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Abstract—Two independent data streams—the “zero-error
stream” and the “rare-error stream”—are to be transmitted
over a noisy discrete memoryless channel with feedback. Errors
are tolerated only in the rare-error stream, provided that their
probability tends to zero. Clearly the rate of the error-free
stream cannot exceed the channel’s zero-error feedback capacity,
and the sum of the streams’ rates cannot exceed the channel’s
Shannon capacity. Using a suitable coding scheme, these nec-
essary conditions are shown to characterize all the achievable
rate pairs. Planning for the worst—as is needed to achieve zero-
error communication—and planning for the true channel—as is
needed to communicate near the Shannon limit—are thus not
incompatible.

Index Terms—Feedback, multiplexing, Shannon capacity,
Zero-error capacity.

I. INTRODUCTION

Two independent data streams of rates R0 and Rε are to be

transmitted over a noisy discrete memoryless channel (DMC)

W(y|x) with feedback subject to two different performance

requirements. The decoder is required to reconstruct the “zero-

error stream” error-free and the “rare-error stream” with a

probability of error smaller than some prespecified (arbitrarily

small, but positive) ε > 0. We wish to characterize the pairs

(R0, Rε) that can be supported by the channel.

If we set Rε to zero, then R0 can be as high as the channel’s

zero-error feedback capacity C0,FB, which was computed by

Shannon in his 1956 paper on feedback [1]–[4]. When positive,

it is given in Shannon’s form as

C0,FB = max
Q

{
− logmax

y∈Y

∑
x:W(y|x)>0

Q(x)

}
, (1)

or in Ahlswede’s form [5]

C0,FB = max
Q

min
V�W

I(Q;V), (2)

where in both (1) and (2) Q is a probability mass function

(PMF) on X , and where in the minimization in (2) the

channel V is over the input and output alphabets X and Y ,

and V � W indicates that V is absolutely continuous with

respect to the channel W in the sense that(
W(y|x) = 0

)
=⇒

(
V(y|x) = 0

)
, (x, y) ∈ X × Y. (3)

Rε
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CSh

C0,FB

CSh − C0,FB

Fig. 1. An illustration of the region C(W).

If we set R0 to zero, then Rε can be as high as the Shannon

capacity

CSh = max
Q

I(Q;W), (4)

which Shannon derived in 1948 [6] and which is unaffected

by feedback [1]. In fact, since both streams are a fortiori re-

covered with arbitrarily small probability of error, a necessary

condition for the pair (R0, Rε) to be achievable is

R0 +Rε ≤ CSh. (5a)

And since restricting the receiver to recover an additional

stream cannot help,

R0 ≤ C0,FB. (5b)

Here we will show that strict inequalities in (5) suffice to guar-

antee achievability and that Conditions (5) thus characterize

the capacity region. A generic capacity region may thus look

like the one depicted in Figure 1. This is true even when—as

for the channel depicted in Figure 2—no single PMF Q on X
achieves both the maximum in (1) and in (4). This result is

formalized in the next section and is proved in Section III via

a coding scheme. Section IV presents an instructive example,

and Section V discusses the importance of the feedback link.

II. THE MAIN RESULT

Consider a DMC with finite input and output alphabets

X and Y and having the transition law W(y|x). Denote its

Shannon capacity CSh (= max I(X;Y )) [6] and its zero-error

feedback capacity C0,FB [1]. Given a blocklength n, let M0
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Fig. 2. When 0 < Δ � 1, the PMF Q maximizing I(Q;W) is nearly
uniform on {α, β, γ}, whereas the Q achieving the maximum in (1) is uniform
over {α, β}.

denote a set of 2nR0 messages from which some message m0

is to be transmitted error free, and let Mε denote a set of 2nRε

messages from which some message mε is to be transmitted

with probability of error smaller than ε. A blocklength-n
encoder with feedback for the two messages is a collection

of n mappings

fi : M0 ×Mε × Yi−1 → X , i = 1, . . . , n (6)

with the understanding that, to convey the pair (m0,mε), the

encoder produces at Time i the channel input

Xi

(
m0,mε, Y

i−1
)
= fi

(
m0,mε, Y

i−1
)
, (7)

where Y i−1 stands for the vector (Y1, . . . , Yi−1) and denotes

the i − 1 channel outputs that are available to the encoder at

Time i thanks to the feedback link. A decoder φ = (φ0, φε)
is a pair of mappings

φ0 : Yn →M0 (8a)

φε : Yn →Mε. (8b)

We require that the message m0 be transmitted error-free, i.e.,

max
m0,mε

∑
y∈Yn:

φ0(y)�=m0

n∏
k=1

W
(
yk
∣∣xk(m0,mε, y

k−1)
)
= 0. (9)

The maximal probability of error associated with the rare-error

stream is

Pr(error) = max
m0,mε

∑
y∈Yn:

φε(y)�=mε

n∏
k=1

W
(
yk
∣∣xk(m0,mε, y

k−1)
)
.

(10)

We say that a rate pair (R0, Rε) is achievable if for every

ε > 0 there exists some n0(ε) such that for all blocklengths n
exceeding n0(ε) there exist message sets as above and en-

coder/decoder pairs as above with rates n−1 log
∣∣M0

∣∣ ≥ R0

and n−1 log|Mε| ≥ Rε and with Pr(error) < ε. Here and

throughout we use |A| to denote the cardinality of the set A.

The multiplexing capacity region C(W) is the closure of the

set of all achievable pairs.

Remark 1 (C(W) is a convex set). The multiplexing capacity
region C(W) is a convex set containing the rate pairs (0, CSh)
and (C0,FB, 0).

Proof. The convexity can be established using a time-sharing

argument. The details are omitted.

We are now ready to state our main result.

Theorem 1 (The Multiplexing Capacity). The multiplexing
capacity C(W) of a DMC W with feedback is the set of rate
pairs (R0, Rε) satisfying (5), where CSh is the channel’s Shan-
non capacity and C0,FB is the channel’s zero-error feedback
capacity.

To prove this theorem, it suffices to consider the case where

C0,FB is positive. In this case the zero-error capacity is also

positive in the absence of feedback and there exist two inputs

x′, x′′ ∈ X such that the product W(y|x′)W(y|x′′) is zero for

all possible outputs y ∈ Y [1]. Such inputs can be used to

send a single bit error free in one channel use.

At the end of the transmission the transmitter (which knows

the state of the receiver via the feedback link) can send a bit

indicating whether the receiver’s guess for mε is correct or not.

In the latter case the receiver can declare an erasure for mε

and in this way avoid any errors. Consequently, Theorem 1

can be strengthened to address the erasure-only requirement

as follows:

Remark 2. The rate pairs in Theorem 1 can also be achieved
if we do not allow errors in guessing mε and instead allow
erasures (with arbitrarily small but positive probability).

(For more on the erasures-only requirement, see [7]–[14]

and references therein.)

Theorem 1 clearly holds when C0,FB equals CSh. Hence, we

shall henceforth focus on channels for which

0 < C0,FB < CSh. (11)

In Section III we will present a coding scheme that can

achieve the pair (C0,FB−δ, CSh−C0,FB−δ) whenever δ is pos-

itive. This will demonstrate that the pair (C0,FB, CSh −C0,FB)
is in C(W) and hence, by Remark 1, also all the rate pairs

satisfying (5).1

III. A CODING SCHEME

In this section we fix some δ > 0 and describe a coding

scheme that achieves the pair (C0,FB − δ, CSh − C0,FB − δ).
We denote the blocklength by n, and the maximal-allowed

probability of error in decoding the rare-error stream by ε > 0.

The zero-error message set M0 will have the form

M0 =M0,1 × · · · ×M0,K, (12a)

and a generic zero-error message m0 the form

m0 =
(
m0,1, . . . ,m0,K

)
, (12b)

where

m0,κ ∈M0,κ, κ ∈ {1, . . . ,K}. (12c)

1The example in Section IV shows that—while always in C(W)—the pair
(C0,FB, CSh − C0,FB) need not be achievable. Backing off by an arbitrarily
small but positive δ may be necessary.
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We refer to m0,κ as the κ-th zero-error packet and to K as the

number of packets. The zero-error packets are of equal size,

and we denote the number of values each of them can take

by M̃0,

M̃0 = |M0,κ| κ ∈ {1, . . . ,K}. (12d)

The zero-error rate R0 of the scheme is thus

R0 =
1

n
K log M̃0. (12e)

The rare-error message mε is also divided into K packets, so

Mε =Mε,1 × · · · ×Mε,K, (13a)

with the generic rare-error message mε having the form

mε =
(
mε,1, . . . ,mε,K

)
, (13b)

where

mε,κ ∈Mε,κ, κ ∈ {1, . . . ,K} (13c)

is the κ-th rare-error packet. All the rare-error packets are of

equal size M̃ε (possibly different from the size of the zero-

error packets),

M̃ε = |Mε,κ| κ ∈ {1, . . . ,K}. (13d)

The scheme’s rare-error rate is thus

Rε =
1

n
K log M̃ε. (13e)

The transmission is split into K+1 phases, each comprising

η+1 channel uses, except for the last phase whose length ηF
is allowed to exceed η+ 1 (by at most η) in order to account

for blocklengths that are not divisible by (K+1). Thus, given

a number K of packets and a blocklength n (exceeding K),

η + 1 =

⌊
n

K+ 1

⌋
, (14a)

and

ηF = n− K(η + 1), (14b)

so

η + 1 ≤ ηF < 2η + 2. (14c)

In Phase 1 we use the first η channel uses to transmit the

pair m0,1,mε,1 using a code of maximal probability of error

smaller than ε/K. The (η + 1)-th channel use is utilized as a

flag to indicate to the receiver whether or not the tentative

decision that the receiver forms based on the phase’s first

η channel outputs, is correct. (Thanks to the feedback link,

the transmitter is cognizant of these channel outputs, and by

applying the receiver’s decoding mappings to these outputs,

it can compute the receiver’s tentative decision. Since we are

considering the case where C0,FB is positive, there exist inputs

x′, x′′ ∈ X that can be used to send a single bit error free.

The transmitter can use such inputs to indicate whether or not

the tentative decision is correct.) If not, the receiver discards

the tentative decision and we say that a transmission failure

occurred in Phase 1. Else, the receiver turns the tentative

decision into a final one and we move on to send the pair

m0,2,mε,2 in Phase 2 in a similar fashion.

This continues until either a failure occurs at some

Phase κ ≤ K or until Phase K terminates without failure. In the

latter case m0 and mε were transmitted error-free in the first

K phases, and what we send in the last phase is immaterial. In

the former case—which occurs by the union-of-events bound

with probability smaller than ε—we give up on sending mε

and we focus on m0. Since no failures occurred prior to

Phase κ, the first κ − 1 zero-error packets m0,1, . . . ,m0,κ−1

were transmitted error free. The remaining (K− κ+ 1) zero-

error packets m0,κ, . . . ,m0,K are then transmitted error-free,

using a zero-error feedback scheme, in the remaining K−κ+1
phases, namely Phases (κ + 1) through (K + 1). Here it is

critical that the number of phases (K+1) exceeds the number

of packets (K).

We next describe the choice of the scheme’s parameters,

beginning with K. Its choice will depend only on CSh, C0,FB,

and δ. Once chosen, it will be held fixed as we let the

blocklength tend to infinity. We choose K large enough so

that the rate-loss resulting from the last phase, which does

not always convey information, be negligible. The η/(η + 1)
rate loss resulting from the flags will vanish when n and

hence also η will tend to infinity. We thus choose K so that

R0 and Rε of (12e) and (13e) be only slightly lower than

η−1 log M̃0 and η−1 log M̃ε respectively. More specifically,

starting from (12e),

R0 =
log M̃0

η

Kη

n

=
log M̃0

η

n− K− ηF
n

>
log M̃0

η

(
1− K

n
− 2η + 2

n

)

>
log M̃0

η

(
1− K

n
− 2

K+ 1
− 2

n

)

=
log M̃0

η

(
1− K+ 2

n
− 2

K+ 1

)
, (15a)

where the second line follows from (14b); the third from (14c);

and the fourth from (14a) and the inequality �ξ	 > ξ − 1.

Analogously,

Rε >
log M̃ε

η

(
1− K+ 2

n
− 2

K+ 1

)
. (15b)

We choose K sufficiently large so that whenever n exceeds

some n0

(
C0,FB − δ

2

)(
1− K+ 2

n
− 2

K+ 1

)
≥ C0,FB − δ (16a)

and

(
CSh−C0,FB− δ

2

)(
1− K+ 2

n
− 2

K+ 1

)
≥ CSh−C0,FB− δ.

(16b)
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We choose M̃0 and M̃ε based on CSh, C0,FB, δ, and η so

that (for all sufficiently large η)

C0,FB − δ

2
<

log M̃0

η
< C0,FB − δ

4
(17a)

and

CSh − δ

2
<

log(M̃0 M̃ε)

η
< CSh − δ

4
, (17b)

which combine to imply that

log M̃ε

η
> CSh − C0,FB − δ

4

> CSh − C0,FB − δ

2
. (17c)

Here (17a) guarantees that—when n is sufficiently large so

as to imply by (14a) that η is sufficiently large—each zero-

error packet is transmittable error-free in η channel uses

using the feedback link. Similarly, (17b) guarantees that, for

sufficiently large blocklengths, each pair of zero-error and

rare-error packets is transmittable in η channel uses with

maximal probability of error smaller that ε/K.

As to the scheme’s rates, note that by (15), (16), and

(17), the rates of our scheme satisfy (for all sufficiently large

blocklengths)

R0 > C0,FB − δ, (18a)

Rε > CSh − C0,FB − δ. (18b)

This concludes the proof of the achievability part of Theo-

rem 1.

IV. EXAMPLE

An example of a channel where the input distributions

achieving (1) and (4) differ is depicted in Figure 2. When

0 < Δ � 1, the Shannon capacity is nearly log 3, and it

is achieved by an input distribution that is nearly uniform

over the entire input alphabet X = {α, β, γ}. The zero-error

feedback capacity, however, is log 2, and the unique PMF Q
that achieves the maximum in (1) avoids the input γ and is

uniform over {α, β}. Nevertheless, Theorem 1 promises that

the pair

(R0, Rε) = (log 2− δ, log 3− log 2− δ)

is achievable for any δ > 0. Backing off by δ is crucial: as

we next show, if—as opposed to 2n(1−δ)—we insist that M0

be of size 2n, and if the tolerated rare-error probability ε is

smaller than 1/2, then Rε must be zero. In fact, Mε cannot

contain more than one message.

Proof. Let the decoding set D(m0) ⊆ Yn comprise the output

sequences that result in the zero-error decoder declaring that

m0 was sent. We claim that for each m0 ∈M0, the set D(m0)
contains exactly one sequence from {0, 1}n. To see why, fix

some message m�
ε from Mε, and let y′(m0,m

�
ε) be the output

sequence that results when the pair (m0,m
�
ε) is transmitted

and the channel produces the output 0 whenever it is fed the

input symbol γ. (Such a channel behavior occurs with positive

probability, because Δ > 0.) The sequence y′(m0,m
�
ε) is in

D(m0) (to avoid an error in recovering m0) and is also in

{0, 1}n (because we assumed that the channel produces the

output 0 whenever γ is transmitted). Thus, for each m0 ∈M0,

the decoding set D(m0) contains at least one sequence from

{0, 1}n. Since there are 2n sequences in {0, 1}n, there are

|M0| ( = 2n ) decoding sets, and since the decoding sets are

disjoint, each decoding set must contain exactly one sequence

from {0, 1}n.

Define y′′(m0,m
�
ε) analogously to y′(m0,m

�
ε), but with

the channel now producing the output 1 whenever it is fed

the input symbol γ. Like y′(m0,m
�
ε), it is {0, 1}n-valued and

must be in D(m0). Since D(m0) can contain only one such

sequence, the two must be the same, which is only possible

if γ is never transmitted. We conclude that, with probability

one, γ is never transmitted and the output sequence is thus

{0, 1}n-valued. To guarantee that it be in D(m0), it must equal

y′(m0,m
�
ε), so the Time-i channel input must be α whenever

the i-th component of y′(m0,m
�
ε) is 0 and β when it is 1. This

is also true if the rare-error message mε we wish to send is

not m�
ε! The sequence transmitted to convey the pair (m0,mε)

does not depend on mε. When the tolerated probability of

error ε in the recovery of mε is smaller than 1/2, this implies

thatMε cannot contain more than one rare-error message.

V. HOW CRUCIAL IS FEEDBACK?

The multiplexing scheme we presented in Section III relies

heavily on the feedback link. And well it should, because, in

general, the region C(W) cannot be achieved without feedback.

Indeed, since feedback can increase the zero-error capacity,

the pair (C0,FB, 0) need not be achievable without feedback.

But what about channels, such as that of Figure 2, whose zero-

error capacity is not increased by feedback? Can feedback still

increase the multiplexing capacity? The answer is “yes.” This

can be shown using the following simple outer bound on the

multiplexing capacity in the absence of feedback [15].

Proposition 2. If (R0, Rε) can be multiplexed on the chan-
nel W without feedback, then for every channel V�W there
must correspond some auxiliary chance-variable U and some
joint distribution pU,X such that

R0 ≤ I(U ;Z) (19a)

Rε ≤ I(X;Y |U) (19b)

R0 +Rε ≤ I(X;Y ), (19c)

where the mutual informations are computed with respect to
the joint distribution

pU,X,Y,Z(u, x, y, z) = pU,X(u, x)W(y|x)V(z|x), (19d)

and where the cardinality of the set U in which U takes values
can be restricted to satisfy

|U| ≤ min{|X |, 2 |Y|}+ 1. (19e)

In fact, for the channel in Figure 2 (with Δ � 1) the

multiplexing capacity without feedback is achieved by time-

sharing between the rate pairs (0, CSh) and (C0,FB, 0) [15].
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Fig. 3. The Multiplexing Region of the channel in Figure 2 when Δ ↓ 0
with and without feedback . Lightly shaded is the region without feedback.

For this channel, the multiplexing capacities with and without

feedback are thus as depicted in Figure 3, with the latter being

strictly included in the former. We prove this in [15] using

the following more elaborate outer bound on the multiplexing

capacity without feedback.

For finite sets U and Q, let PW(Y|U ,X ,Q) denote the set

of conditional PMFs V(y|u, x, q) for which the implication(
W(y|x) = 0

)
=⇒ (

V(y|u, x, q) = 0
)

(20)

holds for every y ∈ Y , x ∈ X , u ∈ U , and q ∈ Q.

Proposition 3. If (R0, Rε) can be multiplexed without feed-
back on the channel W, then for some PMF pU,X,Q

R0 ≤ min
V∈PW(Y|U,X ,Q)

I(U ;Z|Q), (21a)

Rε ≤ I(X;Y |U,Q), (21b)

where the mutual informations are computed w.r.t. the joint
PMF

pU,X,Y,Z,Q(u, x, y, z, q)

= pU,X,Q(u, x, q)W(y|x)V(z|u, x, q). (21c)

This bound need not be tight. Computing the multiplexing

capacity without feedback is probably very difficult, because

it is at least as difficult as computing the zero-error capacity

without feedback.
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