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Abstract—It is shown that, even on memoryless channels,
feedback may be beneficial when the decoder is constrained
to use a given suboptimal decoding metric. In fact, subject to
certain conditions that we formulate, feedback allows reliable
communication at rates approaching Shannon’s capacity. For
scenarios where these conditions are not satisfied, we propose
to exploit the feedback using a two-phase coding scheme.

I. INTRODUCTION

The mismatch capacity—the highest rate at which reliable

communication is possible with a given decoding rule—has

been studied extensively over the years; see [1]–[7] and

references therein. Here we draw on recent results on the

erasures-only capacity (aka the zero-undetected-error capacity)

with feedback [8], [9] and on Csiszár and Narayan’s observa-

tion that the erasures-only capacity is a special case of the

mismatch capacity [4] to infer that feedback can increase

the mismatch capacity. With the coding scheme of [9] in

mind, we derive a condition that guarantees that the mismatch

capacity with feedback equal the channel’s Shannon capacity.

For scenarios where this condition is not satisfied, we propose

to exploit the feedback using a two-phase scheme, which

provides a lower bound on the feedback capacity of discrete

memoryless channels with a given single-letter decoding rule.

II. PROBLEM STATEMENT AND MAIN RESULT

A discrete-memoryless channel (DMC) of transition law

W (y|x) over the finite input alphabet X and the finite output

alphabet Y is given. Also given is a “decoding metric” d(x, y),
i.e., a mapping from X×Y to the extended nonnegatives [0,∞]

d : X × Y → [0,∞].

The decoding metric is extended to k-length sequences x =
(x1, . . . , xk) and y = (y1, . . . , yk) additively:

d(x,y) =

k∑
j=1

d
(
xj , yj

)
. (1)

A blocklength-n codebook C for M messages maps each

message m in the message set M = {1, . . . ,M} to an n-

tuple

x(m) =
(
x1(m), . . . , xn(m)

) ∈ Xn.

Upon observing the output sequence y, the d-based decoder

produces the message accumulating the least metric, i.e., the

message m for which

d
(
x(m),y

)
< d

(
x(m′),y

)
, m′ �= m.

If no such m ∈ M exists, i.e., if the minimum over m
of d

(
x(m),y

)
is achieved by more than one message, then

an error is declared. We refer to d(x(m),y) as the metric

accumulated by the m-th message, and we denote the output

of the d-based decoder by φd(y) or φd(y; C). When d(x, y)
equals − logW (y|x), the d-based decoder reduces to the

maximum-likelihood decoder φML, which produces φML(y) or

φML(y; C). A rate R is achievable (without feedback) over the

channel W (y|x) using the decoding metric d(x, y) if, for every

ε > 0, there exists some sufficiently-large blocklength n0,

such that for every blocklength n exceeding n0 we can find

a codebook of at least 2nR codewords for which the d-based

decoder errs with probability smaller than ε (irrespective of the

transmitted message). The supremum of all achievable rates is

the mismatch capacity, which we denote by C(W,d).
When a feedback link is present, a blocklength-n encoder

is a collection of n mappings f1, . . . , fn, where

fi : M×Yi−1 → X ,

with the understanding that fi(m, yi−1)—which we also de-

note xi

(
m, yi−1

)
—is the symbol that the encoder transmits at

Time i in order to convey Message m after having observed

the i− 1 outputs yi−1 = (y1, . . . , yi−1). The d-based decoder

produces the message m for which

n∑
j=1

d
(
x
(
m, yj−1

)
, yj

)
<

n∑
j=1

d
(
x
(
m′, yj−1

)
, yj

)
, m′ �= m.

When we allow for feedback we speak of “an achievable rate

with feedback,” and we define the mismatch capacity with
feedback as the supremum of the rates that are achievable with

feedback. We denote this capacity CFB(W,d). The Shannon
capacity, i.e., the maximum of I(X;Y ) over all input dis-

tributions, is denoted CSh(W ). Since restricting the decoding

rule cannot help,

CFB(W,d) ≤ CSh(W ). (2)

We now formulate the conditions that will guarantee that

CFB(W,d) equal CSh(W ). The first is that(
W (y|x) > 0

)
=⇒

(
d(x, y) <∞

)
. (3a)

It guarantees that the Maximum-Likelihood message is not

ruled out by the d-based decoder: the metric it accumulates

is, with probability one, finite. (See also the lead-up to (15)

ahead.)
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We shall also require that (W,d) be usable as a Z-channel

in the sense that there exist two inputs xT, xF ∈ X and a

collection of output symbols YT ⊂ Y such that

δ � Pr[Y /∈ YT |X = xT] < 1, (3b)

d
(
xF, y

)
=∞, y ∈ YT, (3c)

d
(
xT, y

)
<∞, y ∈ YT. (3d)

Note that (3a) and (3c) imply that if W (y|xF) is positive then y
cannot be in YT. Thus,

Pr
[
Y ∈ YT

∣∣X = xF

]
= 0. (4)

It is (3b) and (4) that remind us of the Z-channel, and it is (3c)

and (3d) that indicate that d(x, y) allows us to use the channel

as a Z-channel.

Theorem II.1. If the channel W (y|x) and the decoding metric
d(x, y) are such that there exist inputs xT, xF ∈ X and a
subset YT of the output alphabet Y such that (3) hold, then

CFB(W,d) = CSh(W ). (5)

For multiple-access channels we can obtain an analogous

result by building on the approach of [9, Section IV] in much

the same way that we built Theorem II.1 on [9, Theorem 1].

When the hypotheses of Theorem II.1 are not satisfied,

feedback can still be beneficial. This can be gleaned from

[9, Secton III] on the erasures-only capacity, which can be

posed as a mismatch capacity with a finite decoding metric. A

coding scheme for this scenario is presented in Section V, and

the achievable rates is promises are presented in Theorem V.1.

III. PROOF OF THEOREM II.1

By (2), the proof of Theorem II.1 only requires a direct

part, i.e., a coding scheme with feedback that achieves CSh

with the d-based decoder. Given ε′, ε > 0, we will construct,

for every sufficiently-large blocklength n, a feedback scheme

of rate exceeding CSh − ε′ for which the maximal probability

of error incurred by the d-based decoder is smaller than ε.
Let η be a sufficiently-large positive integer so that

δη <
ε

2
, (6)

where δ is defined in (3b). Given any M-codewords

blocklength-n codebook x(1), . . . ,x(M) without feedback,

and any (e.g., maximum-likelihood) corresponding decoder

φ : Yn →M, we can construct an M-codewords blocklength-

(n + η) codebook with feedback as follows: To transmit

Message m using n+η channel uses, we send x(m) in the first

n channels uses, followed by η channel inputs that are either

the all-xT inputs or the all-xF inputs, depending on whether

the first n outputs yn are such that φ(yn) is m or not. Thus,

the first n channel inputs are

fi
(
m, yi−1

)
= xi(m), i = 1, . . . , n, (7a)

and the subsequent η channel inputs are

fi
(
m, yi−1

)
=

{
xT if φ

(
yn

)
= m,

xF otherwise,
i = n+ 1, . . . , n+ η.

(7b)

Suppose now that n is sufficiently large to guarantee the

existence of a blocklength-n codebook x(1), . . .x(M) that

nearly achieves Shannon’s capacity in the sense that

1

n
logM > CSh − ε′

2
(8)

and that, with some decoding rule φ (not necessarily φd) its

maximal probability of error is smaller than ε/2

Pr
[
φ(Y n) �= m

∣∣M = m
]
<

ε

2
, m ∈M. (9)

Increasing the blocklength if needed, we can also assume that

n

n+ η
> 1− ε′

2CSh

. (10)

Construct now a blocklength-(n+η) feedback scheme based

on x(1) . . . ,x(M) as in (7). By (10) and (8) the rate of the

feedback scheme exceeds CSh − ε′:

1

n+ η
logM > CSh − ε′. (11)

We next show that this feedback scheme—when decoded

with the d-based decoding rule φd—has a small maximal

probability of error. To that end, suppose that Message m
is sent, and assume for now that φ(yn) = m. (This is

the case with probability exceeding 1 − ε/2; see (9)). We

will demonstrate that in this case, φd(Y
n+η) equals m with

(conditional) probability exceeding 1− δη . We shall do so by

noting that, by (3a), the metric accumulated by Message m is

finite, and by showing that, with probability exceeding 1−δη ,

the metrics accumulated by all the other messages are infinite.

In the case under consideration the transmitted message is m
and φ(yn) = m, so Xi = fi(m, yi−1) = xT for all i =
n+1, . . . , n+η. Consider now the event that at least one of the

outputs Yn+1, . . . , Yn+η is in YT. The conditional probability

of this event is 1− δη (3b). We claim that if this event occurs,

then, in the case under consideration, all the messages other

than m will accumulate an infinite metric. To see why, assume

that this event occurred and let n+κ be one among the times

n+ 1, . . . , n+ η at which the output is an element of YT

Yn+κ ∈ YT. (12)

We will next show that, whenever m′ �= m, the contribution

of the term

d
(
fn+κ

(
m′, yn+κ−1

)
, yn+κ

)
to the metric accumulated by m′ is infinite. Indeed—since in

the case under consideration φ(yn) = m, and m′ differs from

m—we have fi(m
′, yi−1) = xF for every i = n+1, . . . , n+η

and hence, a-fortiori, fn+κ(m
′, yn+κ−1) = xF. Consequently,
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by (3c), the contribution of this term to the metric accumulated

by m′ is indeed infinite. More formally,

Pr
[
φd

(
Y n+η

)
= m

∣∣∣M = m
]

≥ Pr
[
φd

(
Y n+η

)
= m

∣∣∣φ(Y n
)
= m, M = m

]
·Pr

[
φ
(
Y n

)
= m

∣∣∣M = m
]

≥ Pr

[ n+η∑
j=n+1

I{Yj ∈ YT} ≥ 1

∣∣∣∣Xn+1 = · · · = Xn+η = xT

]

·Pr
[
φ
(
Y n

)
= m

∣∣∣M = m
]

=
(
1− δη

)
Pr

[
φ
(
Y n

)
= m

∣∣∣M = m
]

>
(
1− ε

2

)2

> 1− ε,

where the second inequality holds because, as we argued

above, if M = m, if φ(Y n) = m, and if at least one of

the outputs among Yn+1, . . . , Yn+η is in YT, then the d-based

decoder does not err. The third inequality follows from (6)

and (9).

IV. REDUCTION TO FINITE DECODING METRICS

What can we say in case the hypotheses of Theorem II.1

do not hold? To address this case, we next argue that to fully

characterize CFB(W,d) it remains to treat the case of finite

decoding metrics,

d(x, y) <∞, (x, y) ∈ X × Y. (13)

To see why, consider a channel where d is infinite, and denote

by ε̃ the smallest positive transition probability

ε̃ = min
{
W (y|x) : W (y|x) > 0, (x, y) ∈ X × Y}. (14)

If we require a maximal probability of error smaller than ε̃,
then we should never use an input x for which there exists

some y ∈ Y with W (y|x) > 0 and d(x, y) = ∞, because,

when fed x, the channel might produce y with the result that

the correct message will accumulate an infinite metric. We can

thus discard all such inputs, and reduce the input alphabet to

X ′ =
{
x ∈ X :

(
d(x, y) =∞)

=⇒ (
W (y|x) = 0

)}
. (15)

After having gotten rid of all the useless inputs, we can reduce

the output alphabet to those symbols that can be reached from

at least one of the inputs in the reduced input alphabet X ′

Y ′ =
{
y ∈ Y : ∃x ∈ X ′ s.t. W (y|x) > 0

}
. (16)

We now consider two cases separately, depending on whether

or not d is finite on X ′ × Y ′. We argue that if it is not, then

Theorem II.1 implies that the feedback mismatch capacity

of the original channel—which equals that of the reduced

channel—is equal to the reduced channel’s Shannon capacity.

Indeed, if d is not finite on X ′×Y ′, then there exist x′ ∈ X ′
and y′ ∈ Y ′ such that

d(x′, y′) = +∞. (17a)

From the definition of X ′ (15) it then follows that

W (y′|x′) = 0. (17b)

And, from the definition of Y ′ (16), y′ must be reachable from

some input symbol from X ′, which cannot be x′ by (17b).

Thus, there exists some x′′ ∈ X ′ \ {x′} such that

W (y′|x′′) > 0. (17c)

This and the fact that x′′ is in X ′ imply by (15) that

d(x′′, y′) <∞. (17d)

We can now apply Theorem II.1 with

xF = x′ xT = x′′ YT = {y′} (18)

to infer that, when d is infinite on X ′ × Y ′, the feedback

mismatch capacity of the reduced channel is equal to its

Shannon capacity.

V. A GENERAL TWO-PHASE SCHEME

At present we do not, alas, have an expression for the

mismatch feedback capacity for finite decoding metrics. We

do, however, have a lower bound, which is motivated by the

proof of Theorem II.1. In view of Section IV, we now focus

only on finite decoding metrics (13).

The scheme we propose transmits two messages, m1

and m2, in two phases. In Phase 1, Message m1 is trans-

mitted in n1 channel uses using a rate-R1 blocklength-n1

codebook C1 without utilizing the feedback link. We denote

the transmitted n1 channel inputs, i.e., the m1-th codeword

in C1, by x(1)(m1). The salient requirments from C1 are a

small maximal probability of error under maximum-likelihood

decoding, and a guarantee that with high probability the d-

metric accumulated by the incorrect codewords be above some

threshold (later specified as n1 Λ1,w). The codebook C1 will

be constructed using random-coding based on some input

distribution Q1.1

Let y(1) denote the channel outputs corresponding to

Phase 1, i.e., the first n1 channel outputs y1, . . . , yn1
. Let φML

be the maximum-likelihood (or the joint-typicality) decoder

for the code C1. The transmission in Phase 2 depends on

whether or not φML

(
y(1); C1

)
equals m1. If not, then in

Phase 2 we transmit the input symbol xF ∈ X repeatedly n2

times. If yes, then in Phase 2 we send the second message m2

using a blocklength-n2 rate-R2 codebook C2. The salient

requirements from C2 are that it be reliably decodable using

the mismatched decoder φd, and that, with high probability,

1The codewords are chosen independently, with each codeword chosen
uniformly over a type class that closely resembles Q1 or according to a
conditional distribution over a “shell” around Q1 as in [3].
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the decoding metric associated with the all-xF sequence be

higher than some threshold (later specified as n2 ΛF).

Denoting the all-xF n2-tuple by xF

xF = xF, . . . , xF︸ ︷︷ ︸
n2 times

∈ Xn2 , (19)

and the m2-th codeword in C2 by x(2)(m2), we can express

the transmitted n2-tuple in Phase 2 as{
xF if φML

(
y(1); C1

) �= m1,

x(2)(m2) otherwise.

Denoting by x
(
m1,m2,y

(1)
)

the transmitted n-tuple when the

messages to be transmitted are (m1,m2) and the n1 channel

outputs corresponding to Phase 1 are y(1),

x
(
m1,m2,y

(1)
)

=

{(
x(1)(m1),xF

)
if φML

(
y(1); C1

) �= m1,(
x(1)(m1),x

(2)(m2)
)

otherwise.
(20)

Defining

α =
n1

n1 + n2
, (21)

the transmission rate R of the two-phase scheme is

R = αR1 + (1− α)R2. (22)

Given the output y =
(
y(1),y(2)

)
, the mismatched de-

coder φd, produces the pair (m1,m2) if, and only if,

d
(
x(m1,m2,y

(1)),y
)
< d

(
x(m′1,m

′
2,y

(1)),y
)
,

(m′1,m
′
2) �= (m1,m2),

where for every pair of messages (m′1,m
′
2),

d
(
x(m′1,m

′
2,y

(1)),y
)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

d
(
x(1)(m′1),y

(1)
)
+ d

(
x(2)(m′2),y

(2)
)

if φML

(
y(1); C1

)
= m′1,

d
(
x(1)(m′1),y

(1)
)
+ d

(
xF,y

(2)
)

otherwise.

(23)

To specify the requirements from the codebook C1, let

Em1
(Λ1,c,Λ1,w) ⊆ Yn1 comprise the Phase-1 outputs y(1)

for which φML(y
(1); C1) differs from m1, or for which Mes-

sage m1 accumulates a metric greater-equal n1Λ1,c, or that

result in some message m′1 other than m1 accumulating a

metric lower than n1 Λ1,w,

Em1

(
Λ1,c,Λ1,w

)
=

{
y(1) ∈ Yn1 : φML

(
y(1); C1

) �= m1

∨ d
(
x(1)(m1),y

(1)
) ≥ n1 Λ1,c

∨ ∃m′1 �= m1 : d
(
x(1)(m′1),y

(1)
)
< n1 Λ1,w

}
. (24)

A triple
(
R1,Λ1,c,Λ1,w

)
is said to be achievable for Phase 1

if for every ε > 0 there exists some positive integer n0(ε) such

that for every n1 ≥ n0(ε) there exists a rate-R1 blocklength-

n1 codebook statisfying that for every message m1

Pr
[
Y(1) ∈ Em1

(
Λ1,c,Λ1,w

) ∣∣∣M1 = m1

]
< ε. (25)

Using a random coding argument, one can show that(
R1,Λ1,c,Λ1,w

)
is achievable for Phase 1 whenever there

exists some input distribution Q1 such that

R1 < I(Q1,W ), (26a)

Λ1,c >
∑
x∈X

Q1(x)W (y|x) d(x, y), (26b)

and

Λ1,w < min
PXY :PX=Q1

PY =(Q1W )
I(X;Y )≤R1

E
[
d(X,Y )

]
. (26c)

To specify the requirements from the second codebook C2,

let Fm2
(Λ2,c,ΛF) ⊆ Yn2 comprise the Phase-2 output se-

quences y(2) that result in the mismatched decoder producing

a message other than m2; or in Message m2 accumulating a

metric exceeding n2 Λ2,c; or in the metric accumulated by the

all-xF n2-tuple being smaller than n2 ΛF

Fm2
(Λ2,c,ΛF) =

{
y(2) ∈ Yn2 : φd

(
y(2); C2

) �= m2

∨ d
(
x(2)(m2),y

(2)
) ≥ n2 Λ2,c

∨ d
(
xF,y

(2)
) ≤ n2 ΛF

}
. (27)

A tuple
(
R2,Λ2,c,ΛF

)
is said to be achievable for Phase 2

if for every ε > 0 there exists some positive integer n0(ε) such

that for every n2 ≥ n0(ε) there exists a rate-R2 blocklength-

n2 codebook statisfying that for every message m2

Pr
[
Y(2) ∈ Fm2

(
Λ2,c,ΛF

) ∣∣∣M2 = m2

]
< ε. (28)

We shall next provide a sufficient condition for(
R2,Λ2,c,ΛF

)
to be achievable in terms of the costrained

mismatched capacity. To this end, let us define the “reward”

g(x) of x ∈ X as the expected decoding metric associated

with xF when the transmitted symbol is x

g(x) =
∑
y∈Y

W (y|x) d(xF, y). (29)

Let us extend this to length-n2 sequences x ∈ Xn2 additively

g(x) =

n2∑
k=1

g(xk), x ∈ Xn2 . (30)

Let us also define the “cost” h(x) of x ∈ X as the expected

decoding metric associated with x when x is transmitted

h(x) =
∑
y∈Y

W (y|x) d(x, y), (31)

and let us extend this to length-n2 sequences additively

h(x) =

n2∑
k=1

h(xk), x ∈ Xn2 . (32)
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Denote by C(W,d,Λ2,c,ΛF) the supremum of achievable

rates when we require a small maximal probability of error

when decoding using φd and we impose the constraint that

each codeword have a cost of at most n2 Λ2,c and a reward

of at least n2 ΛF. Notice that
(
R2,Λ2,c,ΛF

)
is achievable

whenever R2 < C(W,d,Λ2,c − δ,ΛF + δ) for some δ > 0.

Indeed, by the law of large numbers (which can be invoked

because the metric d is finite), if the transmitted n2 tuples x(2)

satisfies the reward constraint g
(
x(2)

) ≥ n2 (ΛF + δ), then

lim
n2→∞

Pr
[
d
(
xF,Y

(2)
) ≤ n2 ΛF

∣∣∣X(2) = x(2)
]
= 0. (33)

Likewise, if the transmitted n2 tuples x(2) satisfies the cost

constraint h
(
x(2)

) ≤ n2 (Λ2,c − δ), then

lim
n2→∞

Pr
[
d
(
x(2),Y(2)

) ≥ n2 Λ2,c

∣∣∣X(2) = x(2)
]
= 0. (34)

Calculating C(W,d,Λ2,c,ΛF) is difficult, because we do

not even have a single-letter expression for the unconstrained

mismatch capacity. But we can mimick the random-coding

arguments of [1], [2] to lower-bound this expression:

C(W,d, g,Λ2,c,ΛF) ≥ CLM(W,d,Λ2,c,ΛF), (35)

where

CLM(W,d,Λ2,c,ΛF) = max∑
x∈X Q2(x) g(x)≥ΛF∑

x∈X Q2(x)h(x)≤Λ2,c

ILM(Q2), (36)

and

ILM(Q2) = min
PX=Q2

PY =(Q2W )∑
x,y PX,Y (x,y) d(x,y)

≤∑
x,y Q2(x)W (y|x) d(x,y)

I(X;Y ). (37)

We now look at the two phases together and argue that if

n1 Λ1,c + n2 Λ2,c ≤ n1 Λ1,w + n2 ΛF, (38)

then

φd(y) = (m1,m2) (39)

whenever the output sequence y =
(
y(1),y(2)

)
is such that

y(1) /∈ Em1

(
Λ1,c,Λ1,w

)
(40a)

and

y(2) /∈ Fm2(Λ2,c,ΛF). (40b)

To see why, consider first the metric accumulated by (m1,m2).
This can be expressed, by (20) and (23), as

d
(
x(m1,m2,y

(1)),y
)

= d
(
x(1)(m1),y

(1)
)
+ d

(
x(2)(m2),y

(2)
)

(41)

< n1 Λ1,c + n2 Λ2,c, (42)

where the inequality follow from (40).

Next consider the metric accumulated by (m′1,m
′
2) where

m′1 �= m1 (and m′2 is either equal to m2 or not). In this

case (40) implies that

d
(
x(m′1,m

′
2,y

(1)),y
)

= d
(
x(1)(m′1),y

(1)
)
+ d

(
xF,y

(2)
)

(43)

> n1 Λ1,w + n2 ΛF, (44)

≥ d
(
x(m1,m2,y

(1)),y
)

(45)

where the first equality follows from the assumption that m′1 �=
m1, from (40a), and from (23); the first inequality follows

from (40); and the final inequality follows from (42) and (38).
Finally, consider the the metric accumulated by (m1,m

′
2)

when m′2 differs from m2. In this case (40) implies that

d
(
x(m1,m

′
2,y

(1)),y
)

= d
(
x(1)(m1),y

(1)
)
+ d

(
x(2)(m′2),y

(2)
)

(46)

> d
(
x(1)(m1),y

(1)
)
+ d

(
x(2)(m2),y

(2)
)

(47)

= d
(
x(m1,m2,y

(1)),y
)

(48)

where (47) holds because (40b) implies φd

(
y(2); C2

)
= m2.

The above derivation allows us to conclude the following.

Theorem V.1. Let W (y|x) be a DMC and d(x, y) a finite
decoding metric. Let Q1 and Q2 be input distributions,
xF ∈ X an input symbol, and suppose R1 < I(Q1,W ) and
R2 < ILM(Q2). Let the thresholds Λ1,c, Λ1,w satisfy (26b)–
(26c), and let Λ2,c, ΛF satisfy the constraints in (36). Then the
rate αI(Q1;W ) + (1−α)ILM(Q2) is achievable whenver the
constant 0 < α < 1 is such that

αΛ1,c + (1− α) Λ2,c ≤ αΛ1,w + (1− α) ΛF. (49)
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