [2 : i], and suppose that

PM sn x(-1 yt-2 is determined by {Py 1X}.5; }]E[M 2
This implies that PM snxt-1 ye-2 and Py, 1X0_ 1.5
are determined by {Py IX}.5, }j 17" Consequently,
it follows from (320) that PM, sn_xt,yt-1 is determined
by {PYj\Xj’Sj}je[lzé’—l]'
This proves that, for every i e [l nj, PM s Xi yi-1
and consequently also PX ,s; are determined by Ps and
{P)/./‘X./ﬂs./}je[lzl—l]’ and hence (318) holds.

Having established (318), we are now ready to conclude the
proof. Since we can choose any PMF Pg on &, we can choose
one that—among all PMFs on S—yields the tightest bound,
i.e., minimizes

max min I1(X,S;Y)— H(S), (321)

Pxis Pyix,se 2 (W)
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where the mutual information and the entropy are w.r.t. the
joint PMF Pg x Px|s x Py|x,s. For this choice of Pg (318)
implies that

—log M| <minmax  min
n Ps  Px|s Pyjx,s€Z(W)

I(X,$:Y) — H(S), (322)

where the mutual information and the entropy are w.r.t. the
joint PMF Pg x Px|s % Py|x,s. If the RHS of (322) is negative,
then—irrespective of |[M| > 1—(322) is a contradiction and
consequently (309) cannot hold. This implies that—even if
| M is one—the state sequence cannot be conveyed error-free.
Since we adopted the convention that Cglo+ = 0 whenever the
state sequence cannot be conveyed error-free, (322) implies

that C[,"* is upper-bounded by the RHS of (26). O

APPENDIX J
A PROOF OF THEOREM 20

We already showed in Section II-E using (29) that, whenever
I' > Tmin, (10) is a necessary and sufficient condition for
Cro(I') to be positive, and we hence prove that if Cro(I') is
positive, then it is equal to (30).

To that end we first show that restricting X to be a function
of U and S, ie., Py x|s to have the form (12), does not
change the RHS of (30), nor does restricting the cardinality
of U to (13):

Lemma 37: Given a channel W(y|x,s) and a PMF

Ps on S, consider
max min I1(U;Y)-1(U;DS),
Py, x|s: Pyiu.x,s:
Ely(X)I<T Pyjy=u,x,s€ P (W), Yueld

(323)

where the maximization is over all chance variables U of finite
support, the expectation is w.rt. the joint PMF Ps x Py, x|s,
and the mutual informations are w.rt. the joint PMF
Ps x Py x|s x Pyyu,x,s. Restricting X to be a function of
U and S, i.e., Py x|s to have the form

PU,X\S(u,xls) = PUIS(”|S) ]lx=g(u,s)» (324)

does not change (323). Nor does requiring that U take values
in a set U whose cardinality |U| satisfies

| < 1x|'S1. (325)

Proof: The proof is essentially that of Lemma 36 in
Appendix D. We first show that restricting X to be a function
of U and S does not change (323). In the proof of Lemma 36
it is shown that (193) is equal to (197), and the same line of
argument implies here that (323) is equal to

max min I(U;Y)—1(U;S), (326)

Py,h(:),Py|s: Pyiu.x.s:

E[y(X)I<T  Pyjy=u,x,s€P W), Yueld
where the maximization is over all chance variables V of finite
support V, functions 2: U xV xS — X, and conditional PMFs
over a finite set U for which

E[y(X)] <T, (327)

where the expectation is wurt. the joint PMF
Ps x Py x Pyxyv,s and Py xjv.s is defined in (198);
and where the mutual informations are w.rt. the joint

3569

PMF Ps x Py x Py xjv,s x Pyjy,x,s. Unlike the proof of
Lemma 36, where we fix any PMF Py on V, any function
h:U xV xS — X, and any conditional PMF Py s, here
we fix any Py, any h: U xV xS — X, and any Pys for
which (327) holds w.r.t. Ps x Py x Py x|v,s, where Py x|v.s
is defined in (198). The line of argument leading to (204)
in the proof of Lemma 36 then implies that restricting X to
be a function of U and S does no change (323). To show
that restricting the cardinality of U/ to (325) does not change
(323), we fix any conditional PMF Py x|s of the form
(324) for which (327) holds w.r.t. Ps x Py x|s. The line of
argument leading to (222) in the proof of Lemma 36 then
implies that restricting the cardinality of U/ to (325) does not
change (323). O

Direct Part of Theorem 20: From Lemma 37 it follows that
it suffices to establish the direct part of Theorem 20 for the
case where the cardinality of ¢/ is restricted to (13). The direct
part is essentially that of Theorem 4 but with the following
two modifications: 1) During the first B subblocks we choose
k-types {Pl(]lj)X,S}be[lzB] w.r.t. which

E[y(X)] <T. (328)
This will guarantee that
| B
= ;) yp(Xi) <T. (329)

2) We pad Subblock B + 1 with as many symbols from the
set X’ as are needed to guarantee that

Bk+k
= y(Xi) =T,

(330)
k' Bk+1

where k' denotes the length of Subblock B + 1.

By (329) and (330) the channel inputs’ average cost satisfies
the cost constraint (27). Padding Subblock (B+1) to guarantee
(330) increases its length by a factor of at most

2 lrymax - Vmin—‘
I' — Ymin .

Consequently, also with the padding, the last subblock does
not affect the rate of the code.

To show that the coding scheme asymptotically achieves any
rate smaller than the RHS of (30), we can argue essentially
as in the proof of the direct part of Theorem 4. We will show
that, for every rate R smaller than the RHS of (30) and every
sufficiently-large blocklength n, our coding scheme can convey
nR bits error-free in n channel uses. It follows from (114),
(117), (328), and (331) that if the positive integers n, B, k
and € > O are such that (118a) holds and

(331)

nR < Bk | min max min
Ps  Pyx|s: Privx.s:
Ely(X)I<T Pyjy=u,x,s€ P (W), Yueld

I(U;Y)—I(S;Y)—6(e, k)|, (332
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then our coding scheme can convey nR bits error-free in

Bk + t[klog |U| + Blog(1 + k) |S] | mvit (333)

channel uses. It thus remains to exhibit positive integers
B, k and some € > 0 such that, for every sufficiently-large
blocklength n, (118a) and (332) hold and

Bk + t[klog|U| + Blog(1 + k) [S|nwic < n.  (334)

As we argue next, when n is sufficiently large we can choose

B = |V/n] — t[log|U| +log(l + /n) |S||npit, (335a)
k= [J/n], (335b)

and we can choose any € > 0 for which

R+ ¢ <min max min
Ps  Pyx|s: PY\U,Z(,S :
Ely(X)I<T Pyjy=u,x,s€ P W), Yueld

I(U;Y)—1I(S;Y). (336)

Note that, whenever n is sufficiently large, B is positive and
(334) is satisfied. To see that also (118a) and (332) hold
whenever n is sufficiently large, we first observe from (335b)
that k tends to infinity as n tends to infinity. This implies that
(118a) holds whenever n is sufficiently large, and that d(e, k)
(which is defined in (113), where y; = yk(|l/{|, | X1, |S], |y|)
converges to zero as k tends to infinity) converges to € as n
tends to infinity. We next observe that (335) implies that Bk/n
converges to one as n tends to infinity. This, combined with
the fact that d(e, k) converges to € as n tends to infinity and
with (336), implies that (332) holds whenever n is sufficiently
large. (]

Converse Part of Theorem 20: From Lemma 37 it follows
that it suffices to establish the converse part of Theorem 20
for the case where U is any finite set. The converse is similar
to that of Theorem 4. Fix a finite set M, a blocklength n, and
an (n, M) zero-error code with n encoding mappings

fir MxS"x Y15 x, iell:n] (337)

and | M| disjoint decoding sets D,,, € V", m € M, where the
code is chosen so that, with probability one, the channel inputs
X" satisfy the cost constraint (27). We will show that, for some
chance variable U of finite support U/, the rate %log IM| of
the code is upper-bounded by the RHS of (30).

Draw M uniformly over M, and denote its distribution Py;.
Since the code is a zero-error code, and since, with probability
one, the channel inputs X" satisfy the cost constraint (27),
the following two hold:

PlY" e Dyl =1,
P[y(”)(X”) < F] =1,

(3382)
(338b)

where P is the distribution (125) of (M, S, X", Y"™) induced
by Py, the state distribution Q, the encoding mappings
(337), and the channel law Wgylx,s). As in the converse
of Theorem 4, fix any PMF Pg on S and any collection
of n conditional PMFs {Pyi‘ijifl’Sntle[jSi}ie[lzn] satisfying

(127). These PMFs induce the PMF Py s» xn y» of (128) on

i
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M xS" x X" x Y. Since this PMF satisfies Py gn xn yn < P,
(338) implies

ﬁM’Snjxnjyn[Yn eDyl=1, (339a)
Pyg,sn xn yn[y (X" < T] = 1. (339b)
Note that the latter (339b) implies that
1 n
-2 B[] =T (340)
i=1

where the expectation in the i-th summand is w.r.t. the PMF
Py, induced by Ppy sn xn yn.

The line of argument leading to (136) in thei con-
verse of Theorem 4 implies that every choice of Ps and
{PY;IM,Yi‘l,S}’+.,X;,S;}ie[lzn] gives rise to an upper bound

1 1 <
log|MI = - > [1Ws YD)~ 1WiSH]. (341
i=1
where the chance variables {U,}ic[1:,) are defined in (135),
and the mutual informations in the i-th summand are w.r.t.
the joint PMF Py, x; 5, v, induced by Pp,sn xn y». We next
ex~hibit a PMF Pg and a collection of conditional PMFs
{PYi|M>Yi_1>S;l+|aXi>Si}i€[l:n] sati.sfying (127) for which each
summand on the RHS of (341) is upper-bounded by the RHS
of (30). y
We begin with the choice of {PY;IM,Y"’I,S,T’HJX;,S;}ie[l:n]'
As in the converse of~ Theorem 4, choosing a collection
of con.ditional PMFs {Pm M.YI=LS], X, Si}i el that §§tisfy
(127) is tantamount to choosing a collection of conditional
PMFs {Py,|u; x,.5: }i(1,n that satisfy (137). We shall choose
the latter collection, and we shall do so as irl the converse
of Theorem 4. Consequently, our choice of Py,ju;,x,,s; can
depend not only on our choice of Pg and our previous choices
of {Pyj|Uj,Xj:gj }je[lzi_u but also on Py, x,,s;, and hence we
can choose Py,y; x;,s; as one that—among all conditional
PMFs satisfying (137)—minimizes

1(Ui; Vi) = 1(U;; S)), (342)

where the mutual informations are w.r.t. the joint PMF
Py, x;.s; X Pyu;.x;,s;- Because (128) implies that

Ps, = Ps, ic[l:n] (343)

and by (~340), which holds because the chosen conditional
PMFs {Pyi‘Uin[’s[}ie[m] satisfy (137), we find that, for our
choice of { Py, u;.x,.s }

ie[l:n]’

%g[l(lfﬁ Y)) — 1(U; Si)]

<  max } min
{Pu; x;18; Jieltn] : {Py;1u;,x;,5; Yieltn©
Ly Ely(x)I<T Py =u;, X;,5, €L (W), Y u;elh;
1 n
= [1ws vy - 1w )], (344)
i=1
where the expectation in the i-th summand is w.r.t. the joint
PMF Ps, x Py, x;s;» and the mutual informations in the
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i-th summand are w.r.t. the joint PMF ﬁs[ X IN’UI.,X[‘SI, X
Py,ju;.x,,5;- The chosen conditional PMFs { Py, v, x;

] i :Si}ie[lzn]
satisfy (137), and hence (341) and (344) imply that

1 .

—log | M| < max ~ min

n {Pu; x;15; Jierin) : {Pyju;,x;,5; Yieltn] ©
LS EY(XDIZE Pryju,—u; x;.5,€2(W), Y u;eld;

1 n
- ;[I(Ui; Y) — 10 )], (345)

where the expectation in the i-th summand is w.r.t. the joint
PMF Ps, x Py, x;|s;» and the mutual informations in the i-th
summand are w.r.t. the joint PMF f)si X ﬁU;,x;\Si X i)YiIU;,X;,S;-

By the definition of U; (135) the cardinality of the support
U; of U; satisfies (144). Consequently, (343) and (345) imply
that

IA

_max _ min
Py xv,s: 3 Pyyv.u,x,s:
E[V(X)]Sr PYl(V,U):(i,u),X,Segz(W): V(i,u)e[l:n] xU

1
— log | M|
n

I(U;Y|V)—=1(U;S|V) (346)
< _max _ min
Py xv,s: Pyyv.u,x,s:

Ely (XIS Pyyv.uy=uy.x,s € P (W), ¥ (L,u)e[Ln]xU
I(V,U;Y)-1(V,U;YS), (347)

where V is a time-sharing random-variable that is drawn
uniformly over [1 : n] and U an auxiliary chance variable
taking values in a finite set {/; where the mutual informations
are w.r.t. the joint PMF PS X Py x PU X|v,s X Py|v U,x,s; and
where the second inequality holds because conditioning cannot
increase entropy, and because S and V are independent under
f’s x Py x ISU,XW,S X 15y|v,U,X,S. By defining the auxiliary
chance variable U = (U, V), we obtain from (347) that every
choice of Pg gives rise to an upper bound

1

—log M|

n ~ ~
I(U;Y)—1(U;9),

< max min
Py xis* Pyioxs: y
EyOI=T By oo s€2(W), Vel

(348)

where U is an auxiliary chance variable taking values in a
finite set ¢/, and the mutual informations are w.r.t. the joint
PMF PS X PU x|s X PY‘U,X,S
Having established (348), we are now ready to conclude the
proof of the converse. Since we can choose any PMF Pg on
S, we can choose one that—among all PMFs on S—yields
the tightest bound, i.e., minimizes
_max _ min 1(U;Y)—1(U;S),
Py xis* Pyigx.s
EQOIST Py sy s€2(W), Viiell

(349)

where U is an auxiliary chance variable taking values in a
finite set U, and the mutual informations are w.r.t. the joint

PMF PS X PU X|s X PYlU X5 For this choice of f’s (348)
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implies that

1
—log | M|
n
< min max _ min 1(U;Y)—1(U;YS),
Ps Py st Pyioxs:
E[y(X)1<T Py i—ix.s€PW), viield

(350)

where U is an auxiliary chance variable taking values in a
finite set /, and the mutual informations are w.r.t. the joint

PMF Ps x Py s % Py . s- O

APPENDIX K
A PROOF OF INEQUALITY (36)

Proof: Fix some PMF Px on X, and define the function

p: (W) — Rg

Vi I(Px,V). (351)

To prove (36), we will show that every V that minimizes p (-)

satisfies
2

p (V) > min — log
vey xeX: W(ylx)>0

Py (x). (352)

From this we will then obtain (36) by maximizing both sides
over all choices of Px for which E[y(X)] <T.

To show that every minimizer of p(-) satisfies (352), we first
establish that V € &2(W) minimizes p(-) only if

V(ylx)
(PxV)(y)
VO
(V)
(v (v, Y) €X x VXY st Vyx) V(Y |x) > 0).
(353)

We prove this by showing that if V e 22(W) does not
satisfy (353), i.e., if

3(x,y,y) € X xY XY st
V(ylx) V(y'lx) > 0 and
V) V(y'|x)
(PxV)(») — (PxV)ON’
then V cannot be a minimizer of p(-). Our proof is by

contradiction: Suppose V € (W) minimizes p(-) and (354)
holds. Since

(354)

V(ylx)

I(Px, V)= > Px(x)V(lx)log ———"—, (355)
(x.y)eXxY (PxV)(y)
it follows that for every (x,y) € X x Y
_op V(ylx)
. 356
Vom - OBV, (20

This and (354) imply that for all sufficiently-small o, and a
fortiori for some ¢ satisfying

0<d=<(1=VQHlx)AV(Hx), (357)
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p(+) decreases when we replace V(y|x) by V(y|x) 4+ J and
V(y'|x) by V(y'|x) — d. This contradicts our assumption that
V minimizes p(-), because replacing V (y|x) by V(y|x) + o
and V(y'|x) by V(y'|x) — ¢ yields some transition law V'
in Z2(W). (The transition law V' is in Z(W), because V €
(W) and by (357).) This contradiction proves that (353) is
a necessary condition for V € £2(W) to minimize p(-).

Having proved the necessity of (353), we are now ready to
establish (352). To that end let

>

xeX: W(ylx)>0

y = max Px (x), (358)

vey

and fix some transition law V € £2(W) that minimizes p(-)
and for which (353) hence holds. By (353) there exist {0} e x
satisfying that, whenever V (y|x) > 0,

Vylx)
= 359
BV)0) A
Consequently,
p(V) = D Px(x) D, (PxV)()axlogas

xeX yey: V(y|x)>0

= > @) D]

yey xeX: V(ylx)>0
B v>(y)( >
yey X V(ylx")>0
y 2 xeX: V=0 Px(x) ax
Dxrex: viylen=0 Px (x")
2xeX: V(ylx)>0 Px (x) ax
2 vex: viylnso Px (X7)

D S (Pev) () log 1

ZX”EX: V(y|x")>0 PX(X//)

Px(x) aylogay

Py (x ”))

(360)

x log

yey
(o)
> = D> (PxV)(y)logy (361)
yey
= —logy (362)
@ min — log Z Px (x), (363)
yey
xeX: W(ylx)>0
where (a) holds because the function
&> Clogé, ¢ eR
is convex; (b) holds because (359) holds whenever

V(y|x) > 0; (c) holds because V € & (W) and (358) combine
to imply that

>

xeX: V(y|lx)>0

IA

Py (x) Z

xeX: W(ylx)>0
Y, YE

Py (x)

IA

(364)

and (d) holds by (358). Inequality (363) concludes the proof
of (352). O
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APPENDIX L
ANALYSIS OF EXAMPLE 25

For the SD-DMC W (y|x, s) of Example 25 we show that—
subject to the cost constraint (46) with A > 0 satisfying (49)—
the zero-error capacity with acausal SI is positive. Given some

blocklength n, some message set M, and some encoding
mapping
fiMxS"— X", (365)

let y(m, s) denote the output sequence that is produced when
the transmitter uses the encoding mapping (365) to convey
Message m and the channel-state sequence is s. Let S"(A)
denote the set of n-length state-sequences of highest allowed

cost
S"(A) = {s € §": n2"(s) = |An]}. (366)

We begin with the following two observations: 1) From

Table 11 we see that, if
{709}, gertxs: €V" (367)

is such that for every s € &”

((si = 1) — (ii(m,s) = 1)), Y(m,i) e M x[l:n],
(368)

then there exists an encoding mapping f of the form (365)
for which

y(m,s) =§(m,s), V(m,s)e M xS8". (369)

2) From the definition of S"(A) it follows that, if s € S" is
such that A" (s) < [ An], then there exists some s’ € S"(A)
satisfying

((s,:l) — (sgzl)), Vie[l:n]. (370)

For such §', any binary n-tuple y(m, s") satisfying
((s; - 1) — (yi(m,s/) - 1)) Viell:n] (371)
also satisfies
((si - 1) — (yi(m,s/) - 1)) Viell:nl. (372)
These two observations imply that—to every collection

{§n, S)}(m,s)eMxS”(A) c

that satisfies (368) for every s € S" (A)—there corresponds an
encoding mapping of the form (365) for which: 1) for every
s e S"(A)

(373)

y(m,s) =y(m,s), Yme M,
and 2) for every s € 8" for which nA® (s) < LAn]

(374a)

35’ € S"(A) sit. (y(m,s) — §(m,s), Vm € M). (374b)

The state sequence s € S” satisfies the cost constraint (46) if
nl™(s) < |An]. Consequently, if the collection in (373)—
in addition to satisfying (368) for every s e S"(A)—also
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satisfies that

((0n9 2 05)) = (509 #500'9)) ).

Y (m,s), (m',s) e M x S"(A), (375)

then we obtain from (374) that the encoding mapping f
corresponding to the collection and the decoding sets

Dp= |J {Fon.9)}, meM
seS"(A)

(376)

constitute an (n, M) zero-error code for our channel under
the cost constraint (46).

To show that under the cost constraint (46) the zero-error
capacity with acausal SI is positive, it thus suffices to exhibit
some positive rate R > 0 for which for every sufficiently-large
n there exists some finite set M of cardinality [M| > 2"R and
some collection of | M| |S"™(A)| distinct binary n-tuples (373)
that satisfies (368) for every s € S"(A).

To that end we first note that the cardinality of S"(A) is
upper-bounded by

n _ n nhy(A)
S (A)]—(LAnJ)EZ b,

where we used the inequality hb(LAnJ / n) < hp(A) (which
holds because A < 1/2). We also note that for every state
sequence s € S™(A) there exist 2["0=M1 binary n-tuples §
that satisfy

((si=1) — (§i=1)), Viell:n]. (378)

We now construct a collection of |[M||S"(A)| distinct binary
n-tuples (373) that satisfies (368) for every s € S"(A) as
follows. We sequentially allocate to each pair (m,s) € M x
S™"(A) some y(m,s) from the binary n-tuples y that satisfy
(378) and that have not yet been allocated to some other pair
(m',s"). There are | M| |S" (A)| — 1 such other pairs (m’, s) to
which we may or may not have allocated some y(m', s") yet,
and there are at least 2"~ binary n-tuples ¥ that satisfy
(378). Consequently, at most | M| |S” (A)] — 1 binary n-tuples
could have already been allocated, and if

(377)

IM|S"(A)| =1 < 2f1=MT) (379)

then there is at least one binary n-tuples y that satisfies (378)
and that has not been allocated yet. Hence, if (379) holds, then
our construction produces a collection of |[M||S"(A)| distinct
binary n-tuples (373) that satisfies (368) for every s € S"(A).
From (377) we obtain that (379) holds whenever

IM| < 2n(1=A-he(A) (380)
and hence every positive rate R > 0 satisfying
R<1—A—hp(A) (381)

is achievable. This, combined with (49), implies that under the
cost constraint (46) the zero-error capacity with acausal SI is
positive.
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APPENDIX M
A PROOF OF THEOREM 26

Lemma 36 in Appendix D implies that restricting X to be
a function of U and §, i.e., Py x|s to have the form (12),
does not change the RHS of (54), nor does restricting the
cardinality of ¢/ to (13). To prove Theorem 26 it thus suffices
to establish a direct part for the case where U is restricted to
(13) and a converse part for the case where I/ is any finite set.
We first establish the direct part.

Direct Part: We assume that (53) holds and show that the
RHS of (54) is achievable. The necessity of (53) is part of the
converse. If the RHS of (54) is zero, then there is nothing to
prove, so we assume that it is positive. To prove that the RHS
of (54) is achievable, we shall show that for every [ € N the
RHS of (54) is a lower bound for CEZO) (A, 1). To that end fix
any /[ € N. The proof builds on the proofs of Proposition 28
and the direct part of Theorem 4, adapting both to the state
constraint (51). We partition the blocklength-n transmission
into B + 2 subblocks, with each of the first B subblocks being
of length k, where k is a multiple of /; with Subblock (B + 1)
being of length k’; and with Subblock (B + 2) being of
length n — Bk — k’. The only purpose of Subblock (B + 2)
is to allow Bk + k' to be smaller than n: in this subblock the
encoder can thus transmit arbitrary inputs with the decoder
ignoring the corresponding outputs. The choice we shall later
make for k and k” will be such that the last two subblocks be
of negligible length compared to Bk and therefore not affect
the code’s asymptotic rate.

Before the transmission begins, the encoder is revealed the
realization s £ Sé’lfil)k 4 of the Subblock-b state-sequence

for every b € [1 : B] and the realization s(5+1 £ Sg,f:[f/ of
the Subblock-(B + 1) state-sequence. In the first B subblocks
our scheme draws on the scheme we used in the direct part
of Theorem 4. But instead of reducing the set of messages
of positive posterior probability given the channel outputs,
in the present setting we consider pairs of messages and
possible Subblock-(B + 1) state-sequences, and each of the
subblocks 1 through B reduces the set of such pairs that have
a positive posterior probability given the channel outputs. For
every b € [1 : B] we thus adapt the Subblock b transmission
as follows. Because k is a multiple of /, the cost constraint
(51) implies that in the first B subblocks

> Pay(s)A(S) <A, Vbell:B],
seS

and in Subblock (B + 1)

(382a)

1 il: ,1(51.“3“)) <A, (Vj eNst jl < k/). (382b)

i=(i—1)l+1

Assume for now that the decoder—while incognizant of
s, ., s®)—knows the empirical types Py, ..., Pys: the
encoder will transmit these types error-free in Subblock
(B4+1). Let Zg € M x S¥ be the set of all possible pairs
of message m’ € M and Subblock-(B + 1) state-sequence



3574

s' € S satisfying (382b), i.e.,
1
;XL Hsh=A (v; e N st jl §k/), (383)
i=(j—1)l+1

and let Z; be the post-Subblock-b ambiguity-set, i.e., the
(random) subset of Z;_; comprising the elements in Zp_
of positive posterior probability given the Subblock-b outputs
y®) 2 Y&’il)k 41 and the empirical type Py»). Choose some

k-type Pl(/b)x ¢ Whose S-marginal Ps(b) equals Py, fix some

€ > 0, and define ® as in (97). In the following, unless
otherwise specified, all entropies and mutual informations are
w.r.t. the joint PMF Pl(/l?)xj - Unlike the scheme we used in the
direct part of Theorem 4, where it was the survivor set M_
that was partitioned into ® subsets, here it is the ambiguity set
7,1 that is partitioned into ® subsets. The arguments leading
to (106) in the direct part of Theorem 4 then imply that we
can find a positive integer 70 = 70 (| X|, |S|, €) that guarantees
that, for every k > 7o,

=k U;Y)=1(U;8)—(e+pk))

IZp| < max
Pyw.,x,s:
Py|U=u!x!5€,@(W), Yueld
X |Lp-1l, (384a)
whenever
| Zp_1| > 2kloelUdl] (384b)

where the mutual informations are w.r.t. the joint PMF
Pl(/b)x ¢ X Pyju,x,s, and where f is defined in (100) and hence

converges to zero as k tends to infinity.
Since we can choose any k-type PUI?)X ¢ wWhose S-marginal

Ps(b) is Py»), we can choose Pz(/l?)x, g = Psw x P;}?Xl 5» Where

P;}?Xl ¢ is the conditional k-type that—among all conditional

k-types—maximizes
min
Pyu.x,s:
PY\U:u,X,Se@(W), Yueld

1(U:Y)—I(U;S),  (385)

where the mutual informations are w.r.t. the joint PMF
Py x Pl(}f))(ls x Pyju,x,s. Every conditional PMF can be
approximated in the total variation distance by a condi-
tional k-type when k is sufficiently large; and, because
entropy and mutual information are continuous in this dis-
tance [9, Lemma 2.7], it follows that—for the above choice
of the conditional k-type and some y;, = yr (||, |X], |S], |1V]),
which converges to zero as k tends to infinity—(382a) and

(384) imply that when |Z,_;| > 2~leel¥

IZy| < max min max
Ps: Py,x|s Pyiu.x,s:
E[A(S)]=<A PY\U:u,X,SEgz(W), Yueld

2=k (U;Y)=1(U;8)—€+71)

|Zp—1l, (386)

where the mutual informations are w.r.t. the joint PMF
Ps x Py xis x Pyju,x,s. Because our scheme works for any
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€ > 0, it follows that for every ¢ > 0 and positive integer
k > no(|X], |S|, €) each of Subblocks 1 through B is guaran-
teed to reduce the ambiguity set by a factor of at least

max  min max 2*k(1(U;Y)*’(U;S)*O‘(f,k)),
Ps: Py, x|s Privx.s:
]EH(S)]SA Py‘U=u,x,sey(W), Yueld

(387)

until |Z | is smaller than 2502/l Here the mutual informa-
tions are w.r.t. the joint PMF Ps x Py x|s x Py, x,s, and
0 (€,k) is defined in (113) and hence converges to zero as
€ tends to zero and k to infinity.

Since we assume that the RHS of (54) is positive, and since
0 (e, k) converges to zero as € | 0 and k — o0, it follows that
we can choose € sufficiently small and B and k sufficiently
large so that

k= no(1X1,1Sl, €) (388a)
and
max min max Q*Bk(l(U:Y)*I(U;S)fé(e,k))
Ps:  Pyx|s Pyw,x,s:
E[4($)]=A Py|y=u,x,s€ P (W), Yueld

x |M||SK < 2klogl]  (388b)
This guarantees that

|Zg| < 2kloeltdl] (389)

because each subblock reduces the ambiguity set by the factor
in (387) until |Z 5| is smaller than 2~1g U],

We now deal with Subblock (B +1). Because the decoder is
incognizant of the empirical types { Py }pe[1:8], it cannot com-
pute the post-Subblock-B ambiguity-set Z . The uncertainty
that needs to be addressed is about the message, the Subblock-
(B + 1) state-sequence, as well as the B empirical types of
sO . , sB Let JIJp M xSK denote the union of the post-
Subblock-B ambiguity-sets corresponding to all the different
B-tuples of k-types on S, ie., Jp is the set of pairs of
messages and possible Subblock-(B + 1) state-sequences that
have a positive posterior probability given only the outputs
{y(b)}be[lzg] (and not the k-types {Ps(b)}be[l:B]). Because the
post-Subblock-B ambiguity-set corresponding to any given
B-tuple of k-types on S satisfies (389), and because there are
at most (1 4 k)B1S! B-tuples of k-types on S

|JB| E 2k log \M|+Blog(1+k) |S| (390)

In Subblock (B+1) we resolve the set J g. This will guarantee
that the decoder can recover the transmitted message m
error-free.

Subblock (B + 1) is similar to Phase 2 of the scheme we
used to prove Proposition 28: the encoder allocates to every
pair (m',s") € Jp a length-k’ codeword x(m', s"), where the
codewords are chosen so that

(V (m',s), m",s")e Tp st.m' # m”) Jie[l:k]st

(W(y|xl (m/; S/); Sl/) W(y|xl (m//’ S//)» si//) = O, Vy € y)
(391)
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(We shall shortly use a random coding argument to
show that this can be done.) To convey the message m,
the encoder transmits in Subblock (B + 1) the codeword
x(m, s(B +1)). Condition (391) implies that, upon observing the
Subblock-(B + 1) outputs y(B+D £ y gfﬂ‘/, the decoder,
who knows J p and the codewords {x(m’, s')}, can determine
the transmitted message m error-free, because, for the true
realization s®BT1 of the Subblock-(B + 1) state-sequence,

’

k
H W(yi(B“)’xz' (m,S(BJrl))’Si(BH)) >0,
i=1

(392)

whereas (391) implies for m’ # m

k/

B+1
HW(yi( +1)
i=1

xi(m’,§),§i> —0, (vg st. (m',§) e .73).
(393)

The decoder can thus calculate Hi W(yl.(B+1)|x,-(n~1, S), E,-) for
each (m,Ss) € J p and produce the message m for which this
product is positive for some § for which (m,S) € J 5.

We next show that, for some choice of k’, there exist
codewords {x(m’,s")} satisfying (391). To this end we use
a random coding argument. Draw the length-k’ codewords
{X(m’,s')} independently, each uniformly over X' K and let

/
g = Lkﬂ (394a)
l4

= min M, (394b)

5,5'€S: A(s)+A(s)>2A 2

H=A 394
a_/l*—/lmm’ (394¢)
K" = [aql]. (394d)

From the cost constraint (383) and the definition of g (394a)
it follows that every pair of (not necessarily distinct) state
sequences s, s” € S for which

IAm', m" e M st. m',s), m”,s")e Tp (395)

satisfies
i
1 <& AGs)) + AGs!
— 7@1) (s7) < A. (396)
ql i=1 2

As we argue next, (396) can hold only if for all such §’, s”
there exist at least k” distinct epochs £(s',s”) C [1 : gl] for
which

<A, VlelL(s,5).

Msp) + 2057 (397)
2

To simplify the typography, we shall refer to £(s',s”) as L.
The claim can then be stated equivalently as

AL C[1l:ql]st
i / i i
(I£| = k”) A (M <A, Ve 5). (398)

To prove (398), note that, by the definition of 1* (394b),

((l(si)v;i(si) - A) N (i(si)v;i(si) 2/1*)),

Viell:k], (399)
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and, because 4 (s) > Amin, 5 € S,

/ VA
DD

The definitions of a (394c) and k” (394d) combine with (399)
and (400) to prove our claim that (398) holds for all s/,
s" e SV satisfying (395). An immediate consequence of (398)
and the assumption (53) is that for all §’, s” satisfying (395).

Viell:k]. (400)

3L Cl:ql] st (|£| - k”) A (vz el 3x,x" € X st
(WOl W) =0, ¥y €9))
(401)

Having established (401), we are now ready to show that—
for some choice of k'—the probability that the random code-
words {X(m’,s')} satisfy (391) is positive. For every distinct
(m/, S/), (m//’ S//) c JB

P[Vi ell:k]13yed st
W(y‘Xi(m/,s/),sl-/) W(y‘Xi(m”,s”),sl-”) > O]

1 k//
<f{l1-—
< (- 7ap)

K (2log| X|—log(|X*~1))

(402)

(403)

where we used (401) and that X(m’,s’) and X(m”,s”) are
independent and uniform over A k' This, the Union-of-Events
bound, and (390) imply that the probability that the ran-
domly drawn length-k’ codewords do not satisfy (391) is
upper-bounded by

|.73|2 27k”(210g\X\flog(\X\zfl))
< 9=k (21og |X|—log(| X |*~1))+2(k log U1+Blog(1+k) 1S]) (404)

which is smaller than one whenever
o klog|U| + Blog(l + k) |S]|
log | X| — 3 log(|X]2 — 1)

(405)

Consequently, (394a) and (394d) imply that, if we choose

1 Blog(1
k,:q klog U] + 1og( +h) 1S J“)l’ (406)
al(log |X| — 3 log(|X|2 — 1)

{x(m’,s}

then there exist length-k’ codewords
satisfying (391).

We are now ready to join the dots and conclude that the
coding scheme asymptotically achieves any rate smaller than
the RHS of (54). More precisely, we will show that, for every
rate R smaller than the RHS of (54) and every sufficiently-
large blocklength n, our coding scheme can convey nR bits
error-free in n channel uses. It follows from (388) and (406)
that if the positive integers n, B, k and € > 0 are such that k

is a multiple of /,

k= no(IX1, 181, €), (407a)
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and
klog|U| + Blog(l +k)|S|

nR—i—({ J+1)llog|8|
al(log|X| — §log(|X |2 — 1))

< Bk min  max min
Pg: Py xis Pyiux.s:
E[A(S)]=A Pylu=u,x,s€P W), Yueld

[U;Y)—I(S;Y)—6(e,k) |, (407b)

then the first B+ 1 subblocks of our coding scheme can convey
nR bits error-free in

klog|U| + Blog(l + k) |S
Bk+({ og |U| + log( +2)| | J+1)l 408)
al(log|X| — 5 log(|X|?> — 1))

channel uses. It thus remains to exhibit positive integers B, k,
where k is a multiple of /, and some € > 0 such that for every
sufficiently-large blocklength n (407) holds and

(L klog|U| + Blog(l + k) |S|
al(log|X| — log(|X|2 — 1)

(When the inequality in (409) is strict, then Subblock (B +2)
deals with all the superfluous epochs: recall that in this
subblock the encoder can transmit arbitrary inputs with the
decoder ignoring the corresponding outputs.) As we argue
next, when n is sufficiently large we can choose

)J + l)l <n. (409)

log |U| + log(1 + /n) |S]|
B:L«/ﬁj—({ £ = “/—2 1),
al(log |X] — 5 log(|X]* — 1))
(410a)
k = L#Jl (410b)
and we can choose € > O for which
R+e < min max min
Pg: Py, x|s Pyu,x,s:
]E[/“(S)]SA Py‘U=u,x,se£Z(W), Yueld
IU;Y)—-I(S;Y). (411)

Note that, whenever n is sufficiently large, B and k are
positive, k is a multiple of /, and (409) is satisfied. To see
that also (407) holds whenever n is sufficiently large, we first
observe from (410b) that k& tends to infinity as n tends
to infinity. This implies that (407a) holds whenever n is
sufficiently large, and that d(e, k) (which is defined in (113),
where y; = yk(|l/{|, | X1, |S], |y|) converges to zero as k tends
to infinity) converges to € as n tends to infinity. We next
observe that (410) implies that Bk/n converges to one as n
tends to infinity, and that

1 ({ klog|U| + Blog(1 +k)|S|
n\Lal(log |X| — 5 log(|X[2 — 1)
converges to zero as n tends to infinity. This, combined with
the fact that d(e, k) converges to € as n tends to infinity and
with (411), implies that (407b) holds whenever 7 is sufficiently

large. (]
We next prove the converse part of Theorem 26.

)J + l)llog|8| 412)
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Converse Part: We first show that (53) is necessary for
Clgzo) (A) to be positive. To this end suppose that (53) does not
hold, i.e., that there exists a pair of states s, s’ € S satisfying

A A(s’
w <A 413)
for which

Vx,x' eX dyeYst Whlx,s) WHlx',s) > 0. (414)

We will show that in this case it is impossible to transmit a
single bit error-free whenever / is even. This will imply that

CEZO) (A, 1) is zero whenever [ is even and consequently that

Cézo) (A) is zero, because, by definition (52),

cH ) = lim inf cA, D). (415)
, —Hoo b
Fix some even [ and s, s’ as above. The proof is similar to
that of the converse of Theorem 3. Let the bit take values in
the set M = {0, 1}, and fix a blocklength n and n encoding
mappings

fiiMxS"xY ' x, iell:nl.

Denote by §, § € S" the state sequences that at odd times are
s and s’, respectively, and at even times s” and s, respectively:

(2i—1, $2i—1) = (s,8"), i€[l:[n/2]], (416a)
(S2i,52i) = (s',5), i€[l:[n/2]]. (416b)

Note that, by (413) and because [ is even, they meet the cost
constraint (51). The line of argument leading to (87) in the
converse of Theorem 3 implies that there exists an output
sequence y € V" for which

W (yi] £i(0,8, ¥ ™1, &) W (yi| fi(1,8,y' 1), §) > 0,
Viell:n]. (417)

This rules out error-free transmission, because if the state
sequence is either § or §, then the decoder, not knowing which,
cannot recover the bit.

We next show that—irrespective of whether or not (53)
holds—Cézo)(A) is upper-bounded by the RHS of (54). The
proof is similar to the converse of Theorem 4, but in the current
setting we cannot fix some PMF Pg on S and assume that the
state sequence S” is drawn IID P, because this might violate
the cost constraint (51). In fact, (51) need not hold even if
E[4(S)] < A under Ps.

Fix any [ € N, and assume that n = J/ for some J € N.
We can make this assumption w.l.g., because

ln/l]l
lim =

n—00 n

1.

To satisfy (51), we fix some [-type Ps on S w.r.t. which

E[A($)] < A, (418)

and we set Pgn to be the uniform distribution over (7, ff”)’.
S

Let the PMF Py s xn yn be as in (128) but with P replaced
by Ps». We can now upper-bound % log | M| essentially along
the line of argument leading to (134) in the converse of



BRACHER AND LAPIDOTH: ZERO-ERROR FEEDBACK CAPACITY OF STATE-DEPENDENT CHANNELS

Theorem 4. The main difference is that under Py gn xn yn
of the current setting S; and S}’ ; need not be independent
and consequently

- ZI(S1+1’

need not be zero. However, it does tend to zero as [ tends to
infinity, because

1 n
pO IR UACHEERD)
i=1

@ %Zn:[H(S,) — H(SIS! )] (419)
i=1

© y(pg) - %H(S") (420)

© p(pg) - :llog\TS”y’ (421)

D By — —(IH(PS) log(1 +1) |3|) 422)

@ lost + D19 )

S 0( = o), (424)

where (a) holds by the definition of mutual information;
(b) follows from the chain rule and the fact that S; ~ ﬁs
under I;Mjsn, xn,yn; (¢) holds because S$" is uniform over
(T, 15?)] under Py gn xn yn; (d) follows from the inequality

]T(l)‘ > (1+1)"1SI2/H(Ps) \where the entropy is w.r.t. Pg [9,
Lemma 2.3]; and (e) holds because n = J1.

Having established (424), we are now ready to conclude
the proof. The arguments leading to (145) in the converse of
Theorem 4 and (423) imply that

log(1 +1)|S
og( )IIJr

1
—log M| <
n [

I _min
Py, x|s } Pyu,x,s:
Py‘U=u,X,s€'@(W), Yueld

I1U;Y)—1(U;S), (425)

where U is an auxiliary chance variable taking values in a
finite set U, and the mutual informations are w.r.t. the joint
PMF PS X PU XIS X PY|UXS Moreover, it is enough to
consider the second term on the RHS of (425), because the first
converges to zero as / tends to infinity (424) and hence washes
out in (415). To conclude that CEZO) (A) is upper-bounded by
the RHS of (54), we would have liked to choose some PMF
Pg that—among all PMFs on & w.r.t. which (418) holds—
yields the tightest bound, i.e., minimizes

min

Pyiu.x.s:
PY‘U:u’X’sEgz(W), Yueld

max I(U;Y)—1(U;S). (426)

Py, x|s

But this is not possible, because P must be an [-type. We can,
however, choose Pg as one that—among all /-types on S w.r.t.
which (418) holds—minimizes (426). For this choice (425)
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implies that
Clgz) (A) <liminf min max _ min
=00 pser®: Py ys Pyiux,s:
E[L(s)]=A i’y|U=u,X,Se.@(W), Yueld
I1(U;Y)—1(U;S), (427)

where ') denotes the set of I-types on S. To conclude, note
that the RHS of (427) is equal to that of (54): every PMF
Pg on S w.r.t. which (418) holds can be approximated in the
total variation distance by an /-type on & w.r.t. which (418)
holds when [ is sufficiently large; and (conditional) entropy is
continuous in this distance [9, Lemma 2.7]. O

APPENDIX N
A PROOF OF THE SECOND PART OF LEMMA 30

Proof: We prove the second part of Lemma 30, i.e., that if
for some x € [2:|Y|] and 2 € [2: & |X|] there exist channel
inputs {x (s, k)} (5K eS (1] and pairwise-disjoint output-sets
{Veleeri:a for which (149) holds, then the no-feedback zero-
error capacity of the SD-DMC W (y|x,s) with acausal SI
is positive. The proof is similar to that of Proposition 28.
To make up for the missing feedback, we shall choose the
inputs so that the encoder—while incognizant of Y;—will
know which of the subsets {Vr}¢e(1:2] contains Y;. The decoder
will, of course, know that too.

If there is only one state s*, i.e., S = {s*}, then upon
defining x £ x(s*, 1) we obtain from (149a) the existence
of some ¢ € [1 : 4] for which

W(elx,s*) = 1.

It then follows from (149b) that there exists some k' € [1 : k]
with corresponding x’ = x(s*, k") for which

(428a)

W(Qrlx',s*) = 0. (428b)
From (428) we obtain that
W(ylx,s*) W(ylx',s*) =0, Vyel, (429)

and by sending x or x’ we can transmit a bit error-free.
We hence consider now |S| > 2.

To transmit a single bit m € {0, 1}, we use two phases of
n1 and ny channel uses, where

npit = 11 + no. (430)

The goal of Phase 1 is to produce a random subset S, C &
with the following three properties: 1) both encoder and
decoder know S, before Phase 2 begins; 2) with probabllity

one S,, contains the Phase-2 state-sequence Sn1 +{’2, and
3) the cardinality of S, is upper-bounded by
r—1\"
|Sh, | < (—) IS + k. (431)
K

To that end we partition the set Sp £ S" into x subsets of
sizes between | |Sol/x | and [|So|/x |. We index the « subsets
by the set [1 : x] and reveal the result to the encoder and
decoder. If, thanks to its acausal SI, the encoder knows that
the Time-1 state S is s and that S"‘I{Zz is in the subset of S

indexed by k, then at Time 1 it transmits x (s, k). By (149a)
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there exists some ¢* € [1 : A] with corresponding subset ),
such that, with probability one, Y7 is in Yy+. And since the
subsets {Vr}ee1:1) are pairwise disjoint, the probability of Y
being in another subset is zero. The decoder can thus compute
¢* from Y| by checking which subset contains Y;. The encoder
knows ¢*, because it knows the pair (s, k). Based on Y«
the encoder and decoder can determine all X’ € [1 : x] for
which

W (Ve

(By (149b) at least one such k’ exists.) Because Y| € Y+ and
by (432), the Phase-2 state-sequence cannot be contained in a
subset of Sy indexed by such a k’, and hence it is in the
So-complement of these subsets, which we denote Sj.
Note that: 1) both encoder and decoder know & after
Channel-Use 1; 2) S| contains SZ::?Z; and 3) the cardinality
of & is upper-bounded by

x(s',k"),s") =0, Vs'eS. (432)

(433)

K

S x—1
1811 < 1Sol {'K—O'J <S4+,

Phase 1 continues in the same fashion, and hence we obtain
that, for every i € [1 : ny], the first i channel uses produce a
random subset S; of §"? satisfying that: 1) both encoder and
decoder know S; after Channel-Use i; 2) S; contains S;’l'j:'fz;
and 3) the cardinality of S; is upper-bounded by

Si_ x—1
181l < 18i1] — {'K—”J <ls 41 @

K
As in the proof of Proposition 28, this implies that Phase 1 pro-
duces a random subset S,, of & with the desired three
properties.

Phase 2 in the proof of Proposition 28 does not use the
feedback link, and hence we can use it also in the current set-
ting without feedback. Consequently, we can argue essentially
as in the proof of Proposition 28 but with (83) replaced by

k log|S|
"= \‘log;c — log(x — I)J +1 (435a)
ny =k, (435b)
k log|S|
Npit = \‘logx " Jog(x 1)J +x+1 (435c¢)

that npi; channel uses suffice for the error-free transmission of
a single bit. This concludes the proof, because « is at most |)/|
and hence it follows from (435) that np;; satisfies the upper
bound

. ﬂ V| log|S|
= Llog 1Y — log(IV] — 1)

J+|y|+1. (436)

O

ACKNOWLEDGMENT

The authors would like to thank the anonymous reviewers
and the Associate Editor for their valuable comments, which
substantially improved the quality of the paper.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 64, NO. 5, MAY 2018

REFERENCES

[1]1 C. E. Shannon, “The zero error capacity of a noisy channel,” IRE Trans.
Inf. Theory, vol. 2, no. 3, pp. 8-19, Sep. 1956.

[2] S. L. Gel’fand and M. S. Pinsker, “Coding for channel with random
parameters,” Problems Control Theory, vol. 9, no. 1, pp. 19-31, 1980.

[3] G. Dueck, “The zero error feedback capacity region of a certain class of
multiple-access channels,” Problems Control Inf. Theory, vol. 14, no. 2,
pp. 89-103, 1985.

[4] J. M. Ooi and G. W. Wornell, “Fast iterative coding techniques
for feedback channels,” [EEE Trans. Inf. Theory, vol. 44, no. 7,
pp. 2960-2976, Nov. 1998.

[5] N. Merhav and T. Weissman, “Coding for the feedback Gel’fand-Pinsker
channel and the feedforward Wyner-Ziv source,” in Proc. Int. Symp. Inf.
Theory (ISIT), Sep. 2005, pp. 1506-1510.

[6] R. Ahlswede, “Channels with arbitrarily varying channel probability
functions in the presence of noiseless feedback,” Zeitschrift
Wahrscheinlichkeitstheorie  Verwandte Gebiete, vol. 25, no. 3,
pp- 239-252, 1973.

[7]1 L. Zhao and H. H. Permuter, “Zero-error feedback capacity of channels
with state information via dynamic programming,” /EEE Trans. Inf.
Theory, vol. 56, no. 6, pp. 2640-2650, Jun. 2010.

[8] R. Ahlswede, “A note on the existence of the weak capacity for channels
with arbitrarily varying channel probability functions and its relation
to Shannon’s zero error capacity,” Ann. Math. Statist., vol. 41, no. 3,
pp. 1027-1033, Jun. 1970.

[9] I Csiszéar and J. Korner, Information Theory, 2nd ed. Cambridge, U.K.:

Cambridge Univ. Press, 2011.

R. Ahlswede, “Arbitrarily varying channels with states sequence known

to the sender,” IEEE Trans. Inf. Theory, vol. 32, no. 5, pp. 621-629,

Sep. 1986.

C. E. Shannon, “A mathematical theory of communication,” Bell Syst.

Tech. J., vol. 27, no. 3, pp. 379-423, Jul./Oct. 1948.

C. E. Shannon, “Channels with side information at the transmitter,” /BM

J. Res. Develop., vol. 2, no. 4, pp. 289-293, Oct. 1958.

A. El Gamal and Y.-H. Kim, Network Information Theory. Cambridge,

U.K.: Cambridge Univ. Press, 2011.

Y. H. Kim, A. Sutivong, and T. M. Cover, “State amplification,” I[EEE

Trans. Inf. Theory, vol. 54, no. 5, pp. 1850-1859, May 2008.

C. Choudhuri, Y.-H. Kim, and U. Mitra, “Causal state communication,”

IEEE Trans. Inf. Theory, vol. 59, no. 6, pp. 3709-3719, Jun. 2013.

S. I. Bross and A. Lapidoth, “Conveying data and state with feedback,”

in Proc. IEEE Int. Symp. Inf. Theory (ISIT), Jul. 2016, pp. 1277-1281.

F. M. J. Willems and E. van der Meulen, “The discrete memoryless

multiple-access channel with cribbing encoders,” IEEE Trans. Inf.

Theory, vol. 31, no. 3, pp. 313-327, May 1985.

[10]

(11]
[12]
[13]
[14]
[15]
[16]

[17]

Annina Bracher received the B.Sc. and M.Sc. degrees in electrical engi-
neering (both with distinction) from ETH Zurich in 2010 and 2012 and an
additional M.Sc. degree in engineering from Princeton University in 2014. She
received the Ph.D. degree in electrical engineering from ETH Zurich in 2016.
Dr. Bracher is now a Risk Modeller at Swiss Re.

Amos Lapidoth (S’89-M’95-SM’00-F’04) received the B.A. degree in math-
ematics (summa cum laude, 1986), the B.Sc. degree in electrical engineering
(summa cum laude, 1986), and the M.Sc. degree in electrical engineering
(1990) all from the Technion-Israel Institute of Technology. He received the
Ph.D. degree in electrical engineering from Stanford University in 1995.

In the years 1995-1999 he was an Assistant and Associate Professor
at the Department of Electrical Engineering and Computer Science at the
Massachusetts Institute of Technology, and was the KDD Career Development
Associate Professor in Communications and Technology. He is now Professor
of Information Theory at the Swiss Federal Institute of Technology in Zurich.
His research interests are in digital communications and information theory.

Dr. Lapidoth served in the years 2003-2004 and 2009 as Associate
Editor for Shannon Theory for the IEEE TRANSACTIONS ON INFORMATION
THEORY.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


